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t^rerace 


This book is an introduction to the differential geometry of curves and 
surfaces, both in its local and global aspects. The presentation differs from 
the traditional ones by a more extensive use of elementary linear algebra 
and by a certain emphasis placed on basic-eeometrical facts, rather than 
on machinery or random details. 

We have tried to build each chapter of the book around some simple 
and fundamental idea. Thus, Chapter 2 develops around the concept of a 
regular surface in i? 3 ; when this concept is properly developed, it is prob¬ 
ably the best model for differentiable manifolds. Chapter 3 is built on the 
Gauss norma! map and contains a large amount of the local geometry of 
surfaces in R 3 . Chapter 4 unifies the intrinsic geometry of surfaces around 
the concept of covariant derivative; again, our purpose was to prepare the 

it；auci 1U1 LHC Ua&JLU I1UL1UI1 U1 UUI11ICUL1UI1 111 JtVlClll^IlIlliaii gCUlllCLl^. l 

in Chapter 5, we use the first and second variations of arc length to derive 
some global properties of surfaces. Near the end of Chapter 5 (Sec. 5-10), 
we show how questions on surface theory, and the experience of Chapters 2 
and 4, lead naturally to the consideration of differentiable manifolds and 
Riemannian metrics. 

To maintain the proper balance between ideas and facts, we have 
presented a large number of examples that are computed in detail. Further¬ 
more, a reasonable supply of exercises is provided. Some factual material 
of classical differential geometry found its place in these exercises. Hints or 
answers are given for the exercises that are starred. 

The prerequisites for reading this book are linear algebra and calculus. 
From linear algebra, only the most basic concepts are needed, and a 


v 



vi 


Preface 


standard undergraduate course on the subject should suffice. From calculus, 
a certain familiarity with calculus of several variables (including the state¬ 
ment of the implicit function theorem) is expected. For the reader’s con¬ 
venience, we have tried to restrict our references to R. C. Buck, Advancd 
Calculus ，New York; McGraw-Hill, 1965 (quoted as Buck, Advanced 
Calculus). A certain knowledge of differential equations will be useful but 
it is not required. 

This book is a free translation, with additional material, of a book and 
a set of notes, both published originally in Portuguese. Were it not for the 
enthusiasm and enormous help of Blaine Lawson, this book would not 
have come into English. A large part of the translation was done by Leny 
Cav ale ante. I am also indebted to my colleagues and students at IMP A 
for their comments and support. In particular, Elon Lima read part of the 
Portuguese version and made valuable comments. 

Robert Gardner, Jiirgen Kern, Blaine Lawson, and Nolan WaJJach read 
critically the English manuscript and helped me to avoid several mistakes, 
both in English and Mathematics. Roy Ogawa prepared the computer pro¬ 
grams for some beautiful drawings that appear in the book (Figs. 1-3, 1-8, 
1-9, 1-10 ， 1-11 ， 3-45 and 4-4). Jerry Kazdan devoted his time generously 
and literally offered hundreds of suggestions for the improvement of the 
manuscript. This final form of the book has benefited greatly from his 
advice. To all these people — and to Arthur Wester, Editor of Mathematics 

4-1 ^ ^ TTaII _l n m ^ T H A r _ __ i 

at x itiiuuc-naii, iiiia w iisun vjoes m imr/\ —— i exicna my sincere nmriKS. 
Rio Janeiro Manfredo P. do Carmo 
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We tried to prepare this book so it could be used in more than one type of 
differential geometry course. Each chapter starts with an introduction that 
describes the material in the chapter and explains how this material will be 
used later in the book. For the reader’s convenience, we have used footnotes 
to point out the sections (or parts thereof) that can be omitted on a first 
reading. 

Although there is enough material in the book for a full-year course (or 
a topics course), we tried to make the book suitable for a first course on 
differential geometry for students with some background in linear algebra 
and advanced calculus. 

For a short one-quarter course (10 weeks), we suggest the use of the 
following material: Chapter 1: Secs. 1-2, 1-3, 1-4, 1-5 and one topic of 

Od 丄 —— 厶 WCCKt). UliijJLCl 厶 . v3ei ； S. dllU (UIIUL UIC piUUlii ) , OCUS. 

2-4 and 2-5 — 3 weeks. Chapter 3 : Secs. 3-2 and 3-3 — 2 weeks. Chapter 4: 
Secs. 4-2 (omit conformal maps and Exercises 4 ， 13-18 ， 20), 4-3 (up to 
Gauss theorema egregium), 4-4 (up to Prop. 4; omit Exercises 12 ， 13 ， 16, 
18-21) ， 4-5 (up to the local Gauss-Bonnet theorem; include applications 
(b) and (f)) — 3 weeks. 

The 10-week program above is on a pretty tight schedule. A more re¬ 
laxed alternative is to allow more time for the first three chapters and to 
present survey lectures, on the last week of the course，on geodesics, the 
Gauss theorema egregium, and the Gauss-Bonnet theorem (geodesics can 
then be defined as curves whose osculating planes contain the normals to 
the surface). 

In a one-semester course, the first alternative could be taught more 
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Some Remarks on Using this Book 


leisurely and the instructor could probably include additional material (for 
instance, Secs. 5-2 and 5-10 (partially)，or Secs. 4-6, 5-3 and 5-4). 

Please also note that an asterisk attached to an exercise does not mean 
the exercise is either easy or hard. It only means that a solution or hint is 
orovided at the end of the book. Second, we have used for parametrization 

JL 

a bold-faced x and that might become clumsy when writing on the black¬ 
board. Thus we have reserved the capital Z as a suggested replacement. 

Where letter symbols that would normally be italic appear in italic con¬ 
text, the letter symbols are set in roman. This has been done to distinguish 
these symbols from the surrounding text. 
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7-7. Introduction 

The differential geometry of curves and surfaces has two aspects. One, which 
may be called classical differential geometry, started with the beginnings of 
calculus. Roughly speaking, classical difterential geometry is the study of 
local properties of curves and surfaces. By local properties we mean those 
properties which depend only on the behavior of the curve or surface in the 
neighborhood of a point. The methods which have shown themselves to be 
adequate in the study of such properties are the methods of differential 
calculus. Because of this, the curves and surfaces considered in differential 
geometry will be defined by functions which can be differentiated a certain 
number of times. 

The other aspect is the so-called global differential geometry. Here one 
studies the influence of the local properties on the behavior of the entire 
curve or surface. We shall come back to this aspect of differential geometry 
later in the book. 

Perhaps the most interesting and representative part of classical differen¬ 
tial geometry is the study of surfaces. However, some local properties of 
curves appear naturally while studying surfaces. We shall therefore use this 
first chapter for a brief treatment of curves. 

The chapter has been organized in such a way that a reader interested 
mostly in surfaces can read only Secs. 1-2 through 1-5. Sections 1-2 through 
1-4 contain essentially introductory material (parametrized curves, arc 
length, vector product), which will probably be known from other courses 

anu ia ixi^iuutu iitu i\jl vJdtiu 丄 i Liit xicait ui uit wnaj^Lti 
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and contains the material of curves needed for the study of surfaces. For 
those wishing to go a bit further on the subject of curves, we have included 
Secs. 1-6 and 1-7. 


1-2. Parametrized Curves 

We denote by R 3 the set of triples (x, y, z) of real numbers. Our goal is to 
characterize certain subsets of R 3 (to be called curves) that are, in a certain 
sense, one-dimensional and to which the methods of differential calculus 
can be applied. A natural way of defining such subsets is through differenti¬ 
able functions. We say that a real function of a real variable is differentiable 
(or smooth) if it has, at all points, derivatives of all orders (which are automa¬ 
tically continuous). A first definition of curve, not entirely satisfactory but 
sufficient for the purposes of this chapter, is the following. 

DEFINITION. A parametrized differentiable curve is a differentiable 
map a: I — > R 3 of an open interval I = (a, b) of the real line R into R 3 .t 

The word differentiable in this definition means that a is a correspondence 
which maps each / e / into a point a(0 = (x(0, y{t), z(tj) e R 3 in such a 
way that the functions x (/)， y(t), z(t) are differentiable. The variable t is called 
the parameter of the curve. The word interval is taken in a generalized sense, 
so that we do not exclude the cases a ^ —oo ? b = -h°°. 

If we denote by the first derivative of x at the point t and use similar 
notations for the functions y and z, the vector y\t), / ⑺） =a'(0 e R 3 
is called the tangent vector (or velocity vector) of the curve a at t. The image 
set a(/) cz R 3 is called the trace of a. As illustrated by Example 5 below, one 
should carefully distinguish a parametrized curve，which is a map, from its 
trace, which is a subset of R 3 . 

A warning about terminology. Many people use the term “infinitely 
differentiable” for functions which have derivatives of all orders and reserve 
the word “differentiable” to mean that only the existence of the first deriva¬ 
tive is required. We shall not follow this usage. 

Example 1. The parametrized differentiable curve given by 

(x(t) — (a cos t, a sin t, bt), t G R, 

has as its trace in R 3 a helix of pitch 2nb on the cylinder x 2 + y 2 = a 2 . The 
parameter t here measures the angle which the x axis makes with the line 

juiiimg un uiigi 丄 i u i\j Liit; piujdt 上 uii ui tin pumt j uvu liiw pian^ 

Fig. 1-1). 

卞 In italic context, letter symbols will not be italicized so they will be clearly distin¬ 
guished from the surrounding text. 
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Figure 1-1 Figure 1-2 


Example 2. The map or. R — R 2 given by a(t) = (t 3 , t 2 ), r g i?, is a 
parametrized differentiable curve which has Fig. 1-2 as its trace. Notice that 
ot (0) (0 ， 0); tli3,t is, the velocity vector is zero for i = 0. 

Example 3. The map cr. R — R 2 given by a(0 = (t 3 — 4r, t 1 — 4), 
^ g 7?, is a parametrized differentiable curve (see Fig. 1-3). Notice that 
a(2) = a(—2) = (0, 0); that is, the map a is not one-to-one. 



Figure 1-3 Figure 1-4 


Example 4. The map a: R — R 2 given by a{t) = (/, U |), / e i?, is not a 
parametrized differentiable curve, since |r| is not differentiable at f = 0 
(Fig. 1-4). 

Example 5. The two distinct parametrized curves 

a(0 = (cos t, sin t), 
fi(t) = (cos 2t, sin It), 
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where t e (0 — f ， 2tt + f)，e > 0 ， have the same trace, namely, the circle 
x 2 -h y 2 = 1. Notice that the velocity vector of the second curve is the 
double of the first one (Fig. 1-5). 



We shall now recall briefly some properties of the inner (or dot) product 
of vectors in R 3 . Let u = (w 1? u 2i u 3 ) e R 3 and define its norm (or length) by 

I w| = Ju\ + w! + u\. 

Geometrically ， |w| is the distance from the point (w 1? w 2 , w 3 ) to the origin 
0 = (0, 0, 0). Now, let u = (u u u 2i w 3 ) and v = v 2 , v z ) belong to R 3 , and 

let 0, 0 < 0 < 7T, be the angle formed by the segments Ou and Ov. The inner 
product is defined by (Fig. 1-6) 


u-v =^\u\\v \ cos 0. 



The following properties hold: 

1. Assume that u and v are nonzero vectors. Then u*v = 0 if and 
only if w is orthogonal to v. 
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2 . u*v = V'U. 

3. — Aw • *v — w •义 v. 

4. w • (v + w) = u»v + u^w. 

A useful expression for the inner product can be obtained as follows. 
Let e x = (1， 0, 0)，e 2 ~ (0, 1, 0), and e 3 — (0, 0, 1). It is easily checked that 
e t - e } = 1 if i = J and that e t • e } = 0 if f 式 /， where Uj = 1，2, 3. Thus, by 
writing 

^ — ^ 1^1 + “ 2 泛 2 + “3 e 3, V = + V 2 ^2 + 幻 3 e 3, 

and using properties 3 and 4, we obtain 

u*v = u x v x + u 2 v 2 + 

From the above expression it follows that if u{t) and v{t), t s I, are 
differentiable curves, then u(t)*v(t) is a differentiable function, and 

v(t)) = u f (t)*v(f) + u(t ) 9 v’(t). 


CAcnu#oco 

1. Find a parametrized curve a(0 whose trace is the circle x 2 + 火 2 = 1 such that 
a(0 runs clockwise around the circle with a(0) == (0, 1). 

2. Let a(0 be a parametrized curve which does not pass through the origin. If a(f 0 ) 
is the point of the trace of a closest to the origin and a'ito) ^ 0, show that the 
position vector a(r 0 ) is orthogonal to a'^o)- 

3. A parametrized curve a(/) has the property that its second derivative Ot〃(0 is 
identically zero. What can be said about a ? 

4. Let a ： / — > i? 3 be a parametrized curve and let v e R 3 be a fixed vector. Assume 
that «'(/) is orthogonal to v for all f e / and that a(0) is also orthogonal to v. 
Prove that a(r) is orthogonal to v for all tel, 

5. Let a ： /— > jR 3 be a parametrized curve, with a r (0 ^ 0 for all f e /. Show that 
I a(/) I is a nonzero constant if and only if oc(t) is orthogonal to a 7 (0 for all t b I. 


1-3. Reau/ar Curves : Arc Lenath 

Let a: I — ► i? 3 be a parametrized differentiable curve. For each t g I where 
oc f (t) 0, there is a well-defined straight line, which contains the point a(t) 
and the vector ccXt). This line is called the tangent line to a at t For the study 
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of the differential geometry of a curve it is essential that there exists such a 
tangent line at every point. Therefore, we call any point t where a\0 = 0 
a singular point of a and restrict our attention to curves without singular 
points. Notice that the point / = 0 in Example 2 of Sec. 1-2 is a singular 
point. 


DEFINITION. A parametrized differentiable curve a: I — R 3 w said to 
be regular if «'(t) ^ 0 for all t e I. 


From now on we shall consider only regular parametrized differentiable 
curves (and，for convenience, shall usually omit the word differentiable). 

Given i t /, the arc length of a regular parametrized curve a : I — > R 3 , 
from the point t 09 is by definition 

^(0 = f \a f (t)\dt, 

J to 


where 




is the length of the vector a'(0- Since a'(0 ^ 0, the arc-length 5 is a differen¬ 
tiable function of t and ds/dt = |a ; (0l* 

In Exercise 8 we shall present a geometric justification for the above 
definition of arc length. 

It can happen that the parameter t is already the arc length measured from 

sumc pumv. ju uns ua.sc, wsjui = i = | a ^ j I ? is, uic vciuuiLy vcllui iitis 

constant length equal to 1. Conversely, if |oc’Wl 三 1， then 


s = dt = t — t 0 j 

^ to 

i.e.，/ is the arc length of a measured from some point. 

To simplify our exposition, we shall restrict ourselves to curves para¬ 
metrized by arc length; we shall see later (see Sec. 1-5) that this restriction is 
not essential. In general, it is not necessary to mention the origin of the arc 
length s, since most concepts are defined only in terms of the derivatives of 
ocO). 

It is convenient to set still another convention. Given the curve a para¬ 
metrized by arc length s g (a, b) 9 we may consider the curve defined in 
(— b ， —a) by Bf~s) = nc(s), which has the same trace as the first one but is 
described in the opposite direction. We say, then, that these two curves 
differ by a change of orientation. 
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EXERCISES 


1. Show that the tangent lines to the regular parametrized curve a ⑺ =(3 ，， 2t\ 
2t s ) make a constant angle with the line y — z = x. 

2. A circular disk of radius 1 in the plane xy rolls without slipping along the x 
axis. The figure described by a point of the circumference of the disk is called a 
cycloid (Fig. 1-7). 



*a. Obtain a parametrized curve a ： R — > R 2 the trace of which is the cycloid, 
and determine its singular points. 

b. Compute the arc length of the cycloid corresponding to a complete rotation 
of the disk. 

3. Let OA = 2a be the diameter of a circle S 1 and OF and AVbe the tangents to S 1 
at 0 and A, respectively. A half-line r is drawn from 0 which meets the circle S 1 
at C and the line AVaiB. On OB mark off the segment Op = CB. If we rotate r 
about 0, the point p will describe a curve called the cissoid of Diodes. By taking 
OA as the x axis and OF as the j axis, prove that 

a. The trace of 



2at 2 
1 +/ 2 ’ 


2at 3 \ 

TTT 1 ) 


t G R 9 


is the cissoid of Diodes {t = tan 6 ; see Fig. 1-8). 

b. The origin (0, 0) is a singular point of the cissoid. 

c. rta i — ^ uuj j appiutLUiics uit iux^ a — auu ^ yi) — 7 見 juiua，aa 

t — 、 oo, the curve and its tangent approach the line x ~ 2a; we say that 
x = 2a is an asymptote to the cissoid. 


4. Let a : (0, n) — > R 2 be given by 


oc(r)= 


cos t, cos t + log tan 


where t is the angle that the y axis makes with the vector a(/). The trace of a is 
called the tractrix (Fig. 1-9). Show that 
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a. a is a differentiable parametrized curve, regular except at / = Ttjl. 

h. Thft nf thft nf thft fanapnf of the trartrix between fhft noint of 

PW ■ ^ Jb A A — Jb A • *^冬愚署 ^ ▲層 •*■-^ V V « ，*▲ 醫 ■— — ▼■•—■_ t w •— i-1 —I ^ —— w _ — — — — 

tangency and the y axis is constantly equal to 1, 

5. Let a : (—1 ， +oo) — > R 2 be given by 


a(0 = 


3at 3at 2 \ 

ITT^ ， TTp) 


Prove that: 

a. For r = 0, a is tangent to the axis. 

b. As t ― ， +co, oc(t) — > (0, 0) and a’ ⑺一 ► (0, 0). 

c. Take the curve with the opposite orientation. Now, as t — —1，the curve 
and its taneent aunroach the line x + v + a = 0. 

The figure obtained by completing the trace of a in such a way that it 
becomes symmetric relative to the line y — x is called the folium of Descartes 
fsee Fie. 1-10\ 

、 y 

6. Let Ot(f) = (ae bt cos t } ae ht sin t), t ^ R, a and b constants, a > 0, 6 < 0, be a 
parametrized curve. 
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a. Show that as t 一 +co, a(/) approaches the origin 0, spiraling around it 
(because of this, the trace of a is called the logarithmic snirah see Fie. 1-11、. 

- JL 7 ~ 一 一 / • 

b. Show that a’(/) — (0, 0) as / 一 +oo and that 

lim \ \aX0\dt 

f—* + J tQ 

is finite; that is, a has finite arc length in [t 0i oo). 



Figure 1-11. Logarithmic spiral. 
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7. A map a: I > R 3 is called a curve of class C k if each of the coordinate func¬ 
tions in the expression CC(t) = y{t), z{t)) has continuous derivatives up to 

_ "f t 'T f* mm 9 - _ _ ___ _ n -J- fkM rn A. ^ A. 1 A A 入 _ MkM ^ jm. 

oraer k . ii a is merely commuous, we sny uiai 认 is u 丄 t;icibs i' 八 uuivc i* is 

called simple if the map a is one-to-one. Thus, the curve in Example 3 of Sec, 1-2 
is not simple. 

Let OC: T — ^ j?v^ be 3, simple curve of cl<iss . We ssy th.3.1 cc has a wcci/c 
tangent at ? — r 0 ^ / if the line determined by a(^ 0 + h) and a(/ 0 ) has a limit 
position when h — > 0. We say that a has a strong tangent at / = / 0 if the line 

hv rf/t~ 丄 ■ h 、nnH 4- ^ has: a limit nnsitinn when h k ― > 0. 

%_• i ill ■ -1. J. L J V 丨 ^ V U I t J l 、- y I t W , JbA — T ' - - -- ▼ V ■—■ — — — ■ f r — i-1 —I ■ — ， T — — • 

Show that 

a. (X{t) = [t't 2 )，t e R ， has a weak tangent but not a strong tangent at f = 0. 

*b. If a: / —> i? 3 is of class C 1 and regular at / = t 0> then it has a strong tangent 
at t = ?o- 

c. The curve given by 

is of class C 1 but not of class C 2 . Draw a sketch of the curve and its tangent 
vectors. 

*8. Let a : I 一 K 3 be a differentiable curve and let [a, 6] c ： / be a closed interval. 
For every partition 

a = t Q < ti < ••- <t n = b 

of [a, b\ consider the sum 丨叹⑹一 a (G- ： t)l = 你，尸 )， where P stands 
for the given partition. The norm | 尸 | of a partition P is defined as 

I jP I = max(G — / 卜 1)，/ = 1 ， 

Geometrically, /(a, P) is the length of a polygon inscribed in cc([a t b]) with 
vertices in a(/ £ -) (see Fig. 1-12). The point of the exercise is to show that the arc 
length of a(0, Z>]) is，in some sense，a limit of lengths of inscribed polygons. 


t>0, 

丄 〆 r\ 
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e 〜 e. 

Tf e 〜 then f 〜 e. 

—一 , j - ■ j —— 

e 〜 f，f 〜 g, then e ^ g. 


Prove that given e > 0 there exists S > 0 such that if | P | < 6 then 


\a f (t)\dt - /(a, P) 


< e. 


9. a. Let a ： / ― > R? be a curve of class C° (cf. Exercise 7). Use the approximation 
by polygons described in Exercise 8 to give a reasonable definition of arc 
length of a. 

b. (A Nonrectifiable Curve.) The following example shows that, with any reason- 

a X*1 y \. 1 4 - a a «« 1 a. a 门 m 一 ^ -« n ， a 1 a v » 1* 八 * « 

aui^ uciiiiitiL/u ? uic aiu icng m kji a ^ ^ nuvc m a iulci vai may uc un- 

bounded. Let a ： [0, 1] ― > R 2 be given as a(r) = (/, t sin(7T")) if ^ 0, and 
OC(0) = (0, 0). Show, geometrically, that the arc length of the portion of the 
curve corresponding to lj(n + !)</< \ jn is at least 2/(n + ^). Use this to 
show that the length of the curve in the interval 1/A r < / < 1 is greater than 
2 2^=i l/(« + 1), and thus it tends to infinity as N 

10. (Straight Lines m Shortest.) Let 0C: 
c ： / and set cc(a) oc ⑹ = 仏 


oo. 


R 3 be % paratnetrixed carve. Let [a t b] 


a. Show that，for any constant vector v,\v\ 


{q - p)-v 


— f oc\t) m v dt < I CL f (f) I dt. 


a 


cj 


b. Set 


v 


q -p 
q -p\ 


and show that 


Ia(6) - a(a) I< [ b \cc\t)\dt ： 


that is, the curve of shortest length from QC(a) to 0C(b) is the straight line join¬ 
ing these points. 


7-4. The Vector Product in R 3 

In this section, we shall present some properties of the vector product in R 3 , 
They will be found useful in our later study of curves and surfaces. 

It is convenient to begin by reviewing the notion of orientation of a vector 
space. Two ordered bases e — {^.} and / = {/), i — 1, of an «-dimen- 

sional vector space V have the same orientation if the matrix of change of 
basis has positive determinant. We denote this relation by e 〜 /_ From ele¬ 
mentary properties of determinants, it follows that e 〜 / is an equivalence 
relation: i.e., it satisfies 


L 2 
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The set of all ordered bases of V is thus decomposed into equivalence classes 
(the elements of a given class are related by 〜) which by property *3 are 
disjoint. Since the determinant of a change of basis is either positive or 
negative, there are only two such classes. 

Each of the equivalence classes determined by the above relation is called 
an orientation of V, Therefore, V has two orientations, and if we fix one of 
them arbitrarily, the other one is called the opposite orientation. 

Tn thf ； rase 1/ 二 /? 3 pyists a natural nriiprpH hasis p. = H 0 0^ 

e 2 = (0, 1, 0), e 3 = (0, 0, 1), and we shall call the orientation corresponding 
to this basis the positive orientation of R 3 , the other one being the negative 
orientation (of course, this applies equally well to any R n ). We also say that a 
given ordered basis of R 3 is positive (or negative) if it belongs to the positive 
(or negative) orientation of R 1 2 . Thus, the ordered basis e u e 3i e 2 is a negative 
basis，since the matrix which changes this basis into e u e 2 , e 3 has determinant 
equal to — 1. 

We now come to the vector product. Let u, v g R 3 . The vector product 
of u and v (in that order) is the unique vector u f\ v ^ R 3 characterized by 

(u /\ v)-w ^ det(w, v 7 v^) for all w g 7? 3 . 

Here det(w ， v ， w) means that if we express u, v, and w in the natural basis {e^, 

u = '^u i v = Y!i v i e h 

w=^Wi = 1 ， 2, 3 ， 




W 2 

w 3 

det(w, v, w ) — 

Vi 

V 2 

^3 ， 

! 


^2 

w 3 


where | a u \ denotes the determinant of the matrix (a 0 ). It is immediate from 
the definition that 


u j\ v ~ 


w 3 

- 


w 3 

e 2 + 

u x 

U 2 


ru 

ru 


Vi 

?? 3 


V. 

^ 1 



a) 


Remark. It is also very frequent to write u /\ v X v and refer to it as 
the cross product. 


The following properties can easily be checked (actually they just express 
the usual properties of determinants) : 

1. u f\ v = —v A ^ (anticommutativity). 

2. u A v depends linearly on u and v; i.e.，for any real numbers a, b, 

we have 
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(aw + bw) f\ v ~ au /\ v bw f\ v, 

3. w A v — 0 if and only if u and v are linearly dependent. 

4: (w 八 v)-u = 0, (w A v)*v = 0. 

H follows from property 4 that the vector product w 八 r 乒 0 is normal to 
a plane generated by u and v. To give a geometric interpretation of its norm 
and its direction, we proceed as follows. 

First, we observe that (u /\ v)*(u A v) = \ u 八 v 卩 > 0. This means that 
the determinant of the vectors u, v,u A v is positive; that is, {u, v,u A v] is a, 
positive basis. 

Next, we prove the relation 

/ t / 、 W-X V'X 

(u A A V) = ， 

' 〆 、 r ^ 

u-y v-y 

where u, v, x, y are arbitrary vectors. This can easily be done by observing 
that both sides are linear in u, v, x, y. Thus, it suffices to check that 


( e i A ej)-(e k A 6 ) 二 * k 

jere ； 


^r e k 

ere! 


for all /，乂 — 1, 2, 3. This is a straightforward verification. 

It follows that 

\u f\ v\ 2 = — \ u\ 2 \v | 2 (1 — cos 2 6) — A 1 , 

u-v V * V 


where 6 is the angle of w and and A is the area of a parallelogram generated 
bv u and u. 

mf - -- 

In short, the vector product of u and is a vector u f\ v perpendicular to 
a plane generated by u and with a norm equal to the area of a parallelogram 
generated by u and v and a direction such that {u, v, u A v] is a positive basis 
(Fig. 1-13). 



Figure 1-13 
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The vector product is not associative. In fact，we have the following 
identity : 

(u f\ v) /\ w ~ (u-w)v — (v- w)u, (2) 

which can be proved as follows. First we observe that both sides are linear 
in Uy v, w; thus, the identity will be true if it holds for all basis vectors. This 
last verification is, however, straightforward; for instance, 

(^i A e 2 ) /\ ei =e 2 = (e r e^e 2 - {€ 1 *€ l )e l . 

Finally, let u{t) = {u x {t\ u 2 (t), u 3 (t)) and v(t) = v 2 (t), v 2 (t)) be 

differentiable maps from the interval (a, b) to R 3 , t & (a, b). It follows im¬ 
mediately from Eq. (1) that u(t) A v(r) is also differentiable and that 

差 (《(?) A _ = J A <0 + u(t) A 

Vector products appear naturally in many geometrical constructions. 
Actually, most of the geometry of planes and lines in R 3 can be neatly ex¬ 
pressed in terms of vector products and determinants. We shall review some 
of this material in the following exercises. 

EXERCISES 

1. Check whether the following bases are positive : 

a. The basis {(1, 3), (4, 2)} in R 2 . 

b. The basis {(1, 3, 5), (2, 3, 7), (4, 8, 3)} in RK 

*2. A plane P contained in R z is given by the equation ax + by -\- cz d = 0. 
Show that the vector v = (a, c) is perpendicular to the plane and that 
\d\l\fa 1 - \- b 2 + c 1 measures the distance from the plane to the origin (0, 0, 0). 

*3. Determine the angle of intersection of the two planes 5x + 3 少 + 2z — 4 = 0 
and 3 jc + 4y — 7z = 0. 

*4. Given two planes a：x 4 - b, : y + c.；z 4- d ： — 0. / = 1. 2, prove that a necessary 
and sufficient condition for them to be parallel is 

a\ bi Ci 

= -j — - ， 

办 2 C 1 

where the convention is made that if a denominator is zero, the corresponding 

1 1 •J- 1 rt 《 W w T ▲ ^\, ^ Y T A* AM t 

iiumciaLux is aiau ^ay mat twu piauta cue ycuaiic；! n Lucy cimci wui- 

cide or do not intersect). 

5. Show that the equation of a plane passing through three noncolinear points 
Pi = Oi ， 少 1 ， ZihP 2 = y 2 , Zihps = (x 3 ,y 3i z 3 ) is given by 
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(P — Pi) A (P ~ Pi)'(p - P 2 ) = 0 , 

where p = (x, y, z) is an arbitrary point of the plane and p — pi, for instance, 
means the vector (x — x u y — z ~ zi). 

*6, Given two nonparallel planes a t x + b t y + ca + d !: = 0, i = 1,2, show that 
their line of intersection may be parametrized as 

x — x 0 = u x t, y — y 0 = ㈣ ， z — z 0 = u z t, 

where (x 0 , y 0 , z 0 ) belongs to the intersection and a = (u u u 2> u^) is the vector 
product u = v l /\ v 2f Vi = {a u bi ， c,-), i = 1 ， 2. 

*7. Prove that a necessary and sufficient condition for the plane 

ax by -\- cz -\- d= 0 

and the line x — x 0 = u^t,y — = u 2 f，z — z Q = a 3 t to be parallel is 

au x + bu 2 + cw 3 = 0. 

*8. Prove that the distance p between the nonparallel lines 

x — x 0 = u x t, y — yo = z — z 0 = u 2 t, 

X 一 — V\ ty y —少 1 幻 2 玄， z 2 1 ^ ^3^ 

is given by 

A \(u A ^)*^*1 
P ~luAv\ J 

where u = {u u u 2 , w 3 ), v = (v u v 2y v 3 ), r = (x 0 — x u y 0 — 乃， z 0 — z x ). 

9. Determine the angle of intersection of the plane 3x + + 7z + 8 = 0 and 

the line x — 2 = y — 3 = 5t, z ~ 5 = 9t, 

10. The natural orientation of R 2 makes it possible to associate a sign to the area A 
of a para!lelograrn generated by two linearly independent vectors u, v e i? 2 . To 
do this, let {e ( }, i = 1,2, be the natural ordered basis of R\ and write 
u — U\€\ + u%e^ v = v x e x + v 2 e 2 . Observe the matrix relation 



Since the last determinant has the same sign as the basis [u, v\ we can say that ^4 
is positive or negative according to whether the orientation of {u, v] is positive 
or negative. This is called the oriented area in R 2 . 
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11. a. Show that the volume V of a. parallelepiped generated by three linearly inde¬ 
pendent vectors u,v 9 w g R 3 is given by V = |(w A ^) * w |, and introduce an 
oriented volume in R 3 . 


b. Prove that 



//• ll 

ll • v 

u* w 

V 2 = 

vu 

v*v 

v*w 


W'U 

w-v 

w*w 


12. Given the vectors v ^ 0 and w, show that there exists a vector u such that 
u /\ v ^ w\i and only if v is perpendicular to w. Is this vector u uniquely deter¬ 
mined ? If not，what is the most general solution? 

13. Let u{t) ~ (wi(r), u 2 (t), u^{t)) and v(t) = (^i(/), -v 2 (t)j v 3 (t)) be differentiable 
maps from the interval (a, b) into R 3 . If the derivatives u\t) and v(t) satisfy the 
conditions 


u\t) = au{i) + bv(t) t v\t) = cu{t) — av(t\ 

where a, b, and c are constants, show that u{t) A ^(0 is a constant vector. 

14. Find all unit vectors which are perpendicular to the vector (2, 2,1) and parallel 
to the plane determined by the points (0, 0, 0), (1, —2,1), (—1 ， 1 ， 1). 


Tho / nn^I Tht^nru r%f 广 /wi/ 兑 c 

m m m m m tmm m m m m * V 聲 _ ■ m 

Parametrized by Arc Length 


This section contains the main results of curves which will be used in the 
later parts of the book. 

Let a : J = (a, b) 一 7? 3 be a curve parametrized by arc length s. Since 
the tangent vector a''(s) has unit length, the norm | a f / (s) \ of the second deriva¬ 
tive measures the rate of change of the angle which neighboring tangents make 
with the tangent at s. [ a r/ (s) | gives, therefore, a measure of how rapidly the 
curve pulls away from the tangent line at s, in a neighborhood of s (see 
Fig. 1-14). This suggests the following definition. 

DEFINITION. Let a: I — ^ R 3 be a curve parametrized by arc length 
s e I. The number \ ot’’(s) | = k(s) is called the curvature of a at s. 

If a is a straight line, a(j) = us v, where u and v are constant vectors 
(I m j = 1)，then k 三 Q. Conversely ，if k ~\ a ff (s) \ = 0, then by integration 
咖 ） ~us v, and the curve is a straight line. 

Notice that by a change of orientation, the tangent vector changes its 
direction; that is, if p{—^) — d{s), then 


dp 

d 、 — s) 


(— 5 1 ) 


dcL / \ 

Ts {s) - 
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a is) 


Therefore, a rf (s) and the curvature remain invariant under a change of 
orientation. 

At points where k(s) 尹 0, a unit vector n(s) in the direction a 〃 C?) is well 
denned by the equation a"Cr ) 二 k{s)n(s). Moreover, a’’Cy) is normal to a’(X )， 
because by differentiating a'CsO.oc'^y) = 1 we obtain = 0. Thus, 

n(s) is normal to a r (^) and is called the normal vector at s. The plane deter¬ 
mined by the unit tangent and normal vectors, a'(X) and n{s) f is called the 
osculating plane at s. (See Fig. 1-15.) 

At points where k{s) = 0, the normal vector (and therefore the osculating 
plane) is not defined (cf. Exercise 10). To proceed with the local analysis of 
curves, we need, in an essential way, the osculating plane. It is therefore 
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convenient to say that 5 e /is a singular point of order 1 if a”(X) = 0 (in this 
context, the points where a'(^) = 0 are called singular points of order 0). 

In what follows, we shall restrict ourselves to curves parametrized by arc 
length without singular points of order 1. We shall denote by t(s) = a’(X) 
the unit taneent vector of a at s. Thus. /Yd = k(s)n(s). 

The unit vector b(s) = t(s) A is normal to the osculating plane and 
will be called the binormal vector at s. Since b(s) is a unit vector, the length 

! i mpaQiirpQ thp rafp nf nf thf» npiahhnrina ndmlatina nlan^Q with 

I 一 r J I ▲▲丄 息 V A 赢 V A ▲ 知 A A W ▲赢 A A A• m. 'V n ▲ WW w a. 龙 〆 息 WW^.^ - T 息 v — 息 

the osculating plane at s; that is, b f (s) measures how rapidly the curve pulls 
away from the osculating plane at s，in a neighborhood of 5 1 (see Fig. 1-15). 

T'o computs b ) \vs observe that，on "the one liu-xid^ b (s) is normal to bys'j 
and that, on the other hand, 

«\ _ J. f / A --f I -*/ ™\ A / ^\ A 〆 二 \ • 

"W = f W 八 ri\^) -T /\ ri ⑷二 /\ n ^7, 

that is, b'{s) is normal to，(*?). It follows that b f (s) is parallel to nis), and we 
may write 

b f (s) = r(s)n(s) 

for some function t(^). {Warning: Many authors write — t(^) instead of our 
TO).) 

DEFINITION. Let a: I ^ R 3 be a curve parametrized by arc length s 
such that oc"(s) 尹0, s e I. The number t(s) defined by b'(s) — r(s)n(s) is called 
the torsion of a at s. 

If a is a plane curve (that is, a(/) is contained in a plane)，then the plane 
of the curve agrees with the osculating plane; hence, i* 三 0. Conversely, if 

r = 0 (and k ^ 0), we have that b(s) 二 b 0 = constant, and therefore 

(a(s)-b o y == aXs)'b 0 = 0. 

It follows that a{s).b Q = constant: hence，a(X) is contained in a plane normal 
to b 0 . The condition that k ^ 0 everywhere is essential here. In Exercise 10 
we shall give an example where r can be defined to be identically zero and 
yet the curve is not a plane curve. 

In contrast to the curvature, the torsion may be either positive or nega¬ 
tive. The sign of the torsion has a geometric interpretation, to be given later 
(Sec. 1-6). 

Notice that by changing orientation the binormal vector changes sign, 
since b = t /\ n. It follows that b f (s), and，therefore, the torsion, remains 
invariant under a change of orientation. 
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Let us summarize our position. To each value of the parameter 叉 we have 
associated three orthogonal unit vectors t(s), n(s), b(s). The trihedron thus 
formed is referred to as the Frenet trihedron at s. The derivatives f(s) = kn ， 
m = =xn of the vectors and b(s), when expressed in the basis {t, n, b}, 
yield geometrical entities (curvature k and torsion r) which give us infor¬ 
mation about the behavior of a in a neighborhood of s. 

The search for other local geometrical entities would lead us to compute 
n f (s). However, since n ~ b /\ t, have 

n f (s) — b f (s) A t(s) + b(s) A t\s) = —xb — kt, 

and we obtain again the curvature and the torsion. 

For later use, we shall call the equations 


f = kn, 

n f = —kt — xb, 
b r = xn 

the Frenet formulas (we have ommited the s, for convenience). In this context, 
the following terminology is usual. The tb plane is called the rectifying plane, 
and the nb plane the normal plane. The lines which contain n{s) and b{s) and 
pass through a(s、) are called the principal normal and the binormal, respecti¬ 
vely. The inverse R = l/k of the curvature is called the radius of curvature at 
s. Of course, a circle of radius r has radius of curvature equal to r, as one can 
easily verify. 

Physically, we can think of a curve in i? 3 as being obtained from a straight 
line by bending (curvature) and twisting (torsion). After reflecting on this 
construction, we are led to conjecture the following statement ， which, roughly 
speaking, shows that k and % describe completely the local behavior of the 
curve. 


FUNDAMENTAL THEOREM OF THE LOCAL THEORY OF 
CURVES. Given differentiable functions k(s) > 0 and t(s), s e I ， there 
exists a regular parametrized curve a: I > R 3 such that s is the arc length ， k(s) 
is the curvature, and r(s) is the torsion of a. Moreover, any other curve a, 
satisfying the same conditions, differs from a by a rigid motion; that is, there 
exists an orthogonal linear map p o/'R 3 , with positive determinant^ and a vector 
c such that a = /?oa + c. 


The above statement is true. A complete proof involves the theorem of 
existence and uniqueness of solutions of ordinary differential equations and 

win uc given in me ttppciiuiA lu mujj. 叶 . rv piuui ui me uiiiqucucjj^ up iu 
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rigid motions, of curves having the same 心 k{s\ and t(^) is, however, simple 
and can be given here. 


Proof of the Uniqueness Part of the Fundamental Theorem, We first remark 
that arc length, curvature, and torsion are invariant under rigid motions; 
that means, for instance, that if M: R 3 ― 3 is a rigid motion and a — a(0 
is a parametrized curve, then 



da 

dt = 


d{MocC) 

J a 

dt 

tit ' — 

a 

dt 


dt. 


That is plausible, since these concepts are defined by using inner or vector 
products of certain derivatives (the derivatives are invariant under transla¬ 
tions, and the inner and vector products are expressed by means of lengths 
and angles of vectors, and thus also invariant under rigid motions). A careful 
checking can be left as an exercise (see Exercise 6). 

Now, assume that two curves a = a(js) and a = a(^) satisfy the conditions 
k(s) — k(s) and r^) = s g I. Let t 0 , n 0 , b 0 and f 0 ,5 0 ,5 0 be the Frenet tri¬ 
hedrons at s = 夕 0 e / of a and a, respectively. Clearly, there is a rigid motion 
which takes a(^ 0 ) into a(^ 0 ) and t 0 , n 0 , b 0 into t 0 , n 0 , b 0 . Thus，after perform¬ 
ing this rigid motion on a, we have that a(s 0 ) = a(^ 0 ) and that the Frenet 
trihedrons t(s) ， n{s) y b{s) and t(s), «( 夕)， b(s) of a and a, respectively, satisfy 

thp Frpnpf pnnatinnd • 

曹 •• -»■ ■ mm v 琴 ■ vw t m , 


dt 

ds 


kn 


dt 


ds 


dn 

ds 

db 

ds 


—— kt —— xb 


T« 


dn 

ds 

db 

ds 


kt — xn 


rn y 


with ^o) ~ ^(^o)j ^(^o) ~ 万 C^o) ， 办 C^o) = 石 C^o)* 

We now observe，by using the Frenet equations, that 


士差 {I’ 一 f | 2 +\n — n\ z + I^ — b\ 2 } 

-=<t- f, f - r> + (b-b,b , ~ b r y + <«-«, - n f y 

= h^t —— t, h —— fiy -|- t 〈办 —b，n —— fiy — —— w, t —— Ty 

— x(n — n, b — 

= 0 


for all n? g TiiuSj tlic above expression is constaivt ， and，sines it is zero for 
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s = s 0? it is identically zero. It follows that t(s) — 办 ) ， n(s) — n(s) } b(s) — b(s) 
for all s g L Since 

dtx, . t da 

T - w ■■ 111 m 

- l — l _ - 7 - > 

as as 

we obtain (d/ds) (a — a) — 0. Thus, a(^) — a(.y) + a, where a is a constant 
vector. Since a(> 0 ) = a(^ 0 ), we have a ^=0; hence, a^y) = a(>) for all s e I. 

^"V -W1 -V^I 

Ki.iL.U. 

Remark 1. In the particular case of a plane curve a: I — > i? 2 , it is possible 
to give the curvature k a sign. For that, let [e u e 2 ] be the natural basis (see 
Sec. 1-4) of R 2 and define the normal vector «($)，5 e /, by requiring the basis 
{^(^), w(^)} to have the same orientation as the basis {e u e 2 }. The curvature k 
is then defined by 

dt _ , 

~z - — kft 

as 

and might be either positive or negative. It is clear that \k\ agrees with the 

|JICV1UU» UC 111 J 1 LHJ 11 fcUiU UltU /t LllilllgCS Slgll WI1CI1 WC LliailgC CJLI1CI me 

orientation of a or the orientation of R 2 (Fig. 1-16). 



Figure 1-16 

T f O 1C V\a r\ +1^ r* + -1 *-% l^i a r* n n a r>i ^ - fW a 

XL OJLLUVIXU ttaaw lUiiiai IV LliaL^ Hi LllL^ \J1 plain VL11 WO yi \J tliW 

proof of the fundamental theorem, refered to above，is actually very simple 
(see Exercise 9). 

Remark 2. Given a regular parametrized curve a: / — ► R 3 (not neces¬ 
sarily parametrized by arc length), it is possible to obtain a curve fi:J — i? 3 
parametrized by arc length which has the same trace as a. In fact, iet 
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s = s{t) = f I (x/(f)\dt ， t, t Q G I. 

J to 

Since ds/dt = |a’(0 丨矣 0, the function s = *y(/) has a differentiable inverse 
t = t(s\ s e ^(Z) — 7, where, by an abuse of notation, f also denotes the 
inverse function of s. Now set B = a°t:J — R 3 . Clearly, B(J) = a(I 、 

• - r 攀、， ' 

and = \d\t)'{dtjds) | = 1. This shows that p has the same trace as a 

and is parametrized by arc length. It is usual to say that is a reparametriza- 
tion of a,(I) bv arc Ipfnrth. 

〆 - 、 / ^ - ~o 

This fact allows us to extend all local concepts previously defined to 
regular curves with an arbitrary parameter. Thus, we say that the curvature 
k{t) of a: / — > 及 3 at t g /is the curvature of a reparametrization p: J ^^ 及 3 
of a(/) by arc length at the corresponding point s = s(t). This is clearly 
independent of the choice of p and shows that the restriction, made at the 
end of Sec. 1-3, of considering only curves parametrized by arc length is not 
essential. 

In applications, it is often convenient to have explicit formulas for the 
geometrical entities in terms of an arbitrary parameter; we shall present some 
of them in Exercise 12. 


EXERCISES 


Unless explicity stated^ OC ： I ― > R 3 is a curve parametrized by arc length s, with 
curvature k(s) 矣 0, for all s g I. 

1. Given the parametrized curve (helix) 


0C(iy)- —- 


(a cos +，asin 办音 ) 


s G R ， 


where c 2 =■- a 2 -\- b\ 

a. Show that the parameter is the arc length. 

b. Determine the curvature and the torsion of a. 


c. Determine the osculating plane of a. 

k-^xxv/tt viiMv v 夏 f anu. yao^ni^ ) 111^^1 i 丄 z a^iS 

under a constant angle equal to nj2. 
e. Show that the tangent lines to a make a constant angle with the z axis. 


*2. Show that the torsion T of a is given by 


心 = — OCX?) A ^(sya^js) 

… i ^)! 2 


3. Assume that 0t(/) cz R 2 (i.e., a is a plane curve) and give k a sign as in the text. 

11^1 4.^ I yx T V M 内 ，， irx 【 T T V T ■rf- "t% j-fc, 4 - -M « 

jjcixaim iu auwi a way tuat uic oi 
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t{s) agree with the origin of R 2 ; the end points of t(s) then describe a parame¬ 
trized curve ^ — > called the indicatrix of tangents of a. Let 6(s) be the angle 
from e x to rCy) in the orientation of R 2 . Prove (a) and (b) (notice that we are 
assuming that k ^ 0). 

a. The indicatrix of tangents is a regular parametrized curve. 

b. dtjds — {dOjds)n, that is ， 々 = dQjds, 

*4. Assume that ail normals of a parametrized curve pass through a fixed point. 
Prove that the trace of the curve is contained In a circle. 

5. A regular parametrized curve QC has the property that all its tangent lines pass 
through a fixed point. 

a. Prove that the trace of a is a (segment of a) straight line. 

b. Does the conclusion in part a still hold if a is not regular ? 

6. A translation by a vector v in R 3 is the map A: R 3 — > K 3 that is given by 
A(p) = P + p e R 3 . A linear map p : R 3 ― > R 3 is an orthogonal transfor¬ 
mation when pu* pv 二 « • v for all vectors w，r e R 3 . A rigid motion in R 3 is the 
result of composing a translation with an orthogonal transformation with posi¬ 
tive determinant (this last condition is included because we expect rigid motions 
to preserve orientation). 

a. Demonstrate that the norm of a vector and the angle 6 between two vectors, 
0<6 <n, are invariant under orthogonal transformations with positive 
determinant. 

b. Show that the vector product of two vectors is invariant under orthogonal 
transformations with positive determinant. Is the assertion still true if ws 
drop the condition on the determinant ? 

c. Show that the arc length，the curvature, and the torsion of a parametrized 
curve are (whenever defined) invariant under rigid motions. 

*7. Let d : I — > i? 2 be a regular parametrized plane curve (arbitrary parameter), and 
define n = n(t) and k = k{t) as in Remark 1 . Assume that k{t) ^ 0, r e /. In 
this situation, the curve 

t g I, 

is called the evolute of CL (Fig. 1-17). 


a. Show that the tangent at i of the evolute of ot is the normal to a at t. 

b. Consider the normal lines of a at two neighboring points tu h, h 古 t 2 . Let 
“ approach t 2 and show that the intersection points of the normals converge 
to a point on the trace of the evolute of a. 


8. The trace of the parametrized curve (arbitrary parameter) 


is called the catenary. 


Qt(t) = (t, cosh 0? t ^ R, 



Figure 1-17 


a. Show that the signed curvature (cf. Remark 1) of the catenary is 

kif) = 一 ; L ， 


b. Show that the evolute (cf. Exercise 7) of the catenary is 

p{t) — (t — sinh t cosh t, 2 cosh t). 

9. Given a differentiable function k(s), s e I, show that the parametrized plane 
curve having k(s) = as curvature is given by 


cc(s) = cos 0(s) ds + a, f sin 8(s) ds 


where 


6(s) = J k(s) ds + (p. 


and that the curve is determined up to a translation of the vector (a, b) and a 

rntntinn nf tVie. ^ricrlp m 

* 'w w a m ▼ «pVJh A V • 

10. Consider the map 

fO,o ， e _" r2 )， ^ > o 

= ，<0 

1(0, 0, 0), f = 0 

a. Prove that a is a differentiable curve. 

b. Prove that CL is regular for all t and that the curvature ^(0 ^ 0, for r ^ 0, 
f 在士 a/ 2/3, and A ： (0) — 0. 
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c. Show that the limit of the osculating planes as t — > 0， / > 0, is the plane 

,, — f\ + 八 "P 4 -q 八 11 n + m r* o o r* it- 、 f\ -f f\ i 4 - 1 -k q n -t^^h 

y — V KJ^ll ILLS^ iiilUi l^± yiCLUS^^ CLd l - ， V, l \ V ? tliW 

z = 0 (this implies that the normal vector is discontinuous at r = 0 and 
shows why we excluded points where k = 0). 

d. Show that t can be defined so that t = 0, even though a is not a plane curve. 

11. One often gives a plane curve in polar coordinates by p ~ p{6), a<^0 <^b. 
n. Show that the arr Ipncrth ic 

—— 警 T T ，邊■息 v * ， 'v A 'V A A W& A A W 



vV + (pr de t 


where the prime denotes the derivative relative to 0. 
b. Show that the curvature is 


k(6) — 


2(py - pp n + p 2 

"«〆) 2 + p 2 ? /2 


12. Let a ： I — > i? 3 be a regular parametrized curve (not necessarily by arc length) 
and let J — > R 3 be a reparametrization of QC(I) by the arc length ^ = s(t )， 

measured from t Q c /(see Remark 2). Let t t(s) be the inverse function of s 
and set dCLjdt = d 2 CC/dt 2 = ot" ， etc. Prove that 

a. dtjds = l/|ot ，|， dHlds 1 - 一 (a'oT/la'l 4 ). 

b. The curvature of a at ^ G / is 


k(t) - 

c. The torsion of a at r e / is 


a' A a 〃 

I 夂 I 3 


t(0 


(a' a a").a' 

|oT 八 or! 2 


d. If a ： / — > R 2 is a. plane curve a(r) = (x(t), y(t)), the signed curvature (see 
Remark 1) of a at r is 


Kt)= 


x y 


.r r _ / 

x y 


i(xv + <y) 2 ) 3/: 


^13. Assume that t(s) # 0 and kXs) 0 for all s e /. Show that a necessary and 
sufficient condition for a(/) to lie on a sphere is that 

R 2 + CR’) 2 T 2 = const., 

where R = 1/k, T = 1/t, and R f is the derivative of R relative to s. 

14. Let a : (a, b) — > i? 2 be a regular parametrized plane curve. Assume that there 
exists r 0j a < t 0 < b s such that the distance | a ⑺ | from the origin to the trace of 
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a will be a maximum at r。. Prove that the curvature ^ of a at t 0 satisfies 

l^o)l > l/ia^o)l- 

*15. Show that the knowledge of the vector function b = b(s) (binormal vector) of a 
curve ot, with nonzero torsion everywhere, determines the curvature k(s) and the 
absolute value of the torsion t(*s) of a. 

*16. Show that the knowledge of the vector function n = n(s) (normal vector) of a 
curve a, with nonzero torsion everywhere，determines the curvature k(s) and the 
torsion t(*s) of QC. 

17. In general, a curve a is called a helix if the tangent lines of a make a constant 
angle with a fixed direction. Assume that tW ^0, s e I, and prove that: 

*a. a is a helix if and only if kjz — const. 

*b. a is a helix if and only if the lines containing and passing through a(s) 

are parallel to a fixed plane. 

*c. a is a helix if and only if the lines containing b(s) and passing through 0C(>) 
make a constant angle with a fixed direction. 

d. The curve 

a(,y) — sin 0(*?) ds, ~ 

where a 2 = 6 2 + c 2 , is a helix, and that k/x — bja. 

*18. Let a ： /— > R 3 be a parametrized regular curve (not necessarily by arc length) 
with k{t) ^ 0, t(0 = 7 ^ 0, r g /. The curve a is called a Bertrand curve if there 
exists a curve a ： I —> R 3 such that the normal lines of a and a at f G / are 
equal. In this case, a is caliea a Bertrand mate of oo, and we can write 

a(/) = a(/) + rn(t). 

Prove that 

a. r is constant. 

b. ot is a Bertrand curve if and only if there exists a linear relation 

Ak(t) + Bz(t) - 1, t e 4 

where A, B are nonzero constants and k and % are the curvature and torsion 
of a, respectively. 

c. If ot has more than one Bertrand mate, it has infinitely many Bertrand mates. 
This case occurs if and only if a is a circular helix. 
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1-6. The Local Canonical Form^ 

One of the most effective methods of solving problems in geometry consists 
of finding a coordinate system which is adapted to the problem. In the study 
of local properties of a curve, in the neighborhood of the point s, we have a 
natural coordinate system, namely the Frenet trihedron at It is therefore 
convenient to refer the curve to this trihedron. 

Let ot: / 一及 3 be a curve parametrized by arc length without singular 
points of order 1. We shall write the equations of the curve, in a neighborhood 
of s 0 , using the trihedron 《〜 ) ， n(s 0 ), b(s 0 ) as a basis for R 3 . We may assume, 
without loss of generality, that 〜二 0， and we shall consider the (finite) 
Taylor expansion 

a(s)= 戊 (0) + s^(0) + y 汉 "(0) + 誓 〆 "(0) + 7 ?， 
where lim Rjs 3 = 0. Since a ; (0) = t, a ,f (0) — kn, and 

a "'(0) = (kny - k f n + kn f - k!n - kH - kzb, 

we obtain 

a(.) - a(0) 二(卜 ^)t +(^ + —pzb + R, 

wnerc mi terms tue (juiupuicu iti j = u. 

Let us now take the system Oxyz in such a way that the origin O agrees 
with a ⑼ and that t = (1, 0, 0), n = (0, 1, 0), b — (0, 0, 1). Under these 
conditions, a(^) — (x ⑻，灭 ⑻,：⑻） is given by 

J^2 v 3 

:dV) = s — 4 - R^. 

、 y ^ r \ * 

y ( s ) = 去# + 年 + 〜 （1) 

^(*y) —— 警 s 3 + 及 ” 

where R — (R x> R y , R z ) t The representation (1) is called the local canonical 
form of a> in a neighborhood of = 0. In Fig. 1-18 is a rough sketch of the 

y-vf o rtn-ioll r\-r\A wh ^Iokioc 

SJL tllV LlCIrVW KJL Utj I^-L O OlXICViij ILL Illy lUy CIrllU- fiU piCVliVO* 


fThis section may be omitted on a first reading. 
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Projection over the plane t b 



Projection over the plane nb 


Figure 1-18 


Below we shall describe some geometrical applications of the local can¬ 
onical form. Further applications will be found in the Exercises. 

A first application is the following interpretation of the sign of the torsion. 
From the third equation of (1) it follows that if t < 0 and s is sufficiently 

email r (witVi m T pt n<: maVp thp pnnvpntinri rif pa 11 incr thp 

jl J jh a j ^ 肩 a a ^ t i a *r v v 4 • 今 ， a a v a a a A w j. 4 ▲ a a V 4 A 

“positive side” of the osculating plane that side toward which b is pointing. 
Then, since z(0) = 0, when we describe the curve in the direction of increasing 
arc length, the curve will cross the osculating plane at j = 0, pointing toward 
the positive side (see Fig. 1-19). If, on the contrary, r > 0, the curve (described 
in the direction of increasing arc length) will cross the osculating plane 
pumuiig to me siuc ujjpusnc me pusiuvc sjuc. 




Figure 1-19 
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The helix of Exercise 1 of Sec. 1-5 has negative torsion. An example of a 
curve with positive torsion is the helix 

a^) — (a cos —, a sin —, —b—\ 

obtained from the first one by a reflection in the ^ plane (see Fig. 1-19). 

Remark. It is also usual to define torsion by b' ^ —%n. With such a 
definition，the torsion of the helix of Exercise 1 becomes positive. 

Another consequence of the canonical form is the existence of a neighbor¬ 
hood J cz I of s = 0 such that a(J) is entirely contained in the one side of the 
rectifying plane toward which the vector n is pointing (see Fig. 1-18). In fact, 
since 众 > 0, we obtain，for s sufficiently small, > 0, and 少 (5) = 0 if and 
only if j = 0. This proves our claim. 

As a last application of the canonical form, we mention the following 
property of the osculating plane. The osculating plane at is the limit position 
of the plane determined by the tangent line at 5 and the point + h) when 
h — ^ 0. To prove this, let us assume that — 0. Thus, every plane containing 
the tangent at s = 0 is of the form z — cv or v = 0. The plane v = 0 is the 
rectifying plane that, as seen above, contains no points near a(0) (except 
a(0) itself) and that may therefore be discarded from our considerations. The 
condition for the plane z ~ cy to pass through + /r is (5 = 0) 

〆 十 ^ 

c y( h ) — + … 

2 丁 6 卞 

Letting h — > 0, we see that c — 0. Therefore, the limit position of the plane 
4y)= = c(h)y{s) is the plane z = 0, that is, the osculating plane, as we wished. 

EXERCISES 

*1. Let a: / —^ i? 3 be a curve parametrized by arc length with curvature k{s) ^ 0, 
s e I. Let P be a plane satisfying both of the following conditions : 

1 ‘ n -Jr l 崖 冰 l rf-%, 冰 A 

1. r me icuigtiiL imc at a. 

2. Given any neighborhood / c= / of there exist points of a(/) in both 
sides of P. 

Prove that P is the osculating plane of 0C at s. 

2. Let a ： / — > i? 3 be a curve parametrized by arc length, with curvature k(s) ^ 0, 
s c I. Show that 
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*a. The osculating plane at s is the limit position of the plane passing through 
ocO) ， aC? + h t ) } a(s + h 2 ) when h u — > 0 . 

b. The limit position of the circle passing through a( 5 ), 叫 + h x ), ct{s + h 2 ) 
when h u h 2 — > 0 is a circle in the osculating plane at s，the center of which is 
on the line that contains //⑷ and the radius of which is the radius of curvature 
\jk{s)\ this circle is called the osculating circle at s. 

3. Show that the curvature k{t) ^ 0 of a regular parametrized curve a ： I — ^ 及 3 is 
the curvature at t of the plane curve 7toa, where n is the normal projection of a 
over the osculating plane at t. 


1-7. Global Properties of Plane Curves' 


In this section we want to describe some results that belong to the global 
differential geometry of curves. Even in the simple case of plane curves, the 
subject already offers examples of nontrivial theorems and interesting 

一 A _ -f _ __ A _ ___ _ A 

quesLions. 10 ueveiop inis maiena 丄 riere, we mu si assume some piausiDie 
facts without proofs; we shall try to be careful by stating these facts precisely. 
Although we want to come back later, in a more systematic way, to global 
differential geometry (Chap. 5), we believe that this early presentation of the 
subject is both stimulating and instructive. 

This section contains three topics in order of increasing difficulty : (A) 
the isoperimetric inequality, (B) the four-vertex theorem, and (C) the Cauchy- 
Crofton formula. The topics are entirely independent, and some or all of 
them can be omitted on a first reading. 


A differentiable function on a closed interval [a, b] is the restriction of a 
differentiable function defined on an open interval containing [a, b]. 

A closed plane curve is a regular parametrized curve a : [a, b] — ^ R 2 such 
that a and all its derivatives agree at a and b; that is, 

a ⑷ = a(b), a r {a) = a r (b )， a"(a ) 二 cc ,f (b), •… 

The curve a is simple if it has no further self-intersections; that is，if 
t u t 2 e [a, b) y t l ^ t 2 , then a(^) ^ a{t 2 ) (Fig. 1-20). 

We usually consider the curve ot: [0, /] — > R 2 parametrized by arc length 
hence, / is the length of a. Sometimes we refer to a simple closed curve C, 
meaning the trace of such an object. The curvature of a will be taken with a 
sign, as in Remark 1 of Sec. 1-5 (see Fig. 1-20). 

We assume that a simple closed curve C in the plane bounds a region of 
this plane that is called the interior of C. This is part of the so-called Jordan 


tThis section may be omitted on a first reading. 
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(b) A (nonsimple) closed curve 


Figure 1-20 



torus T; C bounds no region on T 


Interior of C 



(b) C is positively oriented 


Figure 1-21 


curve theorem (a proof will be given in Sec. 5-6, Theorem 1)，which does not 
hold, for instance, for simple curves on a torus (the surface of a doughnut; 

i ig. L-^L\a)). trucucvci wc apctiK <ji uic iuca Duunueu oy <x simple uiuscu 

curve C, we mean the area of the interior of C. We assume further that the 
parameter of a simple closed curve can be so chosen that if one is going along 
the curve in the direction of increasing parameters, then the interior of the 
curve remains to the left (Fig. 1-21(b)). Such a curve will be called positively 
oriented, 

A. The Isoperimetric Inequality 


This is perhaps the oldest global theorem in differential geometry and is 
related to the following (isoperimetric) problem, Of all simple closed curves 
in the plane with a given length /, which one bounds the largest areal In this 
form，the problem was known to the Greeks，who also knew the solution, 
namely, the circle. A satisfactory proof of the fact that the circle is a solution 
to the isoperimetric problem took ， however, a lone time to aonear. The main 
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reason seems to be that the earliest proofs assumed that a solution should 
exist. It was only in 1870 that K. Weierstrass pointed out that many similar 
questions did not have solutions and gave a complete proof of the existence 
of a solution to the isoperimetric problem. Weierstrass，proof was somewhat 
hard, in the sense that it was a corollary of a theory developed by him to 
handle problems of maximizing (or minimizing) certain integrals (this theory 
is called calculus of variations and the isoperimetric problem is a typical 
example of the problems it deals with). Later, more direct proofs were found. 
The simple proof we shall present is due to E. Schmidt (1939). For another 
direct proof and further bibliography on the subject, one mfay consult 
Reference [10] in the Bibliography. 

We shall make use of the following formula for the area A bounded by a 
positively oriented simple closed curve ot(t) = y{t)X where t g [a } b\ 
is an arbitrary parameter : 


A — f y{t)x\t) dt — 


f x{t)y\t) dt ^ 


T 


f (xy r — yx r ) dt 



Notice that the second formula is obtained from the first one by observing 
that 


f xy' dt = [ (xy) f dt — \ b x f y dt = 少⑼一 xy(a)] — [ 


x r y dt, 


a 


since the curve is closed. The third formula is immediate from the first two. 

To prove the first formula in Eq. (1)，we consider initially the case of 
Fig. 1-22 where the curve is made up of two straight-line segments paraiiei 



Figure 1-22 


to the axis and two arcs that can be written in the form 

v = and v = 义 G 「 Xn. f, > 八 * 

Kf \ / 〆 t/ Jj ^ k W > 1 J ^ ^ t/ ^ ~ 
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Clearly, the area bounded by the curve is 

A = J\(x) dx — fiM dx. 

^ XQ XQ 

Since the curve is positively oriented, we obtain, with the notation of Fig. 1-22, 
A ~ y(t)x\0 dt — f y{t)x{t) dt = ■ — \ y(t)xXt) dt, 

cinrp rYA = 0 alnria thp cpcrm^ntc nnrallpl to the v axic This nrovp；s Kn— 门、 

A ▲屋 V < V •，矣 -b, A V ^ A, A JL ^0 ▲ 4▲ brV ，愚 'mf — — ^ ^ ▲ 息 ■ k_p - 選 4 T ^ ^ 

for this case. 

To prove the general case, it must be shown that it is possible to divide 
the region bounded, by the curve into a finite number of regions of the above 
type. This is clearly possible (Fig. 1-23) if there exists a straight line E in the 



plane such that the distance p{t) of cc(t) to this line is a function with finitely 
many critical points (a critical point is a point where p\t) = 0). The last 
assertion is,true，but we shall not go into its proof. We shall mention, how¬ 
ever, that Eq. (1) can also be obtained by using Stokes’ （ Green’s) theorem in 
the plane (see Exercise 15). 

THEOREM 1 (The Isoperimetric Inequality), Let Q be a simple closed 
plane curve with length U and let Abe the area of the region bounded by C. Then 

l 1 — 4;rA > 0, (2) 

and equality holds if and only if C is a circle. 
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Proof. Let E and E f be two parallel lin^s which do not meet the closed 
curve C, and move them together until they first meet C. We thus obtain two 
parallel tangent lines to C, L and I/，so that the curve is entirely contained in 
the strip bounded by L and U. Consider a ci rc j e which is tangent to both 
L and// and does not meet C. Let O be the center of and take a coordinate 
system with origin at O and the x axis perpendicular to L and L (Fig. 1-24), 



Figure 1-24 


Parametrize C by arc length, a(s) ^ 00 )， 少 0))，so that it is positively oriented 
and the tangency points of L and L f are x =: 0 and x 二 〜， respectively. 

We can assume that the equation of S 1 i s 

反 0) = (x(s), y(s)) = 00) ， y( s y) f s e [0, /] 

where is the distance between. L and L . 扫 y using £q. (1) and denoting by 
A the area bounded by we have 
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We now notice the fact that the geometric mean of two positive numbers is 
smaller than or eaual to their arithmetic mean. anH pnnalitv hnlrl «： if anH onlv 

M J 、■画 ■mf Vr* •味 _ ♦ w J A. ▲ A toV 4 A — J 

if they are equal. It follows that 

^/~A^/nr^ < {{A + nr 2 ) < ⑷ 

Therefore, 4nAr 2 < /V 2 , and this gives Eq. (2). 

Now, assume that equality holds in Eq. (2). Then equality must hold 

cvcijwiicic 1 ^ 4 &. \^J) auu rruui me cqutility m Xiq. (4 ； It I0110WS mat 
>4 = nr 2 . Thus, / = 2nr and r does not depend on the choice of the direction 
of L. Furthermore, equality in Eq. (3) implies that 

O〆 —yxy - (x 2 + 尸 X(X) 2 + (y r ) 2 ) 
or 

(xx f = 0; 

that is, 

^ _ 9 _ + y 2 

/ — / — JWTTW7 = ±r . 

Thus, x = ±ry f . Since r does not depend on the choice of the direction of 
L, we can interchange x and y in the last relation and obtain y = 士 rx'_ Thus, 

x 2 -^r v 2 — r 2 ((x f ) 2 + (V、 2 、= r 2 

' ✓ \ v / ' w -/ y ■ 

and C is a circle, as we wished. Q.E.D. 

Remark 1. It is easily checked that the above proof can be applied to 
C 1 curves, that is, curves a(0 = (x(f )， >^(0), t ^ [ a , b], for which we require 
only that the functions x(t) y y{t) have continuous first derivatives (which, of 
course, agree at a and b if the curve is closed). 

Remark 2. The isoperimetric inequality holds true for a wide class of 
curves. Direct proofs have been found that work as long as we can define arc 
length and area for the curves under consideration. For the applications, it is 
convenient to remark that the theorem holds for piecewise C l curves, that is, 
continuous curves that are made up by a finite number of C 1 arcs. These 
curves can have a finite number of corners, where the tangent is discontinu¬ 
ous OFig. 1-25V 



A piecewise C 1 curve 


Figure 1^25 
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B. The Four 面 Vertex Theorem 

We shall need further general facts on plane closed curves. 

Let a: [0, /] —> R 2 be a plane closed curve given by a(X) = 

Since s is the arc length, the tangent vector t(s) = ( 久 ’(5), /⑻） has unit 
length. It is convenient to introduce the tangent indicatrix t: [0, /] — R 1 that is 
siven bv = Oc'iVl, this is a differentiable curve, the trace of which is 

contained in a circle of radius 1 (Fig. 1-26). Observe that the velocity vector 



Figure 1-26 


of the tangent indicatrix is 

^ ^ Cl 1 产 

- (A ™ fWt, 

where n is the normal vector, oriented as in Remark 2 of Sec. 1-5, and k is 
the curvature of a. 

Let 6(s) } 0 < 9(s) < In, be the angle that t(s) makes with the x axis; that 
is, = cos 6(s), /⑺ =sin 9(s). Since 

9(s) = arc tan 

9 = 6(s) is locally well defined (that is, it is well defined in a small interval 
about each s) as a differentiable function and 

^ = ^(cos e, sin 6) 

=^(-sin 9, cos 9) = Q'n. 
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This means that Q’(s) = k(s) and suggests defining a global differentiable 
function 0: [0, /] — JR by 


Since 


00 )= 



k(s) ds. 


仔二 k 二 xy" — x f Y 


(arc tan 


JO ， 


this global function agrees, up to constants, with the previous locally defined 
0. Intuitively, 0(^) measures the total rotation of the tangent vector, that is, 
the total angle described bv the noint on the taneent indicatrix, as we run 

• X '•/ w* 

the curve a from 0 to Since a is closed, this angle is an integer multiple / 
of 2n; that is, 


[ k(s) ds — 6(1) — 6(0) --- 2nl. 

The integer / is called the rotation index of the curve a. 

In Fig. 1-27 are some examples of curves with their rotation indices. 
Observe that the rotation index changes sign when we change the orientation 
of the curve. Furthermore, the definition is so set that the rotation index of a 
positively oriented simple closed curve is positive. 

An important global fact about the rotation index is given in the following 
theorem, which wili be proved later in the book (Sec. 5-6, Theorem 2). 


THE THEOREM OF TURNING TANGENTS. The rotation index of a 
simple closed curve is 士 1 ， where the sign depends on the orientation of the 
curve. 

A regular, plane (not necessarily closed) curve a: [a, b] — > R 2 is convex 
if, for all t e [a, b], the trace a([0, b]) of a lies entirely on one side of the closed 
half-plane determined by the tangent line at t (Fig. 1-28). 

A vertex of a regular plane curve a : [a, b] — > A 2 is a point t e [a, b] 
where k f (t) = 0. For instance, an ellipse with unequal axes has exactly four 
vertices, namely the points where the axes meet the ellipse (see Exercise 3). 
It is an interesting global fact that this is the least number of vertices for all 
closed convex curves. 


THEOREM 2 (The Four-Vertex Theorem). A simple dosed convex 
curve has at least four vertices. 

Before starting the proof, we need a lemma. 

LEMMA. Let a : [0 ? 1] — > R 2 be a plane closed curve parametrized by arc 
length and let A, B, and C be arbitrary real numbers. Then 
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Non con vex curves 

Figure 1-28 



(Ax + By + C) 


dk 


ds 


= 0 , 


(5) 


where the functions x = x(s)，y = y(s) are given by oc(s) = (x(s), y(s ))，and k is 
the curvature of a. 


Proof of the Lemma. Recall that there exists a differentiable function 
6 : [0, /] —、 R such that = cos 9, 〆(>?) = sin 0. Thus, 众 ⑻ = 6 f (s) and 

x” 二 一 k〆 ， y ，， = 


Therefore, since the functions involved agree at 0 and /, 



0 , 




kx dx — 



ky r ds — 



x >f ds = 0. 


Q.E.D. 


Proof of the Theorem. Parametrize the curve by arc length ， oc: [0, /] ― ^ R 2 . 
Since k = k{s) is a continuous function on the closed interval [0, /], it reaches 
a maximum and a minimum on [0, /] (this is a basic fact in real functions; a 
proof can be found, for instance, in the appendix to Chap. 5 ， Prop. 10). 
Thus, a has at least two vertices, = p and a(^ 2 ) — Let L be the 
straight line passing through p and q, and let and y be the two arcs of C 
which are determined by the points p and q. 
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We claim that each of these arcs lies on a definite side of L. Otherwise, it 
meets Z in a point r distinct from p and q (Fig. 1-29(a)). By convexity, and 
since p, q, r are distinct points on C, the tangent line at the intermediate 
point, say p, has to agree with L. Again，by convexity, this implies that L is 
tangent to C at the three points p, q, and r. But then the tangent to a point 




near p (the intermediate point) will have q and r on distinct sides, unless the 
whole segment rq of L belongs to C (Fig. 1-29(b)). This implies that A ： — 0 
at p and q. Since these are points of maximum and minimum for 众，众三 0 on 
C, a contradiction. 

Let Ax By + C = Q be the equation of L. If there are no further 
vertices, k\s) keeps a constant sign on each of the arcs p and y. We can then 
arrange the sign of all the coefficients A, B 9 C so that the integral in Eq. (5) 
is positive. This contradiction shows that there is a third vertex and that 
k f (s) changes sign on fi or y, say, on p. Since p and q are points of maximum 
and mini mum, k f { s ) changes sign twice on p. Thus, there is a fourth vertex. 

Q.E.D. 

The four=vertex theorem has been the subject of many investigations. The 
theorem also holds for simple, closed (not necessarily convex) curves, but the 
proof is harder. For further literature on the subject, see Reference [10]. 

T a X A J2. 1 、 T A. A j-h 1 1 w -r 4 - ^ f \ / Cl V) -4 f M « t Ilf 

JL/CtLCl (ocu. iriup- 1 ) WC &liail piU VC W ^tu^u L^ur yc ta 

if and only if it is simple and can be oriented so that its curvature is positive or 
zero. From that, and the proof given above, we see that we can reformulate 
the statement of the four-vertex theorem as follows. The curvature function 
of a closed convex curve is {nonnegative and) either constant or else has at least 
two maxima and two minima. It is then natural to ask whether such curvature 
functions do characterize the convex curves. More precisely, we can ask the 
following question. Let k: [a, b] — R be a differentiable nonnegative function 
such that k agrees，with all its derivatives, at ct and b. Assume that k is either 
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constant or else has at least two maxima and two minima. Is there a simple 
closed curve a : [a, b] 一 > R 2 such that the curvature of a at t is k(t) ? 

u r^i n/^ l^ - o n PtT/or ■。/ "1 +Ti a 

丄 '^丄 v 认）、 TT1 丄 m J 上 3 ^L1 IWUl^ p^31Ll V W 5 上 JL, V_JlL4ViV CL 丄 lOVVk 丄 L1LW V 

question affirmatively (see H. Gluck, “The Converse to the Four Vertex 
Theorem/ 5 UEnseignement Mathematique T. XVII, fasc, 3-4 (J971) ? 295-309). 

T ^ ^ — V T _ _ _1 _ _ 9 _ . 1 _ _ J _ j 1 _ _ _ J ^ 、 

xiis uicmuub, uuwcver, ao noi apply to me case k 

C. The Cauchy-Crofton Formula 

Our last topic in this section will be dedicated to finding a theorem which ， 
roughly speaking, describes the following situation. Let C be a regular curve 
in the plane. We look at all straight lines in the plane that meet C and assign 
to each such line a multiplicity which is the number of its interesection points 
with C (Fig. 1-30). 


n = 3 



Figure 1-30. n is the multiplicity of the Figure 1-31 L is determined 

corresponding straight line. by p and 9. 


We first want to find a way of assigning a measure to a given subset of 
straight lines in the plane. It should not be too surprising that this is possible. 
After all, we assign, a measure (area) to point subsets of the plane. Once we 
realize that a straight line can be determined by two parameters (for instance ， 
p and 9 in Fig. 1-31)，we can think of the straight lines in the plane as points 
in a region of a certain plane. Thus, what we want is to find a “reasonable” 
way of measuring “areas” in such a plane. 

Having chosen this measure, we want to apply it and find the measure of 
the set of straight lines (counted with multiplicities) which meet C. The result 
is quite interesting and can be stated as follows. 

THEOREM 3 (The Cauchy-Crofton Formula). Let C be a regular plane 
curve with length l. The measure of the set of straight lines (counted with 
multiplicities) which meet C is equal to 2L 
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Before going into the proof we must define what we mean by a reasonable 
measure in the set of straight lines in the plane. First, let us choose a conve¬ 
nient system of coordinates for such a set. A straight line L in the plane is 
determined by the distance /? > 0 from L to the origin O of the coordinates 
and by the angle 9, 0 <, 9 < 2n, which a half-line starting at 0 and normal to 
L makes with the 义 axis (Fig. 1-31). The equation of L in terms of these param¬ 
eters is easily seen to be 


x cos 0 j sin y = p. 

Thus we can replace the set of all straight lines in the plane by the set 


^ = R 2 \P>^^<,e < 2n}. 


We will show that, up to a choice of units, there is only one reasonable 
measure in this set. 

To decide what we mean by reasonable, let us look more closely at the 
usual measure of areas in R 1 . We need a definition. 

A rigid motion in R 2 is a map F: R 1 — > R 1 given by (x, y) — > (x, y), 
where (Fig. 1-32) 



P = (X, y) 


Figure 1-32 


y — b + x sm (p + y cos 




Now, to define the area of a set c= R 2 we consider the double integral 



dx dy\ 


that is, we integrate the “element of area^ dx dy over S. When this integral 
exists in some sense, we say that S is measurable and define the area of S as 
the value of the above integral. From now on, we shall assume that all the 
integrals involved in our discussions do exist. 

Notice that we could have chosen some other element of area, say, 
xv 2 dx dv. The reason for the choice of dx dv is that* un to a factor, this is 

- - - -一 .一一 - — — - - - ^ - - - — - / ”丄 _ _ _ — 一 — — - _ 2 — --— 
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the only element of area that is invariant under rigid motions. More precisely, 
we have the following proposition. 

PROPOSITION 1. Let f(x, y) be a continuous function defined in R 2 . For 
any set S (= R 2 , define the area A of S by 

A(S) = f f f(x, y)dx dy 

J J S 

(of course, we are considering only those sets for which the above integral 
exists). Assume that A is invariant under rigid motions; that is, if S is any set 
and § where F is the rigid motion (6) ; we have 

A(S) = f f f(x, y)dxdy ^ f f f(x, y) dxdy = A(S). 

J J S J J S 

Then f(x, y) = const. 

Proof. We recall the formula for change of variables in multiple integrals 
(Buck, Advanced Calculus, p. 301， or Exercise 15 of this section): 

「 /(x, y)dxdy^ f f /(x(x, y), y(x,dx dy, (7) 

J J s J J s ^ x ^y) 

丄 ItiC，A — y y =■ y J cue lUilULiUlia W1L11 dJlUIliUUU& Uia 丄 UC1 丄 Va- 

lives which define the transformation of variables T: R 1 > R 2 , S = 
and 


is the Jacobian of the transformation T. In our particular case, the transfor¬ 
mation is the rigid motion (6) and the Jacobian is 

d(x, y) ^ cos?? -sin ?? ^ ^ 
d(x,y) ~ sin COS (p I 

By using this fact and Eq. (7), we obtain 

H/Wi， 刃，卞(文,刃)必办 = jj s f(^,y)cixdy. 

Since this is true for all S, we have 

r/,./- \ — 二 

y\^^y)) 一八 a ，/ 人 


6>x57^^ 
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We now use the fact that for any pair of points (x, y), (jc, y) in R 2 there 
exists a rigid motion F such that F(x,y) = (x, y). Thus, 

/(A7) = (/°F)( 元刃 =/( 元刃， 

rt n xx TTr，"l 飞 

aiiu j v ， y) — vuh^l., aa wt 

Remark 3. The above proof rests upon two facts : first, that the Jacobian 

八 f n m /A rvi r\+i r\^n it? 1 nr^ri + Vi n f Vi ^ t*i nr \,rl w r\ + i^«o rim -r\ c't +1 t r\^\ 

KJ1 Cl 1 1^1 U. 1 丄 U X ， J\^V^lJL\a 5 L 丄 H 1 Jl^U4 H 0,1101 LI V W ^11 

points of the plane; that is, given two points in the plane there exists a rigid 
motion taking one point into the other. 

With these preparations, we can finally define a measure in the set JC. We 
first observe that the rigid motion (6) induces a transformation on 2. In 
fact, Eq. (6) maps the line x cos ^ + ji ； sin ^ = p into the line 

x cos(0 — (p) ^ y sm(6 — g>) = p ~ a cos 0 ~ b sin 6. 

This means that the transformation induced by Eq. (6) on £ is 

p = p — a cos 9 — b sin 9, 

6 — 6 — <p. 

It is easily checked that the Jacobian of the above transformation is 1 and 
that such transformations are also transitive on the set of lines in the plane. 
We then define the measure of a set § c £ as 


ll/P de ' 

In the same way as in Prop. 1， we can then prove that this is, up to a constant 
factor，the only measure on £ that is invariant under rigid motions. This 
measure is ， therefore, as reasonable as it can be. 

We can now sketch a proof of Theorem 3. 


Sketch of Proof of Theorem 3. First assume that the curve C is a segment 
of a straight line with length /. Since our measure is invariant under rigid 
motions, we can assume that the coordinate system has its origin 0 in the 
middle point of C and that the x axis is in the direction of C. Then the measure 
of the set of straight lines that meet C is (Fig. 1-33) 


dp d0 — 


/^ 2 n 


J 0 


叫 cos 0 I ( 1 / 2 ) 
J 0 



-j -1 cos 6 j d6 ― 21. 
^ 0 ^ 
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Next, let C be a polygonal line composed of a finite number of segments 
with length (X! h ^ 0- Let n = n(p, 0) be the number of intersection 
points of the straight line (p, 0) with C Then, by summing up the results for 
each segment C J5 we obtain 

j j n dp d9 ~ 2^ li = 21, ( 8 ) 

which is the Cauchy-Crofton formula for a polygonal line. 

Finally, by a limiting process, it is possible to extend the above formula to 
any regular curve, and this will prove Theorem 3. Q.E.D. 


It should be remarked that the general ideas of this topic belong to a 

uianvn ui jviiu wii uiiuti uiic; iiamt kji iiiLtg 丄 ai . r\ ^ui 

of the subject can be found in L. A. Santalo, “Integral Geometry，’’ in 
Studies in Global Geometry and Analysis, edited by S. S. Chern，The Mathe¬ 
matical Association of America, 1967, 147-193. 

The Cauchy-Crofton formula can be used in many ways. For instance, 
if a curve is not rectifiable (see Exercise 9, Sec. 1-3) but the left-hand side of 
Eq. (8) has a meaning, this can be used to define the “Jength” of such a curve. 
Equation (8) can also be used to obtain an efficient way of estimating lengths 
of curves. Indeed, a good approximation for the integral in Eq. (8) is given 
as follows.? Consider a family of parallel straight lines such that two con¬ 
secutive lines are at a distance r. Rotate this family by angles of n/4, 2 冗 /4, 
3 丌 /4 in order to obtain four families of straight lines. Let n be the number of 
intersection points of a curve C with all these lines. Then 

1 ^ 

w 


卞 1 want to thank Robert Gardner for suggesting this application and the example that 
follows ‘ 
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is an approximation to the integral 

i r r 

■y J J n dp dd = length of C 

and therefore gives an estimate for the length of C. To have an idea of how 
good this estimate can be, let us work out an example. 

Example. Figure 1-34 is a drawing of an electron micrograph of a 
circular DNA molecule and we want to estimate its length. The four families 



b ■ u __ I 1 A -- J _ _ 一 J T W 1 m M ^ ^3 I 1 ^3 1 A 1 -J __ * Y_jT M ^ 

j^iguit? ivcpiuuuucu Hum n. rs.iE> emu x>. ^iictuuici^ x^uiu opr in 衫 jciuruur 

Symp. Quant. Biol. 28, 2 (1963), with permission, 
of straight lines at a distance of 7 millimeters and angles of tt!4 are drawn 

i_2 . - - - - -■ - - -— - - — ■ .... - ■ - l_ J ■ — ， ■ f _ . 

over the picture (a more practical way would be to have this family drawn 
once and for all on transparent paper). The number of interesection points 
is found to be 153. Thus, 

T” 吾 = 士 153 ¥ 〜 60 . 


Since the reference line in the picture represents 1 micrometer (— 10 -6 meter) 
and measures, in our scale, 25 millimeters, r = 琴 ， and thus the length of 
this DNA molecule, from our values, is approximately 


60 ( 琴)〜 


16.6 micrometers. 


The actual value is 16.3 micrometers. 
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EXERCISES 


*1. Is there a simple closed curve in the plane with length equal to 6 feet and bound¬ 
ing an area of 3 square feet? 

*2. Let AB be a segment of straight line and let / > length of AB. Show that the 
curve C joining A and B, with length /， and such that together with AB bounds 
the largest possible area is an arc of a circle passing through A and R (Fig. 1-35). 



Figure 1-35 



3. Compute the curvature of the ellipse 

x ^ acos r, y = b sin t, t e [0, 2%\ a 辛 b ， 


and show that it has exactly four vertices, namely, the points (a, 0), (—a, 0), 
(0, b\ (0, —b), 

*4, Let C be a plane curve and let T be the tangent line at a point p e C. Draw a 
line L parallel to the normal line at p and at a distance dofj? (Fig. 1-36). Let h be 
the length of the segment determined on L by C and T (thus, A is the “height” of 
C relative to T). Prove that 


^)1 


lim 契， 

d — Q d 


where k{p) is the curvature of C at p. 

*5. If a closed plane curve C is contained inside a disk of radius r, prove that there 
exists a point p e C such that the curvature k of Catp satisfies \ k\> 1/r. 

6. Let GC(s), s e [0, /] be a closed convex plane curve positively oriented. The curve 

p\s) = ^k\S) — rn 、 s), 

where r is a positive constant and n is the normal vector, is called a parallel 
curve to a (Fig. 1-37). Show that 

a. Length of ^ = length of a + 2nr, 

b. A(fi) — A((X) + /*/ + nr 2 . 

c. k 0 {s) = k a (s)i(l + r). 
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For (a)-(c), A( ) denotes the area bounded by the corresponding curve, and 
/c x , are the curvatures of OC and p, respectively. 

7. Let a ： i? —> i? 2 be a plane curve defined in the entire real line R, Assume that a 
does not pass through the origin 0 = (0, 0) and that both 


lim I a(r)| ~ oo and Jim | CL{t) | = oo. 


_ T'% __ j_T^ — j. — _* j _ _ j. j ， _t. 丄 1 _ x \ a* / j. \ I 1 a/ /^\ [ ^ .. 11 

a. i^ruve irmi mere exists a, punu [ Q k= n suun incu [ I | ) | iui an 

t e R. 

b. Show, by an example, that the assertion in part a is false if one does not as¬ 
sume that both Jim f _ +00 |a(/)l = °° and |a(r)| = oo, 

8. *a. Let a(^) } ^ g [0, /], be a plane simple closed curve. Assume that the curva¬ 
ture k(s) satisfies 0 < k(s) < c, where c is a constant (thus, a is less curved 
than a circle of radius 1/c). Prove that 


length of a > - 

b. In part a replace the assumption of being simple by “OC has rotation index 
N:’ Prove that 


length of a > 


2nN 



*9. A set K [ R 2 is convex if given any two points p，q & K the segment of straight 

Imp nn mntninpfl in K Prnvp that a cimnl^ rnnv^v mrv 户 

• • -% w 备 ▲ w ▲▲ 4 j • m. T — * v、. v VJ ▲赢 ▲▲ m. A *,_j lj 4.x T n 

bounds a convex set. 


10. Let C be a convex plane curve. Prove geometrically that C has no self-intersec¬ 
tions. 

*11. Given a nonconvex simple closed plane curve C, we can consider its convex hull 
H (Fig. 1-39 )， that is，the boundary of the smallest convex set containing the 
interior of C. The curve H is formed by arcs of C and by the segments of the 
tangents to C that bridge “the nonconvex gaps” (Fig. 1-39). It can be proved 
that 丑 is a C 1 closed convex curve. Use this to show that，in the isoperimetric 
problem, we can restrict ourselves to convex curves. 
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*12. Consider a unit circle ^S 1 in the plane. Show that the ratio M 1 /M 2 = -j, where 
M 2 is the measure of the set of straight lines in the plane that meet S 1 and is 
the measure of all such lines that determine in S 1 a chord of length > 
Intuitively, this ratio is the probability that a straight line that meets S l deter¬ 
mines in S 1 a chord longer than the side of an equilateral triangle inscribed in 

^lg. X-4U；. 



13. Let C be an oriented plane closed curve with curvature /: > 0. Assume that C 
has at least one point p of self-intersection. Prove that 

a. There is a point p f e C such that the tangent line T' at 〆 is parallel to some 
tangent at p. 

b. The rotation angle of the tangent in the positive arc of C made up by pp'p is 
> n (Fig. 1-41). 


a ♦•八 + 八” -I m Ha' (/ iri ^ 

v* 丄 Lik 丄 uiauuix ujl xo 
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14. a. Show that if a straight line i meets a closed convex curve C, then either L is 
tangent to C or L intersects C in exactly two points. 


b. Use part a to show that the measure of the set of lines that meet C (without 
multiplicities) is equal to the length of C. 

15, Green’s theorem in the plane is a basic fact of calculus and can be stated as 
follows. Let a simple closed plane curve be given bv 0L(t) = (x(t), v(t)). t g \a. b\. 
Assume that a is positively oriented, let C be its trace, and let R be the interior 
of C. Let/) = p(x, y), q = g(x, y) be real functions with continuous partial deriv¬ 
atives p Xi p y , q x , q y . Then 


{q x — p y )dx dy = 

J J? 




J c 



(9) 


where in the second integral it is understood that the functions p and q are 
restricted to a and the integral is taken between the limits t = a and t b. In 
parts a and 6 below we propose to derive, from Green's theorem, a formula for 
the area of R and the formula for the change of variables in double integrals 
(cf. Eqs. (1) and (7) in the text). 

a. Set q x and p = —y in Eq. (9) and conclude that 


A / T^\ 


r r 
J ^ 


dx ay — 


C b ( dv 

■ I ■VI T ■ f 


^dx\ 




b. Let f(x y y) be a real function with continuous partial derivatives and T: 
R 2 ― ^ R 2 be a transformation of coordinates given by the functions 
x = x(u, v), y — y{u^ v), which also admit continuous partial derivatives. 
Choose in Eq. (9) — 0 and q so that q x =/• Apply successively Green’s 

theorem, the map T y and Green’s theorem again to obtain 


j* j* f* 产 

f(x dr dv = a dv = I I (aoT^v -!- v.‘v'(f、、/h 

J J R J C J J T~ l (C) 

— — 基 ( to 。 也 

i i ( 及） 

Show that 

(9 d 

v\ y(u, ^))^,) - ^(g(x(u t v) y y(u, v))y u ) 

= f(x(u, v), y{u, v))(x u y v - x v y u ) = / 《’:)) . 

Put that together with the above and obtain the transformation formula for 
double integrals : 




f(x, y) dx dy = 


J 


R 


f{x{u, v), y{u, v)) 


T - 1 (it) 


y) 

d{Uy V) 


du dv. 
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2-1. Introduction 

In this chapter, we shall begin the study of surfaces. Whereas in the first 
chapter we used mainly elementary calculus of one variable, we shall now 
need some knowledge of calculus of several variables. Specifically, we need 
to know some facts about continuity and differentiability of functions and 
maps in R 2 and R 3 . What we need can be found in any standard text of 
advanced calculus, for instance, Buck Advanced Calculus; we have included 
a brief review of some of this material in an appendix to Chap. 2. 

In Sec. 2-2 we shall introduce the basic concept of a regular surface in 
In contrast to the treatment of curves in Chap. 1, regular surfaces are 
defined as sets rather than maps. The goal of Sec. 2-2 is to describe some 
criteria that are helpful in trying to decide whether a given subset of R 3 is a 
regular surface. 

In Sec. 2-3 we shall show that it is possible to define what it means for a 
function on a regular surface to be differentiable, and in Sec. 2-4 we shall 
show that the usual notion of differential in R 2 can be extended to such func¬ 
tions. Thus，regular surfaces in R 3 provide a natural setting for two-dimen¬ 
sional calculus. 

Of course, curves can also be treated from the same point of view, that is, 
as subsets of R 3 which provide a natural setting for one-dimensional calculus. 
We shall mention them briefly in Sec. 2-3. 

Sections 2-2 and 2-3 are crucial to the rest of the book. A beginner may 
find, the proofs in these sections somewhat difficult. If so, the proofs can be 
omitted on a first reading. 
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In Sec. 2-5 we shall introduce the first fundamental form，a natural instru¬ 
ment to treat metric questions (lengths of curves, areas of regions, etc.) on a 
regular surface. This will become a very important issue when we reach Chap. 
4. 

Sections 2-6 through 2-8 are optional on a first reading. In Sec. 2-6，we 
shall treat the idea of orientation on regular surfaces. This will be needed 
in Chaps. 3 and 4. For the benefit of those who omit this section, we shall 

review the notion of orientation at the bemnnirsff of Chat). 3. 

—— t ' — — —-―― — - — — — — — - - - — — — — - - - — - - - — ■ ■ 

2~2, Regular Surfaces; 

Inverse Images of Regular Values^ 

丄 li tins E>cuuuii wc sntm muuuuuc me iiuliuh ui a icguiui buiiauc m 八 ■ • xvuugli¬ 
ly speaking, a regular surface in R 3 is obtained by taking pieces of a plane, 
deforming them, and arranging them in such a way that the resulting figure 
has no sharp points, edges, or self-intersections and so that it makes sense to 
speak of a tangent plane at points of the figure. The idea is to define a set 
that is, in a certain sense, two-dimensional and that also is smooth enough 
so that the usual notions of calculus can be extended to it. By the end of Sec. 
2-4, it should be completely clear that the following definition is the right one. 

DEFINITION 1, A subset S R 3 is a regular surface if, for each p e S, 
there exists a neighborhood V in R 3 and a map x; U —~> V O S of an open set 
U c= R 2 onto V. O S c= R 3 such that (Fig. 2-1) 

1. x is differentiable• This means that if we write 

X(U ， V) = (x(u， V )， y(u， V )， z(u, V ))， (u, v) E U, 

the functions x(u，v)，y(u，v)，z(u, v) have continuous partial derivatives 
of all orders in U. 

2. x is a homeomorphism. Since x is continuous by condition 1, this 
means that x has an inverse x _1 ; V n S — U which is continuous; 
that is ， x^ 1 is the restriction of a continuous map F: W c= R 3 — R 2 
defined on an open set W containing V n S. 

3. (The regularity condition.) For each q ^ U, the differential 
dx q : R 2 —> R 3 is one-to-oneX 

We shall explain condition 3 in a short while. 


fProofs in this section may be omitted on a first reading. 

Jin italic context, letter symbols are roman so they can be distinguished from the sur¬ 
rounding text. 
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Figure 2-2 


Thus, the matrix of the linear map dx g in the referred basis is 


jdx dx\ 
lau av 




d_z 

dy 

du 

dv • 

dz 

dz 

w 

d^l 


Condition 3 of Def. 1 mav now be expressed bv reauirine the two column 
vectors of this matrix to be linearly independent; or, equivalently, that the 
vector product dx/du A dx/dv # 0; or，in still another way, that one of the 
minors of order 2 of the matrix of dx g , that is, one of the Jacobian determi¬ 
nants 


d(x 9 y) 
d(u, v) 


dx dx 
du dv 



du dv 


d{y, z) 
d(u, v )' 


d(x, z) 
d{u, v) y 


be different from zero at q. 


Remark L Definition 1 deserves a few comments. First, in contrast to our 
treatment of curves in Chap. 1， we have defined a surface as a subset S of 
/? 3 and tint a man This is anhipvpd hv nnvpritifr S with thp trarps ： nf 

a ■■ A •& w 先昼 — ■ 琴 t ■■ ^ f ■■- • A •& ^ w —— -mr -w • 

parametrizations which satisfy conditions 1，2, and 3. 

Condition 1 is very natural if we expect to do some differential geometry 
on S. The one-to-oneness in condition 2 has the purpose of preventing self- 
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intersections in regular surfaces. This is clearly necessary if we are to speak 
about, sav, the tangent plane at a point p e ("see Fie. 2-3(aT>. The continuitv 
of the inverse in condition 2 has a more subtle purpose which can be fully 
understood only in the next section. For the time being, we shall mention 

that this rnnrlitinn esicpntial tr> nrovinp that nprt^iri nhipntQ Hpfinpd in tprm« 

of a parametrization do not depend on this parametrization but only on the 
set S itself. Finally, as we shall show in Sec. 2.4, condition 3 will guarantee 
this existence of s. "tangent plsnc s.t s.11 points of S (see Fig. 2—3(b)). 



Figure 2-3. Some situations to be avoided in the definition of a regular surface. 

Example 1. Let us show that the unit sphere 

S 2 = {(x t y, z) e R 3 ; x z y 2 z 2 = 1} 
is a regular surface. 

We first verify that the map x x : U cz R 2 — > R 3 given by 

= (^? y> +a/i — ( 又 2 + y 2 )), ( x >y) ^ ^ 

where i? 2 二 {(x ， y, z) e R 3 ; z =0} and U ^ {(x, y) e R 2 ; x 2 y z < 1}, is 
a parametrization of S 2 t Observe that x^U) is the (open) part of *S 2 above the 
xy plane. 

Since x 2 + 少 2 < 1， the function — (x 2 + y 2 ) has continuous 

partial derivatives of all orders. Thus, x x is differentiable and condition 1 
holds. 

Condition 3 is easily verified, since 

d(x, y) „ t 

* 

To check condition 2, we observe that x! is one-to-one and that xj 1 is 
the restriction of the (continuous) projection ti{x, y, z) = (x, ;；) to the set 
x^C/). Thus, xt 1 is continuous in 
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We shall now cover the whole sphere with similar parametrizations as 
follows. We define x 2 : U cz R 2 R 3 by 

x 2 (x, y) -= (x, y, — V 】 —U 2 + 少 2 ))， 

CUCUA LIiaL A 2 丄 ; i ii p'd.1 aiilCLlIZaUUll, ana UUISCIVC Lliai A^L/ ) VJ A2V.t/) IUVC1S 

S 1 minus the equator 


{(x, y, z) e R 3 ; X 2 - \ y 1 = l,z = 0}. 

Then, using the xz and zy planes, we define the parametrizations 

x 3 (x, z) = (x, +Vl — O 2 + 2 2 ) ， 2 )， 
x 4 (x, z) = (x, — JX — (x 2 + Z 2 ), 2)， 
x 5 (y t z) — (+V "1 — (y^ 2 2 ), z) f 
x 6 0 , z) = (-Vi - (y 2 + ?)， y, z), 

which，together with Xi and x 2 , cover 5 2 completely (Fig. 2-4) and show that 
S 2 is a regular surface. 





For most applications, it is convenient to relate parametrizations to the 
geographical coordinates on S 2 . Let V — {(0 ， (p); 0 < 6 < 7 i, 0 < g> < In] 
and let x: V — ^ R z be given by 


x(6, (p) = (sin 0 cos sin 0 sin cos 6). 

Clearly, x(K) c ： 5 2 . We shall prove that x is a parametrization of S 1 . 9 is 
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u 

Figure 2-5 



usually called the colatitude (the complement of the latitude) and (p the 
longitude (Fig. 2-5). 

It is clear that the functions sin 9 cos (p, sin 9 sin p，cos 9 have continuous 
partial derivatives of all orders; hence, x is differentiable. Moreover, in order 
that the Jacobian determinants 


d(x,y) 

W7^) 


=cos 0 sin 0, 


汐 0 , z) 

W7V)~ 


sin 2 6 cos <p. 


W^p) ^ sin2 e sin ^ 
vanish simultaneously, it is necessary that 


cos 2 9 sin 2 6 + sin 4 0 cos 2 <p + sin 4 6 sin 2 <p = sin 2 0 — 0. 


This does not happen in V, and so conditions 1 and 3 of Def. 1 are satisfied. 
Next，we observe that given (x, y, z) g S 2 — C, where C is the semicircle 

C = {(x, y, z) e ^ 0, x > 0}, 

u ib umi{uciy ucicimilieu \jy u = … 厶 、 miiuc \j u ^ ti* oy kuuwiu^ u y 

we find sin (p and cos (p from x = sin 0 cos (p^ y — sin 9 sin (p, and this 
determines (p uniquely (0 < ^ < lit). It follows that x has an inverse x 一 1 . 
To complete the verification of condition 2， we should prove that x 一 1 is 
continuous. However, since we shall soon prove (Prop. 4) that this verifica¬ 
tion is not necessary provided we already know that the set is a regular sur¬ 
face, we shall not do that here. 

We remark that x(V) only omits a semicircle of S 2 (including the two 
poles) and that 5 2 can be covered with the coordinate neighborhoods of two 
parametrizations of this type. 
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In Exercise 16 we shall indicate how to cover S 2 with another useful set 
of coordinate neighborhoods. 

Example 1 shows that deciding whether a given subset of R 3 is a regular 
surface directly from the definition may be quite tiresome. Before going into 
further examples, we shall present two propositions which will simplify this 
task. Proposition 1 shows the relation which exists between the definition of a 
regular surface and the graph of a function z = / (x, y). Proposition 2 uses 
the inverse function theorem and relates the definition of a regular surface 
with the subsets of the form /(x, y, z) = constant. 

PROPOSITION 1. If f:U — > R is a differentiable function in an open 
set U o/R 2 , then the graph of f s that is, the subset of R 3 given by (x, y, f(x, y)) 
for (x, y) g U, is a regular surface. 

Proof: It suffices to show that the map x: U ― > R 3 given by 

x(u, V) = (u, v, f(u, v)) 

is a parametrization of the graph whose coordinate neighborhood covers 
every point of the graph. Condition 1 is clearly satisfied, and condition 3 
also offers no difficulty since d(x, y)/d(u 9 v) — 1. Finally, each point (x, y, z) 
of the graph is the image under x of the unique point (u, v) = (x, y) e U. 
x is therefore one-to-one, and since x _1 is the restriction to the graph of / 
of the (continuous) projection of R 3 onto the xy plane, x、 1 is continuous. 

Q.E.D. 

Before stating Prop. 2, we shall need a definition. 

DEFINITION 2. Given a differentiable map F: U c= R n — ^ R ra defined in 
an open set U ofR n we say that p e U is a critical point of F if the differential 
dF p ： R n — ^ R m is not a surjective (or onto) mapping. The image F(p) g R m 
of a critical point is called a critical value of F. A point of R ra which is not a 
critical value is called a regular value of F. 

The terminology is evidently motivated by the particular case in which 
f U c R is a real-valued function of a real variable. A point x 0 g U 
is critical if f'ix^ = 0, that is, if the differential df Vn carries all the vectors in 
R to the zero vector (Fig. 2-6). Notice that any point a ^ f(U) is trivially a 
regular value of /. 

ff f- ff a R 3 —^ R is a dif^rptifiahff 1 fntirfirm fhf*ri df nrmhWf fn fhe 

--- —• --- -■ •- — 一 A. A A V A 息 J A A y _ W J- M. X ^ 

vector (1, 0, 0) is obtained by calculating the tangent vector at f{p) to the 
curve 


x—^/(x ， 7 0 ， z 0 ). 
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Figure 2-6 

It follows that 

df ^(1, 0, 0) =^(x 0 , ^ 0 , z 0 ) = f x 

and analogously that 

df p (0 9 h0)=f yi 0, l)=f 2 . 

TI T _ ft ^ 1 J J i ' r* 7 广 * J 1 ， * /I jn\ -i /\\ /r\ r\ t \ * _ 

we conciuae max me matrix oi dj p m uie oasis (i, u, v) t (u, i, v), u, i) is 
given by 

4fp ~ (K ， /z). 

Note, in this case, that to say that df p is not surjective is equivalent to 
saying that f v = f v = f r = 0 at p. Hence, a g f(U) is a regular value of 
f:U<^R 3 ― R if and only if f xt f y> and f z do not vanish simultaneously at 
any point in the inverse image 

尸⑷二 {(x, y, z) e U: f(x,y, z) = a}. 

PROPOSITION 2. # f: U 〔 R 3 — R & a differentiable function and 
a e f(U) is a regular value of f, then f _1 (a) is a regular surface in R 3 . 

Proof. Let p = (x 0 , y 0 , z Q ) be a point of / _1 (a). Since a is a regular value 
of /， it is possible to assume, by renaming the axis if necessary, that/ z 矣 0 at 
p. We define a mapping F: U cz R 3 — > R 3 by 

z) = (x,y, f(x,y, z)), 

and we indicate by (u, v, t) the coordinates of a point in R 3 where F takes its 
values. The differential of F at p is given by 
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(\ 0 0 \ 
dF p = 0 1 0 j ， 

\fx fy fz! 

whence 

oet(ar p ) —/ z u. 

We can therefore apply the inverse function theorem (cf. the appendix to 
Chap. 2), which guarantees the existence of neighborhoods V of p and W of 
F(p) such that F: V — > W is invertible and the inverse F~ 1 : W — > V is differ¬ 
entiable (Fig. 2-7). It follows that the coordinate functions of i.e., the 
functions 


x = u, y = v, z = g(u y v, t), (w, v, t) g W, 



are differentiable. In particular, z = g(u, v, a) — h(x, y) is a differentiable 
function defined in the projection of V onto the xy plane. Since 

C\ V) n {(w, v, t); t = a], 

we conclude that the graph of h is f~ l {a) n V. By Prop. 1, n K is a 

coordinate neighborhood of p. Therefore, every p g f~ 1 {a) can be covered 
by a coordinate neighborhood, and so 广 1 ⑷ is a regular surface. Q.E.D. 

Remark 2. The proof consists essentially of using the inverse function 
theorem “to solve for in the eauation f(x. v. = a. which can be done 
in a neighborhood of p if f z (p) ^ 0. This fact is a special case of the general 
implicit function theorem, which follows from the inverse function theorem 
and is, in fact, equivalent to it. 
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Example 2. The ellipsoid 


x i i i 

a 2 十沪十 c 2 — 


is a regular surface. In fact, it is the set /~ ! (0) where 


f(x, y } z)= 


x 2 

a 1 



z^_ 

c 1 


is a differentiable function and 0 is a regular value of/. This follows from the 
fact that the partial derivatives f x = 2x/a 2 , f y = 2yfb 2 , f z = Iz/c 1 vanish 
simultaneously only at the point (0, 0, 0)，which does not belong to / _1 (0). 
This example includes the sphere as a particular case (a = b ^ c ^ 


The examples of regular surfaces presented so far have been connected 
subsets of 7? 3 . A surface 5 <= i? 3 is said to be connected if any two of its points 
can be joined by a continuous curve in S. In the definition of a regular surface 
we made no restrictions on the connectedness of the surfaces, and the follow¬ 
ing example shows that the regular surfaces given by Prop. 2 may not be con¬ 
nected. 

Example 3. The hyperboloid of two sheets —x 2 — y 2 -\- z 2 = l is a 
regular surface, since it is given by S ~ / _1 (0), where 0 is a regular value of 
/ (x, y, z) = —x 2 — y 2 z 2 — 1 (Fig. 2-8). Note that the surface S is not 
connected ; that is, given two points in two distinct sheets (z > 0 and z < 0) 
it is not possible to join them by a continuous curve oc(/) — y(t), z(t)) 

contained in the surface; otherwise, z changes sign and, for some t 0i we have 
z(to) = 0 ? which means that a(/ 0 ) ^ S. 


Incidentally, the argument of Example 3 may be used to prove a property 
of connected surfaces that we shall use repeatedly. If f: S c ： R 3 —^ R is a 
nonzero continuous function defined on a connected surface S, then f does not 
change sign on S. 

To prove this, we use the intermediate value theorem (appendix to Chap. 
2, Prop. 4). Assume, by contradiction, that f(p)> 0 and f(q) < 0 for 
some points p,q ^ S. Since S is connected, there exists a continuous curve 

Ll O _ 

j. . [u ? — * o will 丄 ) — //, \jsi\u) —— y. uy applying nit mt^im^uiaic vaiut; 

theorem to the continuous function f o a: [a, b]R, we find that there exists 
c e (a, b) with/o a(c) = 0; that is, / is zero at oc(c), a contradiction. 

Example 4. The torus 7 1 is a “surface” generated by rotating a circle S l 
of radius r about a straight line belonging to the plane of the circle and at a 
distance a > r away from the center of the circle (Fig. 2-9). 
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Figure 2-8. A nonconnected surface: 

— y2 一 x 2 ^ 2 ^ = \. 


Let S 1 be the circle in the yz plane with its center in the point (0, a, 0). 

Tlipn ic Hv (u — n\ 2 7 2 = r 2 atirl tfip noint« nf thp fiaiirp T nh- 

M. U K f V J , I \ ， A » 美為 AAA W »J, A A V >A. 

tained by rotating this circle about the z axis satisfy the equation 

— 2 — »2 { / v 2 I i * 2 八 、 2 

^ — / — w 八 丁少 — u j • 

Therefore, T is the inverse image of r 2 by the function 

f(x, y, z) = z 2 + (a/x 2 +〆— a) 1 . 

nni. • ^ i?_ i.i _ ^ * A'rc __ r _/*. t_ /A r\\ 一 “j _ 

丄 ms lunuLiun ib uiiieieiiuauie iui y) =?= \y 9 u)，axiu bin^c 

§L = 2z d f 二 + 〆 一 a) 

dz ~ dy V^ 2 +7^ 

d£ _ 2x(V x 2 + j 2 — a) ^ 
dx a /jc 2 4 - v 2 

V I ^ 

r 1 is a regular value of/. It follows that the torus J 1 is a regular surface. 

Proposition 1 says that the graph of a differentiable function is a regular 
surface. The following proposition provides a local converse of this; that is, 

nnv rpcrnl^r <;nrf»rp i<; 1nr«11 v thp crranh nf a rUffprpnticiHl^ fnnr+iAn 

冬丄 _ ^上 ^ M. i v i w j vu v 2^ A. Ai ^ J. 屎 1 bW Ai 尾丄 v A Ai 晕 




Figure 2-9 


PROPOSITION 3. Let S ci R 3 be a regular surface and p G S. Then there 
exists a neighborhood V o/* p in S such that V is the graph of a differentiable 
function which has one of the following three forms: z — f(x, y), y — g(x, z), 
x = h(y, z). 

Proof. Let x: U cz R 2 S be b, parametrization of S in p, and write 
x(u, v) — (x(u, v), y{u, v), z(u, v)), (u, v) e U. By condition 3 of Def. 1， one 
of the Jacobian determinants 

d(x, y) ^ d(y, z) d(z, x) 

d(u, v) d(u 9 v) d(Ut v) 

is not zero at x~ 1 (p) = q. 

Suppose first that (d(x, y)jd{u y v))(q) ^ 0, and consider the map 兀。 x: 
U — > R 1 , where % is the projection %{x^ y, z) ^ ( x , y). Then 兀。 x(w, v) = 
(x(w ， v )， y(u, v)) 9 and, since (t?(x, y)/d(u, v))(q) ^ 0, we can apply the inverse 

furirtimi tn fh 户 of n^icrlihnrhnnHQ V. nf n nf 

▲ v — * ▲ v a ^ ■»- • m. 息 ▲ a v ▲ w v •息 v 息 a •息 冬 ^•息 r ^ ^ j i ^ ^ 

n ° x(q) such that n ° x maps V t diffeomorphically onto V 2 (Fig. 2-10). It fol¬ 
lows that % restricted to x(F x ) — Fis one-to-one and that there is a differenti- 
ablc i±iv 6 i*s 0 (tt 。 i 2 > j. Observe thsX，sines si is 3 * horri&omorphism, 

F is a neighborhood of p in S. Now, if we compose the map (n o x )' 1 : {x,y ) ― > 
{u{x, y), v(x, jm)) with the function (u, v) — z(w, v), we find that V is the graph 

Ui L11C UlllCIClIliaUlC 1U11CUU11 Z = Z 、 W 、 A ， yJ, y)) = J 、 A ， y), CUIU Uliia &CL11C& 

the first case. 

The remaining cases can be treated in the same way, yielding x = h(y, z) 
and y = g(x, z). Q.E.D. 

The next proposition says that if we already know that *S is a regular 
surface and we have a candidate x for a parametrization, we do not have to 






Figure 2-10 


check that xr 1 is continuous, provided that the other conditions hold. This 
remark was used in Example 1. 

PROPOSITION 4. Let p e S be a point of a regular surface S and lei 
x: U c= R 2 —> K 3 be a map with p G x(U) such that conditions 1 and 3 of Def. 
1 hold. Assume that x is one-to-one. Then x _1 is continuous. 

Proof, The first part of the proof is similar to the proof of Prop. 3. Write 
x(u, = (x(u. v), v(u, z(u, v)), (u, v) g U, and let a e U. Bv conditions 1 
and 3 we may assume, interchanging the coordinate axis of R 3 if necessary, 
that y)/d(u, v))(q) ^ 0. Let n : R 3 R 2 be the projection n(x, y, z)= 
(■X ，少 ’)• From the inverse function tlisorcrn, we obt3.ni neighborhoods V j of q 
in U and F 2 of ;r 。 x(^) in R 2 such that n 0 x maps V 1 diffeomorphically onto 
V 2 . _ 

Assume now that x is one-to-one. Then，restricted to x(F 1 ), 

x- 1 ^{no x)" 1 o n 

(see Fig. 2-10). Thus ， x -1 is continuous as a composition of continuous 
maps. Since ^ is arbitrary, x' 1 is continuous in x(U). Q.E.D. 

Example 5. The one-sheeted cone C, given by 

z = ~h^/x 2 + 灭 2 , (x,y) G R 2 , 

is not a reeular surface. Observe that we cannot conclude this from the fact 
alone that the “natural” parametrization 

(x，）’）^ +v^ 2 + J 2 ) 

is not differentiable; there could be other parametrizations satisfying Def. 1. 

To show that this is not the case, we use Prop. 3. If C were a regular 
surface, it would be, in a neighborhood of (0, 0, 0) g C, the graph of a 
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differentiable function having one of three forms: y = h(x } z),x — g(y, z), 
二 = f(x, y). The two first forms can be discarded by the simple fact that the 
projections of C over the xz and yz planes are not one-to-one. The last form 
would have to agree, in a neighborhood of ( 0 , 0 , 0 ), with z = -^a/x 2 + y 2 . 

jiuic z = ^rv A" 丁 Jk— iiui uiiiciciniauic ciu \\jy \j)j mis lb iiupub&iuie. 


Example 6. A parametrization for the torus T of Example 4 can be given 


(Fig. 


2-9) 


x(u, v) = ((r cos w + a) cos v y (r cos w + a) sin v, r sin w), 


where 0 < w < 2n, 0 < ^ < 2n^ 

Condition 1 of Def. 1 is easily checked, and condition 3 reduces to a 
straightforward computation, which is left as an exercise. Since we know that 
J is a regular surface, condition 2 is equivalent, by Prop. 4, to the fact that x 
is one-to-one. 

To prove that x is one-to-one, we first observe that sin u = z/r; also, if 
•s/x 2 + y z < <7, then njl < w < 371/2, and if ^/x 2 + y 1 > a, then either 
0 < w < 宂 /2 or 3n/2 < u < 2n. Thus, given (x, y, z), this determines n, 
Q < u < 2uniquely. By knowing w, x, and y we find cos v and sin v. This 
determines v uniquely, 0 < ^ < 2n. Thus, x is one-to-one. 

It is easy to see that the torus can be covered by three such coordinate 
neighborhoods. 


EXERCISES 、 

1. Show that the cylinder {(x, y, z) e R 3 ; x 2 ^ y 1 — 1} is a regular surface, and 
find parametrizations whose coordinate neighborhoods cover it. 

2. Is the set {(x, y, z) e R 3 ; z = 0 and x 2 + .y 2 < 1} a regular surface? Is the set 
{(x, v, z) e R 3 ; z = 0, and x 2 + v 2 < 1} a regular surface? 


3. Show that the two-sheeted cone, with its vertex at the origin, that is, the set 
{(x, y, z) e R 2 \ x 1 + y 2 — z 1 = 0], is not a regular surface. 

4. Let /(x, y, z) = z 2 . Prove that 0 is not a regular value of /and yet that/ _1 (0) is 
a regular surface. 

*5. LetP = \(x. v. z) f R 3 : x = v] (sl Diane') and let x: f/ c= /? 2 —~> R 3 be given by 

、 \ j 鑀 j / - j ^ \ * / —■ - 

x(w, v) ~ (u v, u ^ v t uv) t 

where U = {(«, v) e R 2 ; u > Clearly, x( [/) [ P. Is x a parametrization of 
PI 


tThose who have omitted the proofs in this section should also omit Exercises 17-19. 
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6. Give another proof of Prop. 1 by applying Prop. 2 to h(x } y, z) = f(x, y) — z. 

7. Let/(x, y, z) ^ {x + y ^ z — l) 2 . 

a. Locate the critical points and critical values of /. 

b. For what values of c is the set f(x, z) ~ c a, regular surface? 

c. Answer the questions of parts a and b for the function/(x, z) = xyz 2 . 

8. Let x(w, v) be as in Def. 1. Verify that dx q : R z — ^ i? 3 is one-to-one if and only if 


c/x cfx 
du dv 


^ 0 . 


9. Let Fbe an open set in the xy plane. Show that the set 

{(x, y, z) g i? 3 ; z = 0 and (x, y) G V] 
is a regular surface. 

10. Let C be a figure “8” in the plane and let S be the cylindrical surface over C 
(Fig. 2-11); that is, 


.S = {(x, y, z) E if 3 ； (x, y) e C}. 
Is the set S a regular surface? 



11. Show that the set S = y, z) e R 3 ; z ^ x 2 — y 1 } is a regular surface and 
check that parts a and b are parametrizations for S: 

a. x(w, v) (u + v, u — v t Auv\ (u, v) g R 2 . 

*b. x(u, v) = (u cosh v, u sinh v, u 2 ), (w, v) e R 2 , u ^ 0. 

Which parts of S do these parametrizations cover ? 


12. Show that x: U c R 2 —~> R 3 given by 

x(w, v) = {a sin u cos v, b sin u sin c cos u), b y c ^ 0, 
where 0 < « < 7r, 0 < v < 2 tt, is a parametrization for the ellipsoid 


—yl 

p 十 p 十？ 


Describe geometrically the curves u = const, on the ellipsoid. 
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*13. Find a parametrization for the hyperboloid of two sheets {(x, y, z) g R 3 ; 
—x 2 — .y 2 + z 2 = 1}. 

14. A half-line [0, oo) is perpendicular to a line E and rotates about E from a given 
initial position while its origin 0 moves along E. The movement is such that 
when [0, co) has rotated through an angle 6, the origin is at a distance 
d = sin 2 (0/2) from its initial position on E. Verify that by removing the line E 
from the image of the rotating line we obtain a regular surface. If the movement 

wcic sum Liiai u = wiicii ci^c wuum lxccu iu uc caciuucu lu nave a 

regular surface ? 

*15. Let two points p(t) and q{t) move with the same speed, p starting from (0, 0, 0) 
and moving along the z axis and q starting at {a, 0, 0)，a 古 0, and moving par¬ 
allel to the y axis. Show that the line joining pit) to q{t) describes a set in R 3 
given by y{x — a) zx = 0. Is this a regular surface ? 

16. One way to define a system of coordinates for the sphere S 1 , given by 
x 2 -j- y 2 -h (z — l) 2 = 1 ， is to consider th^ so-called stereographic projection 
n: S 1 ^ {A^} — > R 2 which carries a point p = (x, y, z) of the sphere S 2 minus 
the north pole N = (0, 0, 2) onto the intersection of the xy plane with the 
straight line which connects N to p (Fig. 2-12). Let (m, v) =- n{x, y, z), where 
(x ， y y z) g S 2 ^ {A^} and (w, v) e xy plane. 

a. Show that %~ x \ R 2 ― *S 2 is given by 


71' 


X 


y 


z 


4u 

， I I A ， 

4v 

w 2 ^2 _|_ 4 
2(u 2 + v 2 ) 

w 2 _)_ _j_ 4 


Z 



Figure 2-12. The stereographic projection. 
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b. Show that it is possible, using stereographic projection, to cover the sphere 
with two coordinate neighborhoods. 

17. Define a regular curve in analogy with a regular surface. Prove that 

a. The inverse image of a regular value of a differentiable function 

f'UcRi — R 

is a regular plane curve. Give an example of such a curve which is not con¬ 
nected. 

b. The inverse image of a regular value of a differentiable map 

F: U 〔 R 3 一 R 2 

is a regular curve in R 3 t Show the relationship between this proposition and 
the classical way of denning a curve in it 3 as the intersection of two surfaces. 

*c. The set C = {(x, y) e R 2 ； x 2 = y 3 } is not a regular curve. 

*18. Sunrjose that fix. v. z) ~ u — const., ^(x. v. z) = v — const.. 

--•X - 丄 \ 7 訾 J ' •/ \ J ^ f f 〆 

h{x, y, z) = w = const., 

describe three families of regular surfaces and assume that at (x 0 , z 0 ) the 

Jacobian 

0{x, y, z) 

Prove that in a neighborhood of (x 0 , y Q , z 0 ) the three families will be described 
bv a maoping F(u. v. w) = fx. v. z) of an or»en set of 7? 3 into i? 3 . where a local 
parametrization for the surface of the family f(x, y, z) = u, for example, is 
obtained by setting u = const, in this mapping. Determine Ffor the case where 
the three families of surfaces are 


fipc, y y z) = x 2 + y 2 + z 1 = u = const.; 
: Z 


* 19 . 


y, z) 
h{x, y, z) 


x 

x : 


v = const., 




z- 


=w 


const. 


(spheres with center (0, 0, 0)); 
(planes through the z axis); 

(cones with vertex at (0, 0, 0)). 


Let a: ( — 3, 0) — W be defined by (Fig. 2-13) 


=(0，一(z 1 + 2))， if / 6 (—3, —1), 

=regular parametrized curve joining p = (0，—1) to q ^ d，◦) ， 


_)S 




if t e 



if t g 




Horizontal scale distinct from Vertical scale 


Figure 2-13 

It is possible to define the curve joining pioq so that ail the derivatives of OC are 
continuous at the corresponding points and a has no self-intersections. Let C 
be the trace of a. 

a. Is C a regular curve ? 

b. Let a normal line to the plane R 2 run through C so that it describes a u cylin- 
der” S. is S a regular surface ? 

2^3. Change of Parameters; 

Mm a ^a 0 ^% 备 1 • ^ a A m # 各毫 ^ a m a ^4* 

^#1 # Ci CiiLidiJiC i~UfiULiUii^ Uii \JLii # CTLrCTO < 

Differential geometry is concerned with those properties of surfaces which 
depend on their behavior in a neighborhood of a point. The definition of a 
regular surface given in Sec. 2-2 is adequate for this purpose. According to 
this definition，each point ^ of a regular surface belongs to a coordinate 
neighborhood. The points of such a neighborhood are characterized by their 
coordinates, and we should be able, therefore, to define the local properties 
which interest us in terms of these coordinates. 

For example, it is important that we be able to define what it means for a 
function /: S — > R to be differentiable at a point p of a regular surface S. 
A natural way to proceed is to choose a coordinate neighborhood of p, with 
coordinates u, v, and say that / is differentiable at p if its expression in the 
coordinates u and v admits continuous partial derivatives of all orders. 

The same point of S can, however, belong to various coordinate neigh= 
borhoods (in the sphere of Example 1 of Sec. 2-2 any point of the interior of 
the first octant belongs to three of the given coordinate neighborhoods). 

丄 ▼■ILUCUVClj UllICI ^LMJlUllliiLC b^bLCllIS LUU1U uc uiiuatii 111 a UeigllDUIIlUUU Ul p 

(the points referred to on the sphere could also be parametrized by geo- 
fProofs in this section may be omitted on a first reading. 



70 


Regular Surfaces 


graphical coordinates or by stereographic projection; cf. Exercise 16 ， Sec. 
2-2). For the above definition to make sense, it is necessary that it does not 
depend on the chosen system of coordinates. In other words, it must be shown 
that when p belongs to two coordinate neighborhoods, with parameters 
( w , v) and (^, tj), it is possible to pass from one of these pairs of coordinates 
to the other by means of a differentiable transformation. 

The following proposition shows that this is true. 

PROPOSITION 1 (Change of Parameters). Let p be a point of a regular 
surface S, and let x:U cz R 2 — > S, y: V c ： R 2 — > S be two parametrizations 
of S such that p G x(U) n y(V) — W. Then the “change of coordinates” 
h = x _1 o y ： y _ J (W) — > x— KW) (Fig. 2-14) is a diffeomorphism; that is 9 h is 
differentiable and has a differentiable inverse h _I . 



In other words, if x and y are given by 

x(w, v) = (x(u, v), y(u, v), z(u, v)), (u, v) e U y 

y(f ， 7) = tj), z(^, ri)\ ((, f]) g V, 

then the change of coordinates h, given by 

u - m ({, tf), v = tf), tj) g 
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has the property that the functions u and v have continuous partial derivatives 
of all orders, and the map h can be inverted, yielding 

i = f(w 5 v), r\ = r\(u, v), (u, v) e 

where the functions f and if also have partial derivatives of all orders. Since 

v) , n) = ! 

5(^, rf) d(u, v) ” 


this implies that the Jacobian determinants of both h and hr 1 are nonzero 
everywhere. 

Proof of Prop. 1. h — x _1 oy is a homeomorphism, since it is composed 
of homeomorphisms (cf. the appendix to Chap. 2, Prop. 3). It is not possible 
to conclude, by an analogous argument, that h is differentiable, since x _1 is 
defined in an open subset of S, and we do not yet know what is meant by a 
differentiable function on S. 

We proceed in the following way. Let r g y~ 1 (W) and set q =Kr). 
Since x(w, v) = {x{u, v), y(u, v) t z(u, v)) is a parametrization, we can assume, 
by renaming the axis if necessary, that 


d(x, v) 


d(u, v) 


y n 

tw 芩 u . 


We extend x to a map F: U x R — > R 3 defined by 

F(u, v, t) = (x(w, v\ y(u, v), z(u, v) + t\ (u, v) e U,t & R. 


Geometrically, F maps a vertical cylinder C over U into a “vertical cylinder” 
over x(U) by mapping each section of C with height t into the surface x(w, v) 
+ te 3 , where e 3 is the unit vector of the z axis (Fig. 2-14). 

It is clear that F is differentiable and that the restriction F\U x {0} = x. 
Calculating the determinant of the differential dF g , we obtain 


dx 

dx 

du 

dv 

dy 

dy 

du 

dv 

dz 

dz 

du 

dv 


0 


0 


y) 

d(u, v) 


(^)^0. 


It is possible therefore to apply the inverse function theorem, which guaran- 

ices me eAisieiiLC ui <x ucigiiuuxiiuuu ivi m ^q) m 八 " suun mtu r ~ caisis tuiu 

is differentiable in M. 
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By the continuity of y, there exists a neighborhood of r in F such that 
y(N) cz M (appendix to Chap. 2, Prop. 2). Notice that, restricted to N 9 
h\N F~ l o y\N is 3, composition of differentiable maps. Thus, we can apply 
the chain rule for maps (appendix to Chap. 2, Prop. 8) and conclude that h 
is differentiable at r. Since r is arbitrary, h is differentiable on 

Exactly the same argument can be applied to show that the map /r 1 is 
differentiable, and so his sl diffeomorphism. Q.E.D. 

We shall now give an explicit definition of what is meant by a differentiable 
function on a regular surface. 


DEFINITION 1. Let f:V〔S > K be a function defined in an open 
subset N of a regular surface S. Then f is said to be differentiable at p g Y z/, 
for someparametrization x: U c ： R 2 —> S with.p e x(U) c ： V, the composi¬ 
tion f o x: U c ： R 2 ^ R is differentiable at x _1 (p). f is differentiable in V if it is 
differentiable at all points of\. 

It follows immediately from the last proposition that the definition given 
does not depend on the choice of the parametrization x. In fact, if 
y: F c i? 2 一夕 is another parametrization with p e x(V), and if /z = x—Ly ， 
then foy^=fo%ohis also differentiable, whence the asserted independence. 


Remark 1, We shall frequently make the notational abuse of indicating 
f and / 。 x by the same symbol f(u, v), and say that f(u, v) is the expression 
of / in the system of coordinates x. This is equivalent to identifying x(t/) 
with U and thinking of (w, v), indifferently, as a point of U and as a point of 
x(U) with coordinates (w, v). From now on, abuses of language of this type 
will be used without further comment. 


Example 1. Let S be a regular surface and V cz R 3 be an open set such 
that *S c= F. Let f: V ^ R 3 R be a differentiable function. Then the 
restriction of 〆 to S is a differentiable function on S. In fact, for any p e S 
and any parametrization x: U c R 2 > S in p, the function f o %: U — ^ R is 
differentiable. In particular, the following are differentiable functions : 


1. The height function relative to a unit vector v e R 3 , h' S > R, 
given by h(p) — p*v, p ^ S, where the dot denotes the usual inner 
product in R 3 . h(p) is the height of d e S relative to a plane normal to 

丄 N*. A. ▲ 

v and passing through the origin of R 3 (Fig. 2-15). 

2. The square of the distance from a fixed point /> 0 e f(p) = 

\p — p 0 // t ： o* 丄 LLC IJCCU 1UI LaJMll^ L11C ^4UaiC X1UI1X L1IC 

fact that the distance \p — p 0 \ is not differentiable at — p 0 . 


Remark 2. The proof of Prop. 1 makes essential use of the fact that the 
inverse of a parametrization is continuous. Since we need Prop. 1 to be able 
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Figure 2-15 


to define differentiable functions on surfaces (a vital concept), we cannot 
dispose of this condition in the definition of a regular surface (cf. Remark 1 
of Sec. 2-2). 

The definition of differentiability can be easily extended to mappings 
between surfaces. A continuous map <p\V x cz S x — > of an open set V x 
of a regular surface S l to a regular surface S 2 is said to be differentiable at 
G Fj if 3 given parametrizations 

x t : t/i cz R 2 —> Si x 2 : t/ 2 cr R 2 —— > S 2 , 

with p g x^t/) and cz x 2 (L r 2 ), the map 

X2 1 。炉。 X!: % — ^ U 2 
is differentiable at q l (p) (Fig. 2-16). 



Figure 2-16 
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In other words, (p is differentiable if when expressed in local coordinates 
as (p(u u v x )= ( 炉 ^i), 炉 2 ( w i ， 幻 l)) the functions (p x and (p % have continuous 
partial derivatives of all orders. 

The proof that this definitions does not depend on the choice of para- 
metrizations is left as an exercise. 

We should mention that the natural notion of equivalence associated with 
differentiability is the notion of difFeomorphism. Two regular surfaces 
and ^2 are diffeomorphic if there exists a differentiable map g > : S x — > S 2 with 
a differentiable inverse qT 1 .. S 2 — ^ S x . Such a ^ is called a diffeomorphism 
from S x to 5V The notion of diffeomorphism plays the same role in the study 
of reeular surfaces that the notion of isomorphism clays in the study of 

-M. A ^ ， 

vector spaces or the notion of congruence plays in Euclidean geometry. In 
other words, from the point of view of differentiability, two diffeomorphic 

snrf^rpQ Arp inHi^tinani^hpiVfclp 

Example 2. If x: U cz R 2 > S is a, parametrization, x 一 1 : x(U) > R 2 

is diffpr^ntijihle In fant fnr anv n and anv naramptriyation 

y.Vcz R 2 Sin p, we have that x~ 1 o y ： ^~ 1 {W) x~ l (W) y where 

W = x(U)n \(V\ 

V / . V ✓ 


is differentiable. This shows that U and x(U) are diffeomorphic (i.e.，every 
regular surface is locally diffeomorphic to a plane) and justifies the identi¬ 
fication made in Remark 1. 

Example 3. Let S t and S 2 be regular surfaces. Assume that S t [ V [ R 3 , 
where V is an open set of R 3 , and that V — > R 3 is sl differentiable map such 
that ^(50 cz S 2 . Then the restriction p 1 : — ^ *S 2 is a differentiable map. 

In fact, eiven n e S, and narametrizations x, : U, ― ^ x 。： Ih — with 

■ - - - ■ y ' - X •一 X X' - 1 1 J. ^ M ^4 At / 

p e x^C/j) and ^(x^C/j)) cr x 2 (t/ 2 ), we have that the map 

XT 1 o O o Xi ： C/i -> U ， 

id i ± ± 

is differentiable. The following are particular cases of this general example : 

1. Let S be symmetric relative to the xy plane; that is, if (x, y, z) e 
S } then also (;c ， 少， —z) g S, Then the map a : S — ， S ，which takes 
v 三 S into its symmetrical point, is differentiable, since it is the 

▲ M. r 

restriction to S of a ： R 2 ^ R 3 , a(x, y, z) = (x, y, —z). This, of 
course, generalizes to surfaces symmetric relative to any plane of R 3 . 

I M 1 1 1 丄 ■ - 止 丄 i - — - 1 1 ，▲本 v r ^ 

z. n z 6 : 八 ― 一 ^> 八 - uc me iuia,uun ui ctngxc u auuuu uic z a,Ais, ana 

let S c ： -R 3 be a regular surface invariant by this rotation; i.e., if 
p e s ， R Zi6 (p) e S. Then the restriction R z e : *S —- 5 is a differen- 
tiabie map. 
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3. Let 炉：灭 3 — 7? 3 be given by g>{x, y, z) = (xa, yb ， zc), where a, b, 
and c are nonzero real numbers, (p is clearly differentiable，and the 
restriction 史 15 2 is a differentiable map from the sphere 


— • -y u Z?3 * -\^2i _|_ t12 _\_ 2 — ^ 1 7 

^ — l 八，八 i 7 t ^ — i j 

into the ellipsoid 


|(x, y, z) e i? 3 ; 


?c 

a : 


r 

F 


z 1 

c 





(cf. Example 6 of the appendix to Chap 2). 

Remark 3. Proposition 1 implies (cf. Example 2) that a parametrization 
x: U c R 2 ― ^ 5* is a diffeomorphism of U onto x(U). Actually, we can now 
characterize the regular surfaces as those subsets S c R 3 which are locally 
difteomorphic to R 2 ; that is, for each point p e S, there exists a neighbor¬ 
hood K of /? in S, an open set U cz R 2 , and a map x: U — V ， which is a 
diffeomorphism. This pretty characterization could be taken as the starting 
point of a treatment of surfaces (see Exercise 13). 

At this stage we could return to the theory of curves and treat them from 
the point of view of this chapter, i.e.，as subsets of R 3 . We shall mention only 
certain fundamental points and leave the details to the reader. 

The symbol I will denote an open interval of the line R. A regular curve 
in R 3 is a subset C a R 3 with the following property: For each point p g C 
there is a neighborhood V of p'm R z and a differentiable homeomorphism 
or. I c R ― > V n C such that the differential da t is one-to-one for each 
t g / (Fig. 2-17). * 

It is possible to prove (Exercise 15) that the change of parameters is given 
(as with surfaces) by a diffeomorphism. From this fundamental result, it is 
possible to decide when a given property obtained by means of a parametriza¬ 
tion is independent of that parametrization. Such a property will then be a 

iuwai iy ua Lilt atu 

For example, it is shown that the arc length, defined in Chap. 1, is inde¬ 
pendent of the parametrization chosen (Exercise 15) and is, therefore, a 
property of the set C. Since it is always possible to locally parametrize a 
regular curve C by arc length, the properties (curvature, torsion, etc.) deter¬ 
mined by means of this parametrization are local properties of S. This shows 
that the local theory of curves developed in Chap. 1 is valid for regular curves. 


Sometimes a surface is defined by displacing a certain regular curve in a 
specified way: This occurs in the following example. 
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Example 4 (Surfaces of Revolution). Let S' c= ,R 3 be the set obtained by 
rotating a regular plane curve C about an axis in the plane which does not 
meet the curve; we shall take the xz plane as the plane of the curve and the 
z axis as the rotation axis. Let 

X = J\v )， Z = g(v), a <v < b, jXv) > o, 

be a parametrization for C and denote by u the rotation angle about the ^ 
axis. Thus, we obtain a map 

x(w, v) =- (f(v) cos w, f{v) sin u, g(v)) 

from the open set U = {(w, v) e R 2 ; 0 < u < 2n 9 a < v < b] into S (Fig. 
2-18). 

We shall soon see that x satisfies the conditions for a parametrization in 
the definition of a regular surface. Since S can be entirely covered by similar 
parametrizations, it follows that is a regular surface which is called a 

Surface of revolution. The curve C is called the ^eneratin^ curve of S. and the 

- ◦ - - - - / -- 

z axis is the rotation axis of S. The circles described by the points of C are 
called the parallels of S, and the various positions of C on 5" are called the 
meridians of S. 

To show that x is a parametrization of S we must check conditions 1, 
2, and 3 ofDef. 1, Sec. 2-2. Conditions 1 and 3 are straightforward, and we 

xciivc mem lu unc icauci. iu &nuw uiai a is> a iiuiiicumuiwc ： nibi snuw 

that x is one-to-one. In fact, since (/ (v), g(v)) is a parametrization of C, 
given z and x 2 + j^ 2 = (f(v)) 2 , we can determine v uniquely. Thus, x is one- 
to-one. 
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We remark that, again because (f(v) ， g(v)) is a parametrization of C, v 
is a continuous function of 2 and of x 2 + y 2 and thus a continuous func¬ 
tion of (x, y, z). 

To prove that x _1 is continuous, it remains to show that w is a continuous 
function of (x, y, z). To see this, we first observe that if w 矣 tt, we obtain, 
since f{v) ^ 0, 


tan 


u 


sin 


u 

T 


2 sin 号 cos 号 


sm u 


cos 


u 

T 


2 cos 2 


y 

W) 


u 

T 


y 


cos u 


X 


m 


x + + y 


A 


hence, 


u = 2 tan' 


y 


Thus, if w 矣 7 T, w is a continuous function of (x, y t z). By the same token, 
if w is in a small interval about 7 i y we obtain 


u 


2 cotan' 


y 


x + Jx 1 + y 2 


Thus, w is a continuous function of (x, y, z). This shows that x' 1 is con¬ 
tinuous and completes the verification. 

Remark 4. There is a slight problem with our definition of surface of 
revolution. If C c ： i^ 2 is a closed regular plane curve which is symmetric 

士 +厂 v o m rvvi o v 1^3 ^- T^i 办 ” t rr ifl 飞 1 n O C n 

mcmYC cox £U^±3 / \jl v 9 丄丄夕 uy i wuctniig / y vv w 丄 c** 



78 


Regular Surfaces 


which can be proved to be regular and should also be called a surface of 
revolution (when C is a circle and r contains a diameter of C, the surface is a 
sphere). To fit it in ouf definition, we would have to exclude two of its points, 
namely, the points where r meets C. For technical reasons, we want to main¬ 
tain thp nr^vinn« t^rminnlncrv anH shall rail thp latter pyfpnrJpr] 

surfaces of revolution. 

A final comment should now be made on our definition of surface. We 
have chosen to define a (regular) surface as a subset of R 3 . If we want to 
consider global, as well as local, properties of surfaces, this is the correct 
setting. The reader might have wondered, however, why we have not defined 
surface simply as a parametrized surface, as in the case of curves. This can 
be done, and in fact a certain amount of the classical literature in differential 
geometry was presented that way. No serious harm is done as long as only 
local properties are considered. However, basic global concepts, like orienta¬ 
tion (to be treated in Secs. 2-6 and 3-1)，have to be omitted, or treated inade¬ 
quately, with such an approach. 

In any case, the notion of parametrized surface is sometimes useful and 
should be included here. 

DEFINITION 2. A parametrized surface x: U c ： R 2 — ^ R 3 is a dijfer- 
entiable map x from an open set U c ： R 2 into R 3 . The set x(U) cz K 3 is called 
the trace of x.x is regular if the differential dx q : R 2 — ^ R 3 is one-to-one for all 
q G U (i.e., the vectors dxjdu, dx/dv are linearly independent for all q G U). 
A point p g U where dx q is not one-to-one is called a singular point of x. 

Observe that a parametrized surface, even when regular, may have self- 
intersections in its trace. 

Example 5. Let a : I ― ► i? 3 be a regular parametrized curve. Define 
x(r, v) = a(r) + ⑽’⑺ ， (t, v) e J x R. 

x is a parametrized surface called the tangent surface of a (Fig. 2-19). 

Assume now that the curvature k(t), t g /, of a is nonzero for all t g I, 
and restrict the domain of x to £/ = {(/, v) ^ I x R; v ^ 0}. Then 

替 =a'(/) + ⑽ "(/)， = ct\t) 


dx A dx 


and 


va ,r (t) A a'(0 ^ 0, (t, v) e U, 
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since, for all t, the curvature (cf. Exercise 12 of Sec. 1-5) 


k{t ) — 


|a”(0 八 a\Q j 


is nonzero. It follows that the restriction x : U — > A 3 is a regular parametrized 
surface, the trace of which consists of two connected pieces whose common 
boundary is the set a(/). 

The following proposition shows that we can extend the local concepts 
and properties of differential geometry to regular parametrized surfaces* 

PROPOSITION 2. Let x: U <= R 2 — > K 3 be a regular parametrized 

i _ 

surface and let q G U. Then there exists a neighborhood Y of q in R 2 such 
that x(V) c R 3 is a regular surface. 


Proof. This is again a consequence of the inverse function theorem. Write 

x(w, v) = (x(u, v), y(u, v), z(u, v)). 

By regularity, we can assume that ((?(x, y)/d(u, v))(q) ^ 0. Define a map 
F:Ux R-^R 3 by 


F(u, v, t) = (x(u, v), y(u, v) r z(u, v) + /), (u, v) e U,t^R. 
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Then 


喊卜齡 ㈣ 

By the inverse function theorem, there exist neighborhoods \V x of q and W 2 
of F(q) such that F: W x — > W 2 is a, diffeomorphism. Set V = W X C\ V and 
observe that the restriction F\ V — x| F. Thus, x(F) is diffeomorphic to V, 
and hence a regular surface. Q.E.D. 


EXERCISES 、 

*1. Let S 2 = {(x t y, z) g R 3 ; x 2 + y 2 + z 2 \] be the unit sphere and let 
A: S 2 — ► S 2 be the {antipodal) map A(x, y, z) = (—x, —y 3 —z). Prove that A 
is a diffeomorphism. 

2. Let S ci i? 3 be a regular surface and %: S — ^ R 2 be the map which takes each 
p e S into its orthogonal projection over R 2 = {(x ， y 9 z) e R 3 ; z = 0}. Is n 
differentiable ? 

j. onuw mat Liic yciitiuuiuiu z = a- -r is uiucuiinjiym^ uj a pietiic. 

4. Construct a diffeomorphism between the ellipsoid 

^ I z _ 2 ^ ^ 1 

a 2 ^ T 2 ^ T 2 ~ 1 
and the sphere x 1 + y 2 + z 2 ^ 1. 

*5. Let S cz R 3 be a regular surface, and let 5 — ► i? be given by d{p) = \ p — Po\ t 

where p g S t p 0 ^ R 3 ， Po 丰 S .， that is, d is the distance fromp to a fixed point 
p Q not in 5. Prove that d is differentiable. 

6. Prove that the definition of a differentiable map between surfaces does not 
depend on the parametrizations chosen. 

7. Prove that the relation “5! is diffeomorphic to 5 2 ” is an equivalence relation in 
the set of regular surfaces. 

*8. Let S 2 = {(x, y, z) e R 3 ; x 2 + y 2 + z 2 = 1} and H = {(x, y, z) e i? 3 ; 
x 2 ^ y 2 ~ z 2 — 1}. Denote by ^ — (0, 0, 1) and S = (0, 0, — 1) the north and 
south poles of 5 2 , respectively, and let F: S 2 — [N] U {S} i/be defined as 
follows : For each p e S 2 — {N} u {5} let the perpendicular from p to the z 
axis meet Oz at q. Consider the half-line / starting at q and containing p. Then 
F{p) = / n H (Fig. 2-20). Prove that Fis differentiable. 

9. a. Define the notion of differentiable function on a regular curve. What does 
one need to prove for the definition to make sense? Do not prove it now. If 


■{Those who have omitted the proofs of this section should also omit Exercises 13-16. 
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Figure 2-20 


you have not omitted the proofs in this section, you will be asked to do it in 
Exercise 15. 

b. Show that the map E: R ― > 1 = {(x, y) e R 1 ; x 2 -h y 2 = 1} given by 

Eit) = (cos t, sin /)， r b R, 

is differentiable (geometrically, E “wraps” i? around *S ! ). 

10. Let C be a plane regular curve which lies in one side of a straight line r of the 
plane and meets r at the points p, q (Fig. 2-21). What conditions should C sat¬ 
isfy to ensure that the rotation of C about r generates an extended (regular) 
surface of revolution ? 



Figure 2-21 


1L Prove that the rotations of a surface of revolution S about its axis are diffeo- 


morphisms of S. 

12. Parametrized surfaces are often useful to describe sets Z which are regular sur¬ 
faces except for a finite number of points and a finite number of lines. For in¬ 
stance, let C be the trace of a regular parametrized curve a : (a, b) — ^ R 3 which 
does not pass through the origin O = (0, 0, 0). Let 2 be the set generated by the 
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displacement of a straight line l passing through a moving point p e C and the 
fixed point 0 (a cone with vertex 0; see Fig. 2-22). 

a. Find a parametrized surface x whose trace is E. 

b. Find the points where x is not regular. 

c. What should be removed from E so that the remaining set is a regular sur¬ 
face? 

*13. Show that the definition of differentiability of a function /: V a S — ^ R given 
in the text (Def. 1) is equivalent to the following: / is differentiable in g V if 
it is the restriction to V of sl differentiable function defined in an open set of i? 3 
containing p. (Had we started with this definition of differentiability, we could 
have defined a surface as a set which is locally diffeomorphic to R 2 ; see Remark 
3.) 

14. Let A o ： S be a subset of a regular surface S. Prove that A is itself a regular 
surface if and only if A is open in S ; that is, n 5, where U is an open set 

in R z . 

13 . juci ^ dc a ieguitii uuive tuiu ici ut: i ■— ss. —^p : j ^ ^ l. ue iwu para- 

metrizations of C in a neighborhood of/? g a(/) n ^(1) = W. Let 

U ~ tv-l r, R • R~Utf/\ _^ 

§ «r ~ \gy w • Lm V ，， r v^w r F J 


be the change of parameters. Prove that 

J"k -M /-V, -1 

it. n la a uiiitumuipiiisin. 

b. The absolute value of the arc length of C in does not depend on which 
parametrization is chosen to define it, that is, 


J to 


\0i r {t)\dt\ = 


\ X \P\^)\dT 

J To 


t = h(T)，t e I， t e J, 


*16. Let R 2 — {(x s y, z) G R 3 ; z — —1} be identified with the complex plane (D by 
setting (x t y, —1) = x -\- iy = C ^ C. Let P: (C ― > C be the complex polyno¬ 
mial 
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= ^oC n + ^iC n_1 + .•■+“”， a 0 关 0 ,巧 e C，/ = 1， . . . ， 《. 

Denote by n N the stereographic projection of S 2 = {(x, y, z) e R 3 ; 
x 2 + y 2 -h z 2 = 1} from the north pole TV = (0, 0, 1) onto R 2 . Prove that the 
map F: S 2 — > given by 

F(p) = 7rV 。 P 。 n N (p )， ifp e S^- {TV}, 

F(N) = N 

is differentiable. 


Mm mm A ^3 f mm m 

f iic # cutyaiL 厂 fd/#c?. 

The Differential of a Map 

In this section we shall show that condition 3 in the definition of a regular 
surface S guarantees that for every p G S the set of tangent vectors to the 
parametrized curves of S, passing through p, constitutes a plane. 

By a tangent vector to *S } at a point g we mean the tangent vector 
tx'(0) of a differentiable parametrized curve a: (—e ， e) S with a(0) = p. 

PROPOSITION 1. Let x: U <= R 2 ― > S be a parametrization of a 
regular surface S and let q g U. The vector subspace of dimension 2, 

dx q (R 2 ) cz R\ 

coincides with the set of tangent vectors to S at x(q). 

Proof. Let w be a tangent vector at x(^), that is, let w — aXO)，where 
a: (—e, e) — > x(t/) c= *S is differentiable and a(0) — x(q). By Example 2 of 
Sec. 2-3, the curve P = x— 1 。 a: (~~e, e) ― U is differentiable. By definition 
of the differential (appendix to Chap. 2, Def. 1)，we have dx q {p\0)) — w. 
Hence, e dx Q (R 2 ) (Fig. 2-23). 

On the other hand, let w = dx q (v), where v g R 2 . It is clear that v is the 
velocity vector of the curve y : {—€, e) U given by 

y{t) ^ tv -\-q, t e (—€, e). 

By the definition of the differential, w = a’(0 )， where a = xoy t This shows 
that w is a tangent vector. Q.E.D. 


By the above proposition, the plane dx^R 2 ), which passes through x(^) — 
p, does not depend on the parametrization x. This plane will be called the 
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tangent plane to *S at and will be denoted by T P (S). The choice of the 
parametrization x determines a basis {(dx/du(q), (dx/dv)(q)} of T P (S), called 
the basis associated to x. Sometimes it is convenient to write dx/du = x u 
and dxjdv = x v . 

The coordinates of a vector w g T p (S) in the basis associated to a 
parametrization x are determined as follows, w is the velocity vector ot'(0) 
of a curve a = x 。 彡 ， where (—e, e) — U is given by fi(t) = (u(t), v(t)) y 
with fi(0) ~ q = x~ 1 {p). Thus, 

aXO) = #(x 。仍⑼ =v ⑺ )(0) 

=x„( 咖 ’(0) + x w ( 咖 ’(0) = 

Thus, in the basis {x„(g) ， x w (^)} } w has coordinates (u r (0), V(0))，where 
v(t)) is the expression, in the parametrization x, of a curve whose velocity 
vector at f 0 is vv. 

With the notion of a tangent plane, we can talk about the differential of a 
(differentiable) map between surfaces. Let S x and S 2 be two regular surfaces 
and let <p: F c= be a differentiable mapping of an open set V of S x 

into S 2 - If e V, we know that every tangent vector vv e is the ve!oc= 

ity vector a’(0) of a differentiable parametrized curve a : (—e, e) — > V with 
<0) = : p. The curve # = 炉 。 a is such that fi(0) = (p(p), and therefore f (0) is 

_ 」 _ _ i> m / rt \ r\ a\ 

a vecior oi i … 八 z - 邱 

PROPOSITION 2. In the discussion above，given w, the vector fi r (Q) does 
not depend on the choice of cl. The map d^ p : TpfSj) ― > defined by 

d^? p (w) = ^'(0) is linear. 
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d4>p{w) 



Proof, The proof is similar to the one given in Euclidean spaces (cf. 
Prop. 4, appendix to Chap. 2). Let x(w, v), x(u } v) be parametrizations in 
neighborhoods of p and (p{p), respectively. Suppose that (p is expressed in 
these coordinates by 

•%» - (ff% {t / ^ 

^) _ VV 7 1V W ? u” y / 2V^s ^)) 

and that a is expressed by 

tx(0 = (w(r )，t g (—e, e). 

Then fi(t) — ((Pi(u{t), <p 2 (ti(t), v(t))) 9 and the expression of f(0) in the 

basis {x 3j x 5 } is 


fir^ 

PW 


/(iro, ,/a 、 Urn, 

l 盂—)十孟 


v 


， Cl fD "*i • j ■ 八、 /T/7?« 

w ，盂 — ） 十： 


v 


I 'ax \ 

w). 


The relation above shows that B f (0) depends only on the map (p and the 

# N < * V 4 ■ 

coordinates (w’(0) ， v ; (0)) of vv in the basis {x y ， x v }. jg’(O) is therefore indepen¬ 
dent of a. Moreover, the same relation shows that 




芦 ’(0) = d(p p {w) 


du dv 


.署 rr» rw rn 

\du dv !\ 


^(0) 


幻 '(0) 


that is ， d<p p is a linear mapping of T P (S J into 7^ { ^(5 2 ) whose matrix in the 
bases {x u , xj of T p {S t ) and {x 5) x 5 ] of T p(p) (S 2 ) is just the matrix given above. 

Q.E.D. 


The linear map d(p p defined by Prop. 2 is called the differential of <p at 
p g S x . In a similar way we define the differential of a (differentiable) func- 
nun j \ u ^ a — > ai/? t c/ as a unea.r map aj p \ j 知 ) — > /c. we leave me 
details to the reader. 
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Example 1. Let v g i? 3 be a unit vector and let h: S R, h(p ) 二 v ， p, 
p ^ S, be the height function defined in Example 1 of Sec. 2-3. To compute 
dhjw\ w e TJS\ choose a differentiable curve a : f—e, e) > S with a(0)= 

^ \ y r ^ \ ✓- v - r ' f 

p, a'(0) — w. Since h(<x(t)) — oc(t)-v, we obtain 

dh p (w) = A h (a(t))\^ 0 = a(0)^ = 

li 1 yLr vxl rk ^ T 02 2 1^/*^ 士 1*1/i c«-r\ /it' 

J^VV kj ^ — 八 U& UJUC VUJ.lt Jp 丄 

5 2 - {(x, y, z) e A 3 ； x 2 + 少 2 十 z 2 = 1) 

and let R z e : R 3 ― ^ R 3 be the rotation of angle 0 about the z axis. Then R s , e 
restricted to S 2 is a differentiable map of S 2 (cf. Example 3 of Sec. 2-3), We 
shall compute {dR z d ) p (w), p ^ S 2 , w e T P (S 2 ). Let a: (—e, e) —> be a 
differentiable curve with a(0) = p, a'(0) = w. Then, since R x e is linear, 

(dR Z 0) p (w) = ° ot(0) = ^,e( a (^)) — ^z.e(y^)- 

Observe that R x 9 leaves the north pole N — (0, 0, 1) fixed, and that 
(dR z J) N .. T n (S) —> T n (S) is just a rotation of angle 6 in the plane T N (S). 

In retrospect, what we have been doing up to now is extending the notions 
of differential calculus in R 2 to regular surfaces. Since calculus is essentially 
a local theory, we defined an entity (the regular surface) which locally was a 
plane, up to diffeomorphisms, and this extension then became natural. It 
might be expected therefore that the basic inverse function theorem extends 
to differentiable mappings between surfaces. 

We shall say that a mapping (p: U ^ S x — > 夕 2 is a local diffeomorphism 
at^ e U if there exists a neighborhood V c= U of p such that (p restricted to 
F is a diffeomorphism onto an open set (p{V) S 2 . In these terms, the 

version of the inverse of function theorem for surfaces is expressed as follows. 

PROPOSITION 3* If and S 2 are regular surfaces and(p : U c= > S 2 
is a differentiable mapping of an open set U cr S! such that the differential 
dy?p of (p evt ^ XJ is aft xso^yiGTphtsyyi^ thcyi (p is a local phiswi at 

The proof is an immediate application of the inverse function theorem in 
R 2 and will be left as an exercise. 

Of course, all other concepts of calculus, like critical points, regular 
values, etc., do extend naturally to functions and maps defined on regular 
surfaces. 



The Tangent Plane 


87 


The tangent plane also allows us to speak of the angle of two intersecting 
surfaces at a point of intersection. 

Given a point on a regular surface S, there are two unit vectors of R 3 
that are normal to the tangent plane T P (S); each of them is called a unit 
normal vector at p. The straight line that passes through p and contains a 
unit normal vector at p is called the normal line at p. The angle of two inter¬ 
secting surfaces at an intersection point p is the angle of their tangent planes 
(or their normal lines) at p (Fig. 2-25) t 



By fixing a parametrization x: U a R 2 ― > S at p s S, we can make a 
definite choice of a unit normal vector at each point q g x((7) by the rule 


iV(g)= 


x, A x, 
x H A 




Thus, we obtain a differentiable map N: x(U) — > R 3 . We shall see later (Secs. 
2-6 and 3-1) that it is not always possible to extend this map differentiably 
to the whole surface S, 


Before leaving this section, we shall make some observations on questions 
of differentiability. 

The definition given for a regular surface requires that the parametriza- 
tions be of class C°°, that is, that they possess continuous partial derivatives 
of all orders. For questions in differential geometry we need in general the 
existence and continuity of the partial derivatives only up to a certain order, 
which varies with the nature of the problem (very rarely do we need more 
than four derivatives). 

For example, the existence and continuity of the tangent plane depends 
only on the existence and continuity of the first partial derivatives. It could 
happen, therefore, that the graph of a function z = /(x, y) admits a tangent 
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plane at every point but is not sufficiently differentiable to satisfy the defini¬ 
tion of a regular surface. This occurs in the following example. 


Example 3. Consider the graph of the function z = ^/{x 1 + y 2 ) 2 , 
generated by rotating the curve 2 = x 4/3 about the z axis. Since the curve is 
symmetric relative to the z axis and has a continuous derivative which van¬ 
ishes at the origin, it is clear that the graph of z = ^/{x 1 + y 1 ) 1 admits the 
xy plane as a tangent plane at the origin. However, the partial derivative z xx 
does not exist at the origin, and the graph considered is not a regular surface 
as defined above (see Prop. 3 of Sec. 2-2). 


We do not intend to get involved with this type of question. The hypothe¬ 
sis C°° in the definition was adopted precisely to avoid the study of the 
minimal conditions of differentiability required in each particular case. 
These nuances have their place, but they can eventually obscure the geometric 
nature of the problems treated here. 


EXERCISES 

*1. Show that the equation of the tangent plane at (x 0 , y 0 , z 0 ) of a regular surface 
given by f(x ， y ， z) = 0, where 0 is a regular value off, is 

f x (x 0 , y 0 , z 0 )(x - x 0 ) +//x 0 , 少 o, z 0 )(> — _y 0 ) +/ z O 0 , _y 0 , z Q )(z - z 0 ) 0. 

2. Determine the tangent planes of x 2 + j 2 — z 2 = 1 at the points (x, y, 0) and 
show that they are all parallel to the z axis. 

3. Show that the equation of the tangent plane of a surface which is the graph of a 
differentiable function z — f(x t y), at the point p 0 = (x 0 , _y 0 )，is given by 

z = f(x 0) y 0 ) + A(x 。， y 0 )(x ■- x 0 ) + 乃 0 。，外 )0 — Jo). 

Recall the definition of the differential dfof a function/: R z — R and show that 
the tangent plane is the graph of the differential df p . 

*4. Show that the tangent planes of a surface given by z -= xf{yjx), x # 0, where/is 
a differentiable function, all pass through the origin (0, 0, 0), 

5. If a coordinate neighborhood of a regular surface can be parametrized in the 
form 

x(w, v) = oc^i/) + a 2 (v), 

where OCi and oc 2 are regular parametrized curves, show that the tangent planes 
along a fixed coordinate curve of this neighborhood are all parallel to a line. 

6. Let a ： / — > i? 3 be a regular parametrized curve with everywhere nonzero curva¬ 
ture. Consider the tangent surface of a (Example 5 of Sec. 2-3) 
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Show that the tangent planes along the curve x(i\ const.) are ail equal. 

7. Let/: S ― > R be given by / (p) = \p — p Q \ 2 , where p g S and p 0 is a fixed point 
of R z (see Example 1 of Sec. 2-3). Show that df p (w) = 2w ^ (p — p 0 ), 
>v e T P (S). 

8. Prove that if L : R 3 ― > 72 3 is a linear map and c ： i? 3 is a regular surface 
invariant underL, i.e., L(S) a then the restriction L | is a differentiable map 
and 

dL p {w) = L{w\ p b S y w ^ T P (S). 

9. Show that the parametrized surface 

x(w, v) = (v cos w, v sin u, au), 0, 

is regular. Compute its normal vector N(u, v) and show that along the coordi¬ 
nate line u = u 0 the tangent plane of x rotates about this line in such a way that 
the tangent of its angle with the z axis is proportional to the distance 
v (= Vx 2 + y 1 ) of the point x(w 0 , v) to the z axis. 

10. {Tubular Surfaces,) Let ot: / — 及 3 be a regular parametrized curve with nonzero 
curvature everywhere and arc length as parameter. Let 

x(,y, v) = a(X) + r(n(s) cos v + b(s) sin v), r = const. ^ 0, s e 

be a parametrized surface (the tube of radius r around a), where n is the normal 
vector and b is the binormal vector of a. Show that, when x is regular, its unit 
normal vector is 

N{s t v) = — (n(s) cos v + b{s) sin v). 

11. Show that the normals to a parametrized surface given by 

x(w, v) = (Z(i/) cos V , / ⑻ sin % g(u)), / ⑻式0, 〆 尹0， 

all pass through the z axis. 

*12. Show that each of the equations (a, b, c 尹 0) 

x 2 + >2 + z 2 = ax ^ 

x 1 + v 2 + z 2 = by. 
x 2 -j- y 2 -j- z 2 ^ cz 

define a regular surface and that they all intersect orthogonally. 

13. A critical point of a differentiable function /: S 一穴 defined on a regular sur¬ 
face 5" is a point p e S such that df p =0, 

*a. Let /: 5 —及 be given by f{p) = \p - p 0 l p e S, p 0 ^ S (cf. Exercise 5, 
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Sec. 2-3). Show that/? g .Sis a critical point of/if and only if the line joining 
p to p 0 is normal to S at p. 

b. Let h: S — R be given by h(n) = p-v, where v g R 3 k a unit vector (cf. 
Example 1 ， Sec. 2-3). Show that/? e is a critical point of/if and only if v is 
a normal vector of S at p, 

*14. Let Q be the union of the three coordinate planes x = 0, 少 = 0， z = 0. Let 
P = (x，y, z) e R 3 - Q. 
a. Show that the equation in t. 


x 2 y 2 z 2 

a — t 十 b — t 十 c — t 



a > b > c > 0, 


has three distinct real roots: t u t 2 , t 3 . 

b. Show that for each p e R 3 ~ Q, the sets given by /(/!) — 1 =0, f(t 2 ) — 1 
= 0, f(t 3 ) — 1 = 0 are regular surfaces passing through p which are pairwise 
orthogonal. 

15. Show that if all normals to a connected surface pass through a fixed point, the 
surface is contained in a sphere. 

16. Let w be a tangent vector to a regular surface 夕 at a point p e S and let x(w, v) 
and x(«, v) be two parametrizations at p. Suppose that the expressions of w in 
the bases associated to x(w, v) and x(w, v) are 


and 


w 二 + a 2 x y 
W = P^a + 


Show that the coordinates of w are related by 



oc 


du 

du 


十 OC 


du 

2 Tv 



dv 

du 






where u = w(w, v) and v — v{u, v) are the expressions of the change of coordi¬ 
nates. 

*17. Two regular surfaces and S 2 intersect transversally if whenever p e Si D S 2 
then T^Si) ^ T P (S 2 ). Prove that if Si intersects S 2 transversally, then S t n S 2 
is a regular curve. 

18. Prove that if a regular surface S meets a plane P in a single point p, then this 
plane coincides with the tangent plane of S at p. 

19. Let^S c ： R 3 be a regular surface and P c R 3 be a plane. If all points of S are on 
the same side of P, prove that P is tangent to S at all points of P n S. 

*20. Show that the DerDendicular oroiections of the center (0. 0. O') ot the elliDsoid 

XX -K V X 
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, Z_ 2 I ^ ! 

a 1 ^ b 2 ^ c 1 

onto its tangent planes constitute a regular surface given by 
{(x, y, z) e R 3 ; (x 2 + j/ 2 + z 2 ) 2 - a 2 x 2 + b 2 y 2 + c 2 z 2 } — {(0, 0, 0)}. 

*21. Let /: S — ^ i? be a differentiable function on a connected regular surface S. 

A c c 1 1 iYy"t a y# t f\ oil yx ^ O /'-In + n *-* +■ O 

八丄丄 k tucii p — v iyjL (xu y [ o • 丄 丄 uyc Liiai j kuiiotauL kjli 

*22. Prove that if all normal lines to a connected regular surface S meet a fixed 
straight line, then ^ is a surface of revolution. 

23. Prove that the map F: S 2 — > S 2 defined in Exercise 16 of Sec, 2-3 has only a 
finite number of critical points (see Exercise 13). 

24. ( Chain RuIpA Show that if (0 : S, — > and i// : —> Sr> are difFerentiahle mans 

\ .. ■ - — - y --- — g '― £ •— h — 广 ， • 一心 ■ — J - — — — - — - —- — — — r ~~ 

and p e then 

d{y/ 。 (p) p = 化 (jP) o d<p p . 


25. Prove that if two regular curves C t and C 2 of a regular surface S are tangent at 
a point p g S, and if 炉 ： ^ is a diffeomorphism, then (p{C{) and (p{C 2 ) are 
regular curves which are tangent at (p(p). 

26. Show that if /j is a point of a regular surface S, it is possible, by a convenient 
choice of the (x, z) coordinates, to represent a neighborhood of in in the 
form z = f{x, y) so that /(0, 0) 二 0, f x (0 t 0) = 0, ;(0, 0) = 0. (This is equiva¬ 
lent to taking the tangent plane to ,S at /? as the xy plane.) 

27. {Theory of Contact.) Two regular surfaces, S and S, in R 3 , which have a point p 
in coinrnon，are said to have contact oj order >； 1 at if there exist pararnelriza- 
tions with the same domain x(w, u), x(w, v) at /j of 5 and S, respectively，such 
that x u = x u and x v = x„ at p. If, moreover, some of the second partial deriva¬ 
tives are different at p, the contact is said to be of order exactly equal to 1. Prove 
that 

a. The tangent plane T P (S) of a regular surface S at the point p has contact of 

uiuci 乙 丄 wiLii me suiiate tu p. 

b. If a plane has contact of order > 1 with a surface S at /?, then this plane coin¬ 
cides with the tangent plane to S at p. 

c. Two regular surfaces have contact of order > 1 if and only if they have a 
common tangent plane at p, i.e., they are tangent at p. 

d. If two regular surfaces S and S of R 3 have contact of order >； 1 at and if 
F: R 3 -h, i? 3 is a diffeomorphism of R 3 , then the images F(S) and F(S) are 
regular surfaces which have contact of order > 1 at f{p) (that is, the notion of 
contact of order > 1 is invariant under difFeomorphisms). 

e. If two surfaces have contact of order > 1 at /j, then lim r ^ 0 (djr) = 0, where 
d is the length of the segment which is determined by the intersections with 
the surfaces of some parallel to the common normal, at a distance r from this 
normal. 
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28. a. Define regular value for a differentiable function /: S — > 72 on a regular sur¬ 
face S. 

b. Show that the inverse image of a regular value of a differentiable function on 
a regular surface 5 is a regular curve on S. 


2-5. The First Fundamental Form; Area 


So far we have looked at surfaces from the point of view of differentiability. 
In this section we shall begin the study of further geometric structures carried 
by the surface. The most important of these is perhaps the first fundamental 
form, which we shall now describe. 

The natural inner product of 及 3 ] induces on each tangent plane 
T P {S) of a regular surface S an inn'er product, to be denoted by 〈 ， If 

w 2 e T P (S) cz R 3 , then 〈 ㈧ ！， is equal to the inner product of and 
w 2 as vectors in R 3 . To this inner product, which is a symmetric bilinear 
form (i.e., <(w u vv 2 〉 二 〈 w 2 , w t y and <^w u w 2 ) is linear in both w t and w 2 ) f 
there corresponds a quadratic form I p : T P {S) — > R given by 

hM = w)> n = \w\ 2 >0, (1) 

^ S r \ f ■ I - \ ， 

DEFINITION 1. The quadratic form I p on T q (S), defined by Eg. (7), is 
called the first fundamental form of the regular surface S <= R 3 a? p e S. 

Therefore, the first fundamental form is merely the expression of how the 
surface S inherits the natural inner product of R 3 . Geometrically, as we shall 
see in a while, the first fundamental form allows us to make measurements 
on the surface (lengths of curves, angles of tangent vectors, areas of regions) 
without referring back to the ambient space R 3 where the surface lies. 

We shall now express the first fundamental form in the basis {x w ， x„] 
associated to a parametrization x(w, v) at p. Since a tangent vector w e T p (S) 
is the tangent vector to a parametrized curve a(t) = t g (—e, e), 

with p = a(0) = x(u Q ， v 0 ), we obtain 

T (Wm 二 /"Ym "YflVs 

\ v // \ w w p 

— 〈 X a W ’ + X 〆 ， X «W’ + X v V ，S ) p 
=x u y p (u f ) 2 + 2<x„ ， x v y p u f v f + <x v , x v y p (^) 2 
=E(u f ) 2 + 2FuV + G(v f )\ 


where the values of the functions involved are comDuted for / = 0. and 

Jk. J 


E(u 0i *y 0 ) — 〈 x a ， x a 〉^， 

t ’ o ) = 〈 x w ， \〉夕， 

邮0,沿 o) = X v ) p 
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are the coefficients of the first fundamental form in the basis {x w , xj of 
T P (S). By letting p run in the coordinate neighborhood corresponding to 
x(u, v) we obtain functions E(u, v), F(u, v) 9 G(u, v) which are differentiable 
in that neighborhood. 

From now on we shall drop the subscript p in the indication of the inner 
product 〈 ， 〉 p or the quadratic form I p when it is clear from the context 

which point we are referring to. It will also be convenient to denote the 
natural inner product of R 3 by the same symbol 〈 ， 〉 rather than the 

previous dot. 

Example 1. A coordinate system for a plane P cz R 3 passing through 
p 0 — (x 0 , y 0 , z 0 ) and containing the orthonormal vectors ― (a u a 2 , a 3 ), 
w 2 = (b u b 2 , b 3 ) is given as follows: 

x(u, r) = + w% + vw 2 , (u, V) G R 1 , 

To compute the first fundamental form for an arbitrary point of P we observe 
that x u = w u x v w 2 ; since w 1 and w 2 are unit orthogonal vectors, the 
functions E, F, G are constant and given by 

E = 1, F = 0, G = 1. 

In this trivial case，the first fundamental form is essentially the Pythagorean 
theorem in P; i.e.，the square of the length of a vector w which has coordinates 
a, b in the basis xj is equal to a 2 + b 2 . 

Example 2. The right cylinder over the circle x 2 + y 2 = 1 admits the 
parametrization x: U —~> R 3 t where (Fig. 2-26) 

x(uy v) — (cos w，sin u, v), 

U = {(w, v) e R 2 ; 0 <u < 2n, — oo < v < oo}. 



X 


Figure 2-26 
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To compute the first fundamental form，we notice that 

x M = (-—sin w, cos u, 0), x v = (0, 0, 1), 

and therefore 

E = sin 2 w + cos 2 w = 1, jP=0, G = 1. 

We remark that, although the cylinder and the plane are distinct surfaces, 
we obtain the same result in both cases. We shall return to this subject later 
(Sec. 4-2). 

Example 3. Consider a helix that is given by (see Example 1 ， Sec. 1-2) 
(cos u ，sin u, au). Through each point of the helix, draw a line parallel to 
the xy plane and intersecting the z axis. The surface generated by these lines 
is called a helicoid and admits the following parametrization : 

x(w 5 v) = {v cos u, v sin w, au), 0 < u < 2n, —oo < v < oo. 

x applies an open strip with width 2n of the uv plane onto that part of the 
helicoid which corresponds to a rotation of 2n along the helix (Fig. 2-27). 



The verification that the helicoid is a regular surface is straightforward and 
left to the reader. 

The computation of the coefficients of the first fundamental form in the 
above parametrization gives 


E(u, v) = v 2 -j~ a 2 . 


F(u f v) 0, G(u 9 v) = I. 
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As we mentioned before, the importance of the first fundamental form I 
comes from the fact that by knowing I we can treat metric questions on a 
regular surface without further references to the ambient space R\ Thus, 
the arc length ^ of a parametrized curve a : I — > S is given by 

s(t) - f = f ^W(t))dt. 

J 0 ^ 0 

In particular, if a{t) = x(u(t), v(t)) is contained in a coordinate neighborhood 
corresponding to the parametrization x(w, v), we can compute the arc length 

of /v hf^twpf^n cflv 0 t hv 

入 W T T ▲ 爯， U ， V V* J 

s(t) = f ^/E(uy + IFu'V + G(v f y dt. (2) 

j 0 


Also, the angle 0 under which two parametrized regular curves a: / — ^ S, 
: I — S intersect at ^ = / 0 is given by 


cos 


a _ <a'0。)， 

wimwUory 


In particular, the angle (p of the coordinate curves of a parametrization 
x(w, v) is 


cos (p = 


<H> 

I x M 11 x v 


~7eg ; 


it follows that the coordinate curves of a parametrization are orthogonal if 
and only if F(u, v) = 0 for all (u, v). Such a parametrization is called an 
orthogonal parametrization, 、 

Remark, Because of Eq. (2), many mathematicians talk about the “ele¬ 
ment” of arc length, ds of S. and write 


ds 2 = E du 2 2F du dv G dv 1 . 


meaning that if a(t) = x(w(0, v(t)) is a curve on S and s = is its arc 
length, then 


///A 2 


E 


/ Hu\ 2 

Kft) 


IF- 


du dv 
dt dt 




///»，、 2 

Kft) * 


Example 4. We shall compute the first fundamental form of a sphere at 
a point of the coordinate neighborhood given by the parametrization (cf. 
Example 1 ， Sec. 2-2) 


x(0, (p) = (sin 9 cos tp ，sin 0 sin g>, cos 8), 
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First, observe that 

xJ9, (p) =- (cos 6 cos (o, cos 9 sin q>, —sin 0 )， 

\(0, <p) —— (—sin 9 sin (p^ sin 6 cos (p, 0). 

Hence, 

= <^X 0 , Xg)> = 1, 

F(6, (p) - <x e , x p > - 0, 

G(d, (p) - <x p , x；> - sin 2 e. 

Thus, if w is a tangent vector to the sphere at the point x(6 ) (p\ given in the 
basis associated to x(d 9 (p) by 


w = + bx^ 

then the square of the length of w is given by 


I [2 __ M — 17^2 I n 17 I m/l — ^2 I U2 Q 

I yy \ 一 i} 一 ~r n uu -j- \ju 一 u ~r ^ am i/. 

As an application, let us determine the curves in this coordinate neigh- 

lx 八 ^4 士 tn A n ■* t li ***v% ^\j~ a «"i 士 A iTT't+Xi 士 It A -**v% 1 n 

Lin ojjiacn wimia ii 丄 a jvc a v^iiaLaiiL Jj wiia 丄 lxi^ iiiciiu 丄 aiid 

(p — const. These curves are called loxodromes (rhumb lines) of the sphere. 
We may assume that the required curve a(0 is the image by x of a curve 
<p(t)) of the 6g> plane. At the point x(6, (p) where the curve meets the 
meridian (p — const” we have 


cos fi 


、 x g ，（X 


6 f 


|x e |lotXO 「 vWTWSi^’ 


n -i r\A -a 'n a f* v "I x rAr\4 ^ am ^ ( 4^\ V\ n n y*x j"* + 汽内 / C m ^ a. 

sxiicv in liiw uo-oio luc vivlui ut nao \y 3 y/ j auu luc 

vector x 0 has coordinates (1 ， 0). It follows that 

(6 f ) 2 tan 2 p — {(p') 1 sin 2 0 = 0 

or 

e r _ , 〆 

sin 6 丄 tan 


whence, by integration, we obtain the equation of the loxodromes 


log tan(j) 


=zb(^ + c) cotan p, 


where the constant of integration c is to be determined by giving one point 
x(d 09 <po) through which the curve passes. 
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Another metric question that can be treated by the first fundamental 
form is the computation (or definition) of the area of a bounded region of a 
regular surface S. A (regular) domain of S is an open and connected subset of 
S such that its boundary is the image of a circle by a differentiable homeo- 

morphism which is regular (that is，its differential is nonzero) exceDt at a 

— 一，- 

finite number of points. A region of S is the union of a domain with its 
boundary (Fig. 2-28). A region of S cz R 3 is bounded if it is contained in some 
ball of RJ, 



Figure 2-28 


We shall consider bounded regions R which are contained in a coordinate 
neighborhood x(C/) of a narametrization x: U cz R 2 — > iV. Tn other words ， 
R is the image by x of a bounded region Q c IL 

The function |x y A xj, defined in U, measures the area of the parallelo- 
grain generated by the vectors x u and x y . s first show tixat tlic integral 


I I x u A x,, du dv 

~ Q 

does not depend on the parametrization x. 

Tn fnrt Ipf y * T/ r~ /? 2 —^ .9 annthpr nflrflm^tri7atirkn H <— v(TJ\ 

and set Q — x -1 ^). Let d{u, v)jd(u, v) be the Jacobian of the change of 
parameters /z ~ x _1 o x. Then 



x a A ^v\ du dv = [ x w A x„ I 

J J Q 


d(u, v) 

d(u, if) 


du dv 


J J 1 x u A x v \du dv, 


where the last equality comes from the theorem of change of variables in 
multiple integrals (cf. Buck Advanced Calculus, p. 304). The asserted indepen¬ 
dence is therefore proved and we can make the following definition. 
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DEFINITION 2. Let R [S be a bounded region of a regular surface con¬ 
tained in the coordinate neighborhood of the parametrization x: U 〔 R 2 ― > S. 
The positive number 

f f I x u 八 x v I du dv = A(R), Q = x -1 ( ； R )， 

Q 

is called the area o/R. 

There are several geometric justifications for such a definition, and one 
of them will be presented in Sec. 2-8. 

It is convenient to observe that 

I x a A xj 2 + <x u , x,> 2 - |x„| 2 *[x„I 2 , 
which shows that the integrand of A(R) can be written as 

|x a A I = ^/EG — F 2 . 

We should also remark that, in most examples, the restriction that the 
region R is contained in some coordinate neighborhood is not very serious, 
because there exist coordinate neighborhoods which cover the entire surface 
except for some curves, which do not contribute to the area. 

Example 5. Let us compute the area of the torus of Example 6, Sec. 2-2. 
For that, we consider the coordinate neighborhood corresponding to the 

m 摯 

parametrization 

x(w, v) = ((a + r cos u) cos v, (a r cos u) sin v, r sin u), 

0 <u <2 k, 0 <v <2n, 

which covers the torus, except for a meridian and a parallel. The coefficients 
of the first fundamental form are 

E = r 2 , F = 0 ， G = (r cos u + a) 2 ; 

hence, 

/JEG — F 2 = r(r cos u + a). 

Now, consider the region R e obtained as the image by x of the region 
Q € (Fig. 2-29) given by (6 > 0 and small), 

Qe = {(w, v) e 及 2 ; 0 + e < w < 2 兀 一 0 十 6 S r f}. 

Using Def_ 2, we obtain 
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Figure 2-29 


取卜 IL r(r cos u + a) du dv 


、 i I t 


{r^ cos u ra) au av 

0 + 6 」 0 + e 

\2n — 2fXsin(27r ~ e) — sin e) + ra(2n — 2e) : 


Letting e ― > 0 in the above expression, we obtain 


A(T) = lim = An 2 ra. 

f—o 

This agrees with the value found by elementary calculus, say, by using the 
theorem of Pappus for the area of surfaces of revolution (cf. Exercise II). 


EXERCISES 

1. Compute the first fundamental forms of the following parametrized surfaces 
where they are regular: 

a. x(u ， v) = (a sin u cos v, b sin//sin v, c cos w); ellipsoid. 

b. x(m, v) = {cm cos bu sin v^u 2 ); elliptic paraboloid. 

c. x(m, v) = {au cosh v, bu sinh v, u 2 )\ hyperbolic paraboloid. 

d. x(w, v) = (a sinh u cos b sinh u sin v, c cosh u ) : hyperboloid of two sheets. 

2. Let x(w, v) = (sin 0 cos (p, sin 9 sin (p, cos 6) be a parametrization of the unit 
sphere S 2 . Let P be the plane x = z cotan £X，0 <cn <7t, and P be the acute 
angle which the curve P n S 2 makes with the semimeridian (p = (p Q . Compute 
cos 

3. Obtain the first fundamental form of the sphere in the parametrization given by 
stereographic projection (cf. Exercise 16, Sec. 2-2). 
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4. Given the parametrized surface 

. . It 71 

x{u, v) — {u cos v, u sin v, log cos v + u), 一 "J" < ^ < -y, 

show that the two curves x(u u v), x(u z ， v) determine segments of equal lengths 
on all curves x(u, const.). 

5. Show that the area A of a bounded region R of the surface z =f(x, y) is 

A = Jj*〆 1 + f l + fy dx dy, 

where Q is the normal projection of R onto ih&xy plane. 

6 . Show that 


x(«, w) = (u sin a cos v } u sin a sin u cos a) 

0 < « < oo, 0 < v < 2tc, a = const., 

is a parametrization of the cone with 2a as the angle of the vertex. In the corre¬ 
sponding coordinate neighborhood, prove that the curve 

x(c exp(v sin oc cotan v), c — const., P = const” 

intersects the generators of the cone {v = const.) under the constant angle jS. 

7. The coordinate curves of a parametrization x(u, v) constitute a Tchebyshef net if 
the lengths of the opposite sides of any quadrilateral formed by them are equal. 
Show that a necessary and sufficient condition for this is 

*8. Prove that whenever the coordinate curves constitute a Tchebyshef net (see 
Exercise 7) it is possible to reparametrize the coordinate neighborhood in such a 
way that the new coefficients of the first quadratic form are 

E=l, F - cos 6, G - 1, 

where 6 is the angle of the coordinate curves. 

*9. Show that a surface of revolution can always be parametrized so that 

E = E{v\ F=0, G = \. 

10. Let P — {(x, y, z) e i? 3 ; 2 = 0} be the xy plane and let x: U — > P be a para¬ 
metrization of P given by 


x{p t 0) ^ (p cos 9, p sin 6), 
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where 


U = 6) e R^: o> 0,0 <6 < 2nl 

Compute the coefficients of the first fundamental form of P in this parametriza- 
tion. 

11 • Let 5 be a surface of revolution and C its generating curve (cf. Example 4, Sec. 
2-3). Let s be the arc length of C and denote by p = p(s) the distance to the rota¬ 
tion axis of the ooint of C corresponding to 

a. (Pappus’ Theorem.) Show that the area of S is 

2n f p{s) ds, 

Jo 


where l is the length of C. 

b. Apply part a to compute the area of a torus of revolution. 

12 - Show that the area of a regular tube of radius r around a curve a (cf. Exercise 
10, Sec, 2-4) is 2nr times the length of a. 

13. {Generalized Helicoids,) A natural generalization of both surfaces of revolution 
and helicoids is obtained as follows. Let a regular plane curve C, which does not 

. 电為 ^ -， . _ j 1 — . _ 1 . _ _ 1 _ __ * 1 _ ___ __ _J _ - _ — ― ___ A- A- ~t . * 1 ▲ j 

iuccl cm tiAis zl m me plane, oc uispiaceu m ti ngiu swew iiiuuun auuui r,, mat 
is, so that each point of C describes a helix (or circle) with E as axis. The set S 
generated by the displacement of C is called a generalized helicoid with axis E 

Q fr/i 'Vt/yifiAt ** T 备 a n w wxrt ‘ ： / "v**% l n 4"i 4-n + < t XT O 1 。 O niTf'rO n. 

ctiiu xi omw 丄丄 id ex pun 1 au^ui lj ci u 丄 

revoJution; if C is a straight line perpendicular to E, S is (a piece of) the stan¬ 
dard heJicoid (cf. Example 3). 

Choose the coordinate axes so that E is the z axis and C lies in the yz plane. 
Prove that 

a. If (/0) ， g(s)) is a parametrization of C by arc length s, a < s < b t f(s) > 0 t 
then x: U —> S, where 

U = {(^, u) g R 2 ; a < s < b t 0 < u < 2n] 

and 

x(s ， u) = (f(s) cos u, f(s) sin u, g(s) + cu) y c = const., 

is a parametrization of S. Conclude that *S* is a regular surface. 

b. The coordinate lines of the above parametrization are orthogonal (i.e .， 
i 7 ^ 0) if and only if x(U) is either a surface of revolution or (a piece of) the 
standard helicoid. 

14. {Gradient on Surfaces) The gradient of a differentiable function /: S — > 及 is a 
differentiable mao arad f: S — ^ R 3 which assigns to each point p g 5 a vector 
grad f(p) e T P (S) a R 3 such that 

<grad f{p), v} p = df p {p) for all v e T P (S). 
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Show that 

a. If E, F, G are the coefficients of the first fundamental form in a parametriza- 
tion x : U cz R 2 — ► 5, then grad / on x(U) is given by 


grad / = 


fifi — fyF ^ 
EG — F 2 〜 


fyE — f u F ^ 
—EG - F 2 〜 


In particular, if *S = i? 2 with coordinates x, y, 

grad/ = / x e 1 + f y e 2 , 

where (ei. is the canonical basis of (thus, the definition agrees with the 

K. i ^ ^ J 44 V. ' / ' ' 

usual definition of gradient in the plane). 

b. If you let ^ g *S be fixed and v vary in the unit circle | w | = 1 in 7^(^), then 

grad /| {thus, grad f{p) gives 

the direction of maximum variation off at p). 

c. If grad /^ 0 at all points of the level curve C = [q g S; f(q) = const.}, 
then C is a regular curve on S and grad/is normal to C at all points of C. 

15. {Orthogonal Families of Curves.) 

a. Let E, F } G be the coefficients of the first fundamental form of a regular sur¬ 
face S in the parametrization x: U a R 2 — S. Let (p{u, v) — const, and 
\f/{u, v) = const, be two families of regular curves on x((7) c= S (cf. Exercise 
28, Sec. 2-4). Prove that these two families are orthogonal (i.e., whenever two 
curves of distinct families meet, their tangent lines are orthogonal) if and 
only if 

E(p v ij/ v - F{(p u if/ V + 轉 :) + G(pjf/ U = 0. 

b. Apply part a to show that on the coordinate neighborhood x(U) of the heli¬ 
coid of Example 3 the two families of regular curves 


v cos u — const., v ^ 0 } 

厂 i,2 _L cit^2 a — prvrtcf a ， 1 —A 

[ fcC J I311.X *-» - - L/ -f-* !«/■， 


U 本 71 ， 


are orthogonal. 


2-6. Orientation of Surfaces^ 

In this section we shall discuss in what sense, and when, it is possible to orient 
a surface. Intuitively, since every point /? of a regular surface S has a tangent 

nlanp T ( tVif 1 rhoir^p of an oripntfltion of T ( in^nrpc an nnVntntinn in a 

巍邊 v j y v 為 i ^ v ^ v v •邊 冬 ▲ v 愚邊 v a 4 -&■ p J 鼻 i 本 A, J. VV^ V-A. JL 鼂 ▲ - 

neighborhood of p, that is, a notion of positive movement along sufficiently 


卞 This section may be omitted on a first reading. 
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small closed curves about each point of the neighborhood (Fig. 2-30). If it is 
possible to make this choice for eachp e S so that in the intersection of any 
nvo neighborhoods the orientations coincide, then S is said to be orientable. 
If this is not possible, S is called nonorientable. 



We shall now make these ideas precise. By fixing a parametrization x(w, v) 
of a neighborhood of a point p of a regular surface S, we determine an 
orientation of the tangent plane T^S), namely, the orientation of the asso¬ 
ciated ordered basis {x “ ， xj. If p belongs to the coordinate neighborhood of 
another parametrization x(w, v), the new basis x c } is expressed in terms of 
the first one by 



where u = u(u, v) and v — v(u, v) are the expressions of the change of coor¬ 
dinates. The bases {x„, x v } and x fi } determine, therefore, the same orienta¬ 
tion of T P (S) if and only if the Jacobian 

d(u, v) 
d(fi, v) 

of the coordinate change is positive. 


DEFINITION 1. A regular surface S is called orientable if it is possible 
to cover it with a family of coordinate neighborhoods in such a way that if a 
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point p e S belongs to two neighborhoods of this family，then the change of 
coordinates has positive Jacobian at p. The choice of such a family is called an 
orientation of S, and S, in this case, is called oriented. If such a choice is not 
possible，the surface is called nonorientable. 

Example 1. A surface which is the graph of a differentiable function 
(cf. Sec. 2-2, Prop. 1) is an orientable surface. In fact, all surfaces which can 
be covered by one coordinate neighborhood are trivially orientable. 

Example 2. The sphere is an orientable surface. Instead of proceeding to 
a direct calculation, let us resort to a general argument. The sphere can be 
covered by two coordinate neighborhoods (using stereographic projection; 
see Exercise 16 of Sec. 2-2), with parameters (u, v) and (m, ?J), in such a way 
that the intersection W of these neighborhoods (the sphere minus two points) 
is a connected set. Fix a point p in W. If the Jacobian of the coordinate change 
at p is negative, we interchange u and v in the first system，and the Jacobian 
becomes positive. Since the Jacobian is different from zero in W and positive 
at p e W, it follows from the connectedness of W that the Jacobian is every¬ 
where positive. There exists, therefore, a family of coordinate neighborhoods 
satisfying Def. 1， and so the sphere is orientable. 

By the argument just used, it is clear that if a regular surface can be covered 
by two coordinate neighborhoods whose intersection is connected, then the 
surface is orientable. 

Before presenting an example of a nonorietitable surface, we shall give a 
geometric interpretation of the idea of orientability of a regular surface in R 3 . 

As we have seen in Sec. 2-4, given a system of coordinates x(u, v) at we 
have a definite choice of a unit normal vector iV at p by the rule 


\r — A x v 〆 n 、 

]x u A x v l (p) ' 

Taking another system of local coordinates x(u } v) at/?, we see that 


心八& = 


(x u A xj 


d(u, v) 


(1) 

( 2 ) 


where d(u, v)ld(u } v) is the Jacobian of the coordinate change. Hence, N will 
preserve its sign or change it, depending on whether d(u, v)/d(u, v) is positive 
or negative, respectively. 

By a differentiable field of unit normal vectors on an open set U S, wq 
shall mean a differentiable map N: U ― > R 3 which associates to each^ G U 
a unit normal vector N{q) g R 2 to S at q. 
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PROPOSITION 1. A regular surface S c= R 3 is orientable if and only if 
there exists a differentiable field of unit normal vectors N: S — > R 3 on S. 

Proof. If S is orientable, it is possible to cover it with a family of coor- 

dinafp npiohhnrhrmHs so thaf. in thp infpr«iprtirm nf ativ twn nf tVipm the ： 

■ 1 — , 警 'W 里 ▲ — ^ m a. v -v ■ » rn-,^ —, 響） ^ V J*. m m v ^ V • 4 v a •— 息办 零 ，, v v • » ^ -m. ^ 響 

change of coordinates has a positive Jacobian. At the points p — x(w, v) 
of each neighborhood, we define N(p) = N(u, v) by Eq. (1). N(p) is well 
defined, since if p belongs to two coordinate neighborhoods, with parameters 
(w, v) and (w, v), the normal vector N(u, v) and N{u, v) coincide by Eq. (2). 
Moreover, by Eq. (1 )， the coordinates of N(u, v) in R 3 are differentiable 

luu^uuijb ui yu, v )，cuiu ujlus me uitippiiig jv . o — ， s\r umcicuna-uie, its 

desired. 

On the other hand, let TV: S —> i? 3 be a differentiable field of unit normal 
vectors, and consider a family of connected coordinate neighborhoods cover¬ 
ing S. For the points p = x(u 9 v) of each coordinate neighborhood x(C/) s 
U [ R 2 , it is possible, by the continuity of N and, if necessary, by interchang¬ 
ing u and v, to arrange that 


iV(p)= 


x u A x 


v 


x w A 


In fact, the inner product 


卜，⑼二士 1 


is a continuous function on x(U). Since x(U) is connected, the sign of /is 
constant. If/ = —1，we interchange u and v in the parametrization, and the 
assertion follows. 


Proceeding in this manner with all the coordinate neighborhoods, we have 
that in the intersection of any two of them ， say, x(w, v) and x(w, v), the 
Jacobian 


d(u 9 v) 
d(u, v) 


is certainly positive; otherwise, we would have 


x w A x, 

x„ 八 


— N(p) ^ 


% A x g 

i A x, I 


~N(p% 


which is a contradiction. Hence, the given family of coordinate neighborhoods 
after undergoing certain interchanges of w and v satisfies the conditions of 
Def. 1， and S is, therefore, orientable. Q.E.D. 
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Remark. As the proof shows, we need only to require the existence of a 
continuous unit vector field on S for 5 to be orientable. Such a vector field 
will be automatically differentiable. 

I^YSiinnlp ^ Wp tinw Hpcrrihp a n pvarrmlp nf q nnnnripntaMp Qiirfarp 

M. M. _ T V V 丄 V T T V LJ 丄 V V* i 各 ^ J. & ▲▲ V A, 1 丄 H V A i /丄 人 i W W ， 

the so-called Mobius strip. This surface is obtained (see Fig. 2-31) by consider¬ 
ing the circle S l given by x 2 + y 2 =4 and the open segment AB given in the 

… Kt7 1, — n ! I 1 \\7 a t-v% rsxTo. 4*1^ ^ A D o 1 rr 1 "i*n **rk 

KJy )/ ^~~► I ^ I L * TT V 丄上 LJLIW HI 丄 HI C J~L±J CtHJllg kJ Ct 丄丄 U LW-11J, 

AB about c in the cz plane in such a manner that when c has passed through 
an angle u } AB has rotated by an angle ujl. When c completes one trip around 
the circle, AB returns to its initial position, with its end points inverted. 



X 


Figure 2-31 

From the point of view of differentiability, it is as if we had identified the 
opposite (vertical) sides of a rectangle giving a twist to the rectangle so that 
each point of the side AB was identified with its symmetric point (Fig. 2-31). 

It is geometrically evident that the Mobius strip Af is a regular, non- 
orientable surface. In fact, if M were orientable, there would exist a differen¬ 
tiable field N: M R 3 of unit normal vectors. Taking these vectors along 

本 rt 产 1, -**y*l^ rt 、户 2 I -t • ^ t rt /I rt rt +1^ ^ ■fV- 1 a ^-**4 4 - a — r A 乂 -*• "\Y -M A ^-i "l y"r 

tiit^ vuvit^ ~p y~ *— t wt^ on tuat aim xnaiviiig \jus^ Liip liic vcv^lui iv 丄 cuiiiio 

to its original position as —N, which is a contradiction. 

We shall now give an analytic proof of the facts mentioned above. 

A system of coordinates x: JJ ― > M for the Mobius strip is given by 


x(u, v) = (fl — v sin ■—) sin u, (l — v sin 号) cos w, v cos 号)， 


where 0 < w < 2丌 and —1 < v < 1. The corresponding coordinate neigh¬ 
borhood omits the points of the open interval u =0. Then by taking the 
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origin of the w，s at the x axis, we obtain another parametrization x(u, v) 
given by 




y 


rr 


2 — v sin (寻 + 香 )} cos 


-2 




^ sin(| + 了 ” sin w ， 


aw 、 丁丁 jy ， 


whose coordinate neighborhood omits the interval u = n/2. These two 
coordinate neighborhoods cover the Mobius strip and can be used to show 
that it is a regular surface. 

Observe that the intersection of the two coordinate neighborhoods is not 
connected but consists of two connected components : 


W x = \x(u, v): —■ < u < 2n \ > 


W 2 = |x(w, v): 0 < w < -y 


The change of coordinates is given by 


u = u 


9J ^? 


n 

T 


in W u 


and 



in W 2 , 


It follows that 


d(u, v) 
d(u, v) 


1 >0 


in W x 


and that 


1<0 'mW 2 . 

d{u, v) 

To show that the Mobius strip is nonorientable，we suppose that it is 
possible to define a differentiable field of unit normal vectors N: M — * i? 3 . 
Interchanging u and v if necessary, we can assume that 


N(p) 


x u A x v 

八汉 
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for any p in the coordinate neighborhood of x(w } v). Analogously, we may 
assume that 


N(p) 


A 文 公 

I A I 


at all points of the coordinate neighborhood of x(u, v). However, the Jacobian 
of the change of coordinates must be —1 in either W l or W 2 (depending on 
what changes of the type u ^> v, u — ^ v has to be made). If p is a point of 
that component of the intersection, then N(p) = —N(p), which is a contradic¬ 
tion. 


We have already seen that a surface which is the graph of a differentiable 
function is orientable. We shall now show that a surface which is the inverse 
image of a regular value of a differentiable function is also orientable. This is 
one of the reasons it is relatively difficult to construct examples of non- 
orientable, regular surfaces in R 3 . 

PROPOSITION 2, If a regular surface is given by S = {(x, y, z) e R 3 ; 
f(x, y, z) = a}, where f: U [ R 3 ― > R is differentiable and a is a regular 
value of f, then S is orientable. 

Proof. Given a point (x 0 , y 0 , z 0 ) =P e S, consider the parametrized 
curve (jc(0, 少0)， z(0 )， t ^ I, on S passing through p for t = t 0 . Since the 
curve is on S, we have 

z(t)) = a 

for all ^ g /. By differentiating both sides of this expression with respect to 
t ， we see that t ~ t 0 

fxip} &)„ +L(p) &) ts = 

This shows that the tangent vector to the curve at 才 =is perpendicular to 
the vector at p. Since the curve and the point are arbitrary，we 

conclude that ■ 


N(x, y f z)= 


( L _ fy _ L _ 、 

\ / j*, rr n 7 / t jri \ n’ / n r% J 

^ Jx^r Jy ~r J 2 ^S/ J~ x -r Jy Jz Jy Jzf 


is a differentiable field of unit normal vectors on S. Together with Prop. 1, 

una implies uiax o _l& uiicuutuic its uc&ucu. 


A final remark. Orientation is definitely not a local property of a regular 

m *1 X /*» rt 1T T at r rt 1 « m rt -i n jA t ■flf' i /*» 4* y% +1 n 4-1*^ y%, 

3uixj^vajujf 3 ^\^iy 13 ctn upwn on nx lii^ 

plane, and hence orientable. Orientation is a global property, in the sense 
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that it involves the whole surface. We shall have more to say about global 
properties later in this book (Chap. 5). 

EXERCISES 

1. Let 5 1 be a regular surface covered by coordinate neighborhoods V t and K 2 . 
Assume that n V 2 has two connected components, W l9 W 2 , and that the 
Jacobian of the change of coordinates is positive in W x and negative in W 2 . Prove 
that S is nonorientable. 

2. Let be an orientable regular surface and 仿 ： 5", — > be a differentiable man 

_ " f x ^ X - 

which is a local diffeomorphism at every p g Si. Prove that is orientable. 

3. Is it possible to give a meaning to the notion of area for a Mobius strip ? If so, set 
up an integral to compute it. 

4. Let S be an orientable surface and let { U a ] and { Vp] be two families of coordinate 
neighborhoods which cover S (that is, U 5 = U V^) and satisfy the condi¬ 
tions of Def. 1 (that is, in each of the families, the coordinate changes have posi¬ 
tive Jacobian). We say that {U a } and [V^] determine the same orientation of S if 
the union of the two families again satisfies the conditions of Def. 1. 

Prove that a regular, connected, orientable surface can have only two dis¬ 
tinct orientations. 

5. Let (p: ― > *S 2 be a diffeomorphism. 

a. Show that is orientable if and only if ^2 is orientable (thus, orientability is 
preserved by diffeomorphisms). 

b. Let S x and S 2 be orientable and oriented. Prove that the diffeomorphism <p 
induces an orientation in S 2 . Use the antipodal map of the sphere (Exercise 1, 
Sec. 2-3) to show that this orientation may be distinct (cf. Exercise 4) from the 
initial one (thus，orientation itself may not be preserved by diffeomorphisms; 
note, however, that andS 2 are connected，a diffeomorphism either preserves 
or “reverses” the orientation), 

6. Define the notion of orientation of a reeular curve C c= R 3 , and show that if C is 
connected, there exist at most two distinct orientations in the sense of Exercise 4 
(actually there exist exactly two, but this is harder to prove). 

7. Show that if a regular surface S contains an open set diffeomorphic to a Mobius 
strip, then S is nonorientable. 

2 - 7 . A Characterization 
of Compact Orientable Surfaces 气 

The converse of Prop. 2 of Sec. 2-6, namely，that an orientable surface in R 3 
is the inverse image of a regular value of some differentiable function, is true 


卞 This section may be omitted on a first reading. 
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and nontrivial to prove. Even in the particular case of compact surfaces 
(defined in this section), the proof is instructive and offers an interesting 
example of a global theorem in differential geometry. This section will be 
dedicated entirely to the proof of this converse statement. 

T pf ( — "hp an nripntahlp Sinrfqr.p TTip rnirfal nm'nf nf fhp nrnnf 

,■ H ^ v - -a- ». v V v A -V VW * V » w ■ 本 n v v 丄 v bf m. v m. M. 

consists of showing that one may choose, on the normal line through p e S ， 
an open interval I p around p of length, say, 2e p (e p varies with p) in such a 

ws,y tlicit if p ^ - y ci tS, then. Ip 门 Ig (j). 丁 lius，tlic union P ^ $， 

constitutes an open set V of R 3 , which contains S and has the property that 
through each point of V there passes a unique normal line to S; V is then 
ctuieu a luuuiur neLgnuurriuuu ui o ^rig. 



Let us assume, for the moment, the existence of a tubular neighborhood 
V of an orientable surface S. We can then define a functioa g: V ― > R as 
follows: Fix an orientation for S. Observe that no two segments I p and I q , 
p 矣 q，of the tubular neighborhood V intersect. Thus, through each point 
«P e Kthere passes a unique normal line to S which meets 5 at a point/?; by 
definition， g(P) is the distance from p to P, with a sign given by the direction 
of the unit normal vector at p. If we can prove that g is a differentiable func¬ 
tion and that 0 is a regular value of g，we shall have that S = ^ _1 (0), as we 
wished to prove. 

We shall now start the proof of the existence of a tubular neighborhood 
of an orientable surface. We shall first prove a local version of this fact; that 
is, we shall show that for each point p of a regular surface there exists a 
neighborhood of p which has a tubular neighborhood. 


PROPOSITION 1. Let S be a regular surface and x: U ~> S be a para- 
metrization of a neighborhood of a point p = x(u 0> v。）e S. Then there exists 

寸扇 -rn A. ^ 4 -T>* -T.i4 * »r* * m 飞属 ▲ ^m. n. n n. jm _ 2 

u n^i^nuui nuuu vv < — ) u J )J ^ unu u riurriucr t ^ w ^ucn iriui mu 

of the normal lines passing through points q e W, with center at q and length 
2e, are disjoint {that is, W has a tubular neighborhood). 

Proof. Consider the map F: U x R — R 3 given by 


F{u ， v; t) = x(u, v) + tN(u, v), (w, v) e C/ } 


t e R, 
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where N{u, v) = (N x , N y , N z ) is the unit normal vector at 

x(w, v) = (x(u, v), y(u, v), z(u, v)). 

Geometrically, F maps the point (w, v; t) of the “cylinder” U X R in the 
point of the normal line to 5 at a distance t from x(u, v). F is clearly differ¬ 
entiable and its Jacobian at 才 = 0 is given by 


dx 

dy 

dz 

du 

du 

du 

dx 

dy 

dz 

dv 

dv 

dv 

N x 

N y 

N z 


— x_. A x 0. 

—“ t \ — fj / _ ， 


By the inverse function theorem, there exists a parallelepiped in U x R, 
say， 

w 0 — 5 < w < w 0 + <5, v Q — d < v < v 0 + d, —e < t <e, 

restricted to which Fis one-to-one. But this means that in the linage W by F 
of the rectangle 


w 0 — (5 < w < w 0 + (5， v 0 ~S<v<.v Q \-8 


the segments of the normal lines with centers q ^ W and of length < 2e do 


At this point, it is convenient to observe the following. The fact that the 
function g,: V ― > R ，defined above by assuming the existence of a tubular 
neighborhood V, is differentiable and has 0 as a regular value is a local fact 
and can be proved at once. 


PROPOSITION 2. Assume the existence of a tubular neighborhood 
V a K 3 of an orient able surface S [ R 3 , and choose an orientation for S. Then 
the function g; V — ^ R ，defined as the oriented distance from a point ofY to 
the foot of the unique normal line passing through this point，is differentiable 
and has zero as a regular value. 


Proof. Let us look again at the map F: U x R ― > R 3 defined in Prop. 1, 
where we now assume that the parametrization x is compatible with the 
given orientation. Denoting by x, y, z the coordinates of F(u ， v ， t) = x(Mj v) 
+ tN(u, v) we can write 


F(u t v, t) — (x(w, v, /), y(u } v, t) } z(u, v, 0). 
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Since the Jacobian d(x, y, v, t) is different from zero at ? = 0, we can 

invert F in some parallelepiped Q, 

Uq — 8<u < u 0 S, Vq — 8 < v < Vq ^ ~~e < t < 

to obtain a differentiable map 

y, z) = (u(x 9 y, z\ v(x, y, z), t(x, y y z)), 

where (x, y, z) e F{Q) = V. But the function g: K — 及 in the statement of 
Prop. 2 is precisely t = t(x, y, z). Thus, g is differentiable. Furthermore, 0 
is a regular value of g; otherwise 

dt dt dt n 

l /八 1/ 少 1/ 厶 

for some point where t = 0; hence, the differential dF_' would be singular 
for ， = 0, which is a contradiction. Q.E.D. 

To pass from the local to the global, that is, to prove the existence of a 

、 — 7 — 祖 ^ 一 • 1 一 ^ - — __ _ . — _ 祖 ^ ^ 7 祖 W V * — — "f ■*— 祖 _ _^L . - 

Luuuicir neigxiuumuuu ui ctu enure oneniciuic buricwjc, wc ueeu isuine lupu- 
logical arguments. We shall restrict ourselves to compact surfaces, which we 
shall now define. 

_ 

Let A be a subset of R 3 . We say that p e is a limit point of A if every 
neighborhood of p in R 3 contains a point of A distinct from p. A is said to be 
closed if it contains all its limit points. A is bounded if it is contained in some 
ball of R 3 . If A is closed and bounded, it is called a compact set. 

The sphere and the torus are compact surfaces. The paraboloid of revolu¬ 
tion z = a ： 2 + y 2 , (X>0 e i? 2 , is a closed surface, but, being unbounded, it 
is not a compact surface. The disk x 2 y 2 < l in the plane and the Mobius 
strip are bounded but not closed and therefore are noncompact. 

We shall need some properties of compact subsets of R 3 % which we shall 

» A. ' 

now state. The distance between two points p, ^ e R 3 will be denoted by 
d(p, q). 

PROPERTY 1 (Bolzano-Weierstrass). Let A [ R 3 be a compact set. 
Then every infinite subset of A has at least one limit point in A. 

PROPERTY 2 (Heine-Borel). Let A a R 3 be a compact set and {U a } 
be a family of open sets of A such that U a U a = A. Then it is possible to choose 
a finite number U kl , U k2 , . . . , o/U a such that U ^ A, i = 1, . . . , n. 

PROPERTY 3 (Lebesgue). Let A a R 3 be a compact set and {U a } a family 

n rt-/* A ni j nbt ^ Lt/ff I ! T T A r T^b* r\V\ / /t y"> 7^ n/ CT rt t in/i w 义 f\ 

uj uptrt JtriJ uj j uvrt trtui ^« —— 八 ， j rtc/i c u nurfiucf u 〆 \J 
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{the Lebesgue number of the family {U a }) such that whenever two points 
p, q e A are at a distance d(p, q) < 5 then p and q belong to some U a . 


Properties 1 and 2 are usually proved in courses of advanced calculus. For 
comnleteness. we shall now Drove ProDertv 3. Later in this book faDDendix to 

上 -r 丄 丄 V 、 丄上 

Chap. 5), we shall treat compact sets in R n in a more systematic way and shall 
present proofs of Properties 1 and 2. 


Proof of Property 3. Let us assume that there is no 5 > 0 satisfying the 
conditions in the statement; that is, given 1/n there exist points p n and q„ 
such that d(p n , n\ <; \jn but p n and q n do not belong to the same open set of 
the family Setting /? = 1，2, . . . ， we obtain two infinite sets of points 
{p n } and [q^ which, by Property 1, have limit points p and q, respectively. 
Since d\P 1 /”）v/e ma》’ choose tliese limit points in such a tliat 
P —q. But p e U a for some a, because p ^ A = and since C/ a is an 

open set, there is an open ball B e (P )，with center in/?, such that B £ {p) ^ 
Since 夕 is a limit point of {/?„} and there exist, for n sufficiently large, 
points p„ and q n in B e (p) c U a ; that is, p n and q n belong to the same 
which is a contradiction. Q.E.D. 


Using Properties 2 and 3, we shall now prove the existence of a tubular 
neighborhood of an orientable compact surface. 


PROPOSITION 3. Let S <z ： R 3 be a regular, compact, orientable surface. 
Then there exists a number e > 0 such that whenever p，q e S the segments of 
the normal lines of length 2e, centered in p and q, are disjoint {that is, S has a 
tubular neighborhood). 


Proof. By Prop. 1， for each p 已 S there exists a neighborhood W p and a 
number e p > 0 such that the proposition holds for points of W p with e — e p . 
Letting p run through S, we obtain a family {W p } with W p = S. By 
compactness (Property 2), it is possible to choose a finite number of the 
WpS, say, W u .. ., W k (corresponding to e t ,.. ., e k ) such that [J W t = S, 
i 二 1 ， … ， k. We shall show that the required e is given, by 


e < minlfj, . . . ,€ k . 



where d is the Lebesgue number of the family [W,] (Property 3). 

In fact, let two points p，q e S. If both belong to some i = l, t . . s k, 
the segments of the normal lines with centers in p and q arid length 2e do not 
meet, since e < € t . If p and q do not belong to the same then. d(p, q)~>§\ 
were the segments of the normal lines, centered in p and q and of length 2e, 
to meet at point Q e R 3 , we would have 
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which contradicts the definition of 6 . Q.E.D. 

Putting together Props. 1，2， and 3， we obtain the following theorem, 
which is the main soal of this section. 

THEOREM. Let S [R 3 a regular compact orientable surface. Then 
there exists a differentiable function g: V — ^ R, defined in an open set V c： R 3 , 
with V 二 3 S {precisely a tubular neighborhood o/S), which has zero as a regular 
value and is such that S = g'^O). 

Remark L It is possible to prove the existence of a tubular neighborhood 
of an orientable surface, even if the surface is not compact; the theorem is 

tniP 1 withmit thf 1 rpctrirtinn nf rnrrmartnf'ss Thf 1 nrnnf hnwpv^r 

more technical. In this general case, the e(p) > 0 is not constant as in the 
compact case but may vary with p. 

Remark 2. It is possible to prove that a regular compact surface in R 3 is 
orientable; the hypothesis of orientability in the theorem (the compact case) 

■m 八 -m 八 A ， ** a A ‘* 本 * 名 * 表 ■* ^ rt Vk ** ■■ ， ** [_JT /xl /I 

ia uic 丄 ciuic umicwca&cii^. n piuui vji tma ia^t ^an ut iuuiiu m ai. kjaniti&tjii, 

“Orientability of Hypersurfaces in R n ，” Proc. A.M.S. 22 (1969), 301-302. 

2_8. A Geometric Definition of Area ， 

In this section we snail present a geometric justification for the definition of 
area given in Sec. 2-5. More precisely, we shall give a geometric definition of 
area and shall prove that in the case of a bounded region of a regular surface 
such a definition leads to the formula given for the area in Sec. 2-5. 

To define the area of a region R c ： S v/c shall start with a partition (9 of 
R into a finite number of regions R iy that is, we write R = R h where the 
intersection of two such regions R t is either empty or made up of boundary 
points of both regions (Fig. 2-33). The diameter of R t is the supremum of the 
distances (in A 3 ) of any two points in R t \ the largest diameter of the of a 
given partition CP is called the norm ju of (P. If we now take a partition of each 
R i3 we obtain a second partition of R, which is said to refine (P. 

niv 户 n a r\artitirin 

Jk T V ▲表 W W1 W 本％ 

A = U 尺 

I 

of R, we choose arbitrarily points p t e R t and project R t onto the tangent 
fThis section may be omitted on a first reading. 
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plane at p t in the direction of the normal line at p t ; this projection is denoted 
by and its area by A ( 艮 ) .The sum ^ A(R t ) is an approximation of what 
we understand intuitively by the area of R. 

If, by choosing partitions (P 1? . . . , (P MJ . . . more and more refined and 
such that the norm /x n of CP n converges to zero, there exists a limit of ^ A{R t ) 
and this limit is independent of all choices, then, we say that R has an area 
defined by 

= lim 2 A{R^ 

Mn-^0 i 

An instructive discussion of this definition can be found in R. Courant, 
Differential and Integral Calculus, Vol. II， Wiley-Interscience, New York, 
1936, p. 311. 

We shall show that a bounded region of a regular surface does have an 
area. We shall restrict ourselves to bounded regions contained in a coordinate 
neighborhood and shall obtain, an expression for the area in terms of the 
coefficients of the first fundamental form in the corresponding coordinate 
system. 

PROPOSITION. Let x: U —> S be a coordinate system in a regular 
surface S and let R = x(Q) be a bounded region o/S contained in x(U). Then 
R has an area siven bv 

A(R) = JJ^|x u A x v |dudy. 

Proof. Consider a partition, R = U ( - R i9 of R. Since R is bounded and 
closed (hence, compact), we can assume that the partition is sufficiently 
refined so that any two normal lines of 尺 are never orthogonal. In fact, 
because the normal lines vary continuously in S, there exists for each p e R 
a neighborhood of in where any two normals are never orthogonal; 
these neighborhoods constitute a family of open sets covering R, and consid- 
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ering a partition of R the norm of which is smaller than the Lebesgue number 
of the covering (Sec. 2-7, Property 3 of compact sets), we shall satisfy the 
required condition. 

Fix a region of the partition and choose a point p t e R t = x(a). We 
want to compute the area of the normal projection of R t onto the tangent 
plane at To do this, consider a new system of axes p t xyz in R 3 , obtained 
from Oxyz by a translation Op h followed by a rotation which takes the z 
axis into the normal line at p, in such a way that both systems have the same 
orientation (Fig. 2-34). In the new axes, the parametrization can be written 

x(u, = (x(u, vfw, v\ z(u, v)), 

where the explicit form of x(w, v) does not interest us; it is enough to know 
that the vector x(w, v) is obtained from the vector x(w, v) by a translation 
followed by an orthogonal linear map. 

We observe that d(x, y)/d(u, v) ^ 0 in Q t \ otherwise, the z component of 
some normal vector in 凡 is zero and there are two orthogonal normal lines 
in R { , a contradiction, of our assumptions. 



丄 ne expression oi A(K t ) is given oy 


A(Ri) — (* (* _ dx dy. 


Since d(x,y)/d(u, v) ^ 0, we can consider the change of coordinates x 
x(u, v)^y = y(u f v) and transform the above expression into 


A(R t ) 


Qt 


d(x, y) 
ci(u. 

層 v” 7 • / 


du dv. 
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We remark now that，at 仍， the vectors x H and x v belong to the xy plane; 
therefore， 

f dz dz 


hence, 


It follows that 


du ~ dv 


0 


at 凡； 


d(x, y) 


A 

du ^ dv 


at p t . 


y ) 


dx . (/X 

d(u, v) 


dH A d^ 


€i(u, v\ (u, v) e Qi ， 


where efyi, is a continuous function in Q t with ^(x -1 ^)) = 0. Since the 
length of a vector is preserved by translations and orthogonal linear maps, we 
obtain 


dx A dx 

^ A ^ 


dx A dx 
du dv 


d(x, y) 


d(u, v) 


— 啦， 


Now let M t and be the maximum and the minimum of the continuous 
function v) in the compact region Q f ; thus, 


< 


x ■ ■ 、 

cf{x, y) 
d(u, v) 


ax A ax 

dU 


< 


hence, 




du dv — 


Qi 


Qi 


dx A dx 
du dv 


du dv Mi 


// 


du dv- 


Qi 


Doing the same for all R h we obtain 


S ^ S 冰瓦） 一 I I I x « A ^ v \du dv 

i i J J Q i 

Now. refine more and more the eiven partition in such a wav that the 

7 羼 ^ 

norm — 0. Then M, — Therefore, there exists the limit of 成及 i )， 

given by 

which is clearly independent of the choice of the partitions and of the point 
Pi in. each partition. Q.E.D. 
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R n will denote the set of ^-tuples (x 1? . .., x n ) of real numbers. Although we 
use only the cases R 1 = R ， R 2 , and R 3 , the more general notion of R n unifies 
the definitions and brings in no additional difficulties; the reader may think 
in R 2 or R 3 , if he wishes so. In these particular cases, we shall use the follow¬ 
ing more traditional notation: x or r for R, (x, y) or (w, v) for ic 2 , and (x, y, z) 
for R\ 

m. uormnuny m K lt 

We start by making precise the notion of a point being £-close to a given 
point p Q ^ R n . 

A ball (or open ball) in R n with center p 0 = (x ?， . . ., x°) and radius e>0 
is the set 

足 Oo) = {Oi，-.., X„) e R n ; (x : - X ；) 2 + *.. + (x n - x° n ) < e 2 }. 

I 'l-% *■ 1 t 外 U Z" 1 、， tn i~4 't 外 4- 1 TT Ti +1^1 1 八外 r* ■+ l*\ 0 尸 • 1 -f% Z? 2r 

x iiuj, iii j \ 3 an liitvi vai witu it 丄 il[i jjq a 丄 JwngLii jlz ^ i 丄 i -«v , 

B £ (po) is the interior of a disk with center p 0 and radius e; in R 3 , B e (p 0 ) is the 
interior of a region bounded by a sphere of center p 0 and radius e (see Fig. 

i -1 \ 

A set t/ c R n is an open set if for each p ^ U there is a ball B e (p) [■ U; 
intuitively this means that points in U are entirely surrounded by points of U f 
or that points sufficiently close to points of U still belong to U. 

For instance，the set 

y) ^ c<^y<^a) 
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is easily seen to be open in R 2 . However, if one of the strict inequalities, say 
x < b，is replaced by x < b, the set is no longer open; no ball with center at 
the point (b, (d + c)/2), which belongs to the set, can be contained in the set 
(Fig. A2-2). 

It is convenient to say that an open set in R n containing a point p ^ R n 
is a neighborhood of p. 

From now on ，U c R n will denote an open, set in R n . 

We recall that a real function /: U c R — of a real variable is con¬ 


tinuous at x 0 e U if given an 6* > 0 there exists a <5 > 0 such that if 


x — x 0 \ < S, then 


I/O) — /Oo) I < 6 



Figure A2-2 
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Similarly, a real function f U c R 2 — R of two real variables is continuous 
at (x 0 , 少 0 ) e C/ if given an e > 0 there exists a 5 > 0 such that if 

(x — x Q ) 2 + (j — y 0 ) 2 < S 2 , then 

1/0，少） 一 /(^ o ^ o )! < 

The notion of ball unifies these definitions as particular cases of the following 
general concept : 

A map F: U cz R n — > R m is continuous at e U if given e > 0, there 
exists a 5 > 0 such that 

F(B 3 (p)) c= B € (F(p)). 

In other words, F is continuous at p if points arbitrarily close to F(p) are 
images of points sufficiently close to p. It is easily seen that in the particular 
cases of n = 1， 2 and m = l 9 this agrees with the previous definitions. We 
say that F is continuous in t/ if F is continuous for all G U (Fig. A2-3). 



Given a map F: U <=： R n ― > R m ，we can determine m functions of n 
variables as follows. Let /) = (x 1? . .., x„) e U and f{p) = (y u . . ., y m ). 
Then we can write 

y 1 ~ f . • . ， Xn )，• • * > y m = frnip^ 1 > * * * > 

r_ i 'Vi a -fi ^ ^>4 - 1 n 4^ ■ T T v D -f 1 + Vi ^ n 

i 1 Ull^LlWUO J i . KJ r J[ l - ~ - ? ift^ tLl V L 丄上 L LC//Af^/C//tCfl( J \Jk J.' * 
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Example 1 {Symmetry), Let F: R 3 — ^ R 3 be the map which assigns to 
each p g R 3 the point which is symmetric to p with respect to the origin 

一 m *r»i_ _ . t-t/ 、 _ 

l/ 匕 men ryp) = —p, or 

F(x, y, z) = (—x, ~y f —z), 
and the component functions of F are 

"f { 1 ， rr\ :— v f _(^ l? — - i j f ^ i r 7、— t 

J ^ —— 八， J ZV^? ^3 — 厂 J 3V^ V 5 J 3 — 

Example 2 {Inversion), Let F\ R 2 — {(0, 0)} ^ R 2 be defined as follows. 
Denote by \p | the distance to the origin (0, 0) ^ O of a point p e R 2 t By 
definition, F(p)，p 矣 0, belongs to the half-line Op and is such that | F (/ >) |*|p | 
二 1. Thus, F(p) = pj\p I 2 , or 

F ( x ^> y) = ( X 2 爷 - 工户 ) ， (x, y) ^ (0, 0), 

and the component functions of F are 

y) = / 办，加 3 ^ fy 2 * 

Example 3 (Projection), Let n: R 3 — ^ R 2 be the projection n(x, y, z) = 
(x，_>，)■ Then/^x, y, z) = x } f 2 (x, y, z) — y. 

The following proposition shows that the continuity of the map F is 
equivalent to the continuity of its component functions. 

PROPOSITION 1. F: U c ； R° — R m continuous if and only if each 
component function f\: U c; R n ― > R, i = 1, . . . , m, is continuous. 

Proof. Assume that F is continuous at p e U. Then given 6 > 0, there 
exists d > 0 such that F(B s (p)) 〔 B e (F(p)). Thus, if ^ e B d (p) t then 

m ^ bxf(p)x 

that is, 

UAa\ ^ fXriW- 本 . • . + ( fJd\ < ^ 2 . 

\J i / J l \r // t « tn \ J. / J rrt\.r // - 7 

which implies that, for each i = I ， … ， m，\ f t {q) ~~ f t {p) \ < e. Therefore, 
mven r 0 there exists A > 0 such that if a e SJ d). then I fXa) — f,(v) I < €■ 

T — 〜〆 — — — --— ^ . J. {J \J[. / J \ U * \ J ^ 1/ * Vi ^ i 

Hence, each is continuous at p. 

Conversely, let/.，/ = 1， • . . ， m，be continuous at p. Then given e > 0 
there exists <5,* > 0 such that if ^ e S di (p) } then | f t {q) —/.(/?) 1 < 6/V m - Set 
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8 < min § t and let q e S 5 {p). Then 

r* / NN o ‘ f P / \ P / ^ o 

um) -JAP)r 十 _ • • 十 Um^q) -jmKP)r 

and hence, the continuity of F at p. Q.E.D. 

It follows that the maps in Examples 1, 2, and 3 are continuous. 

£XaIlipic 4. Let F\ U c: R ―， R m . Then 

F{f) 二 . . . ， t ^ U. 

This is usually called a vector-valued function, and the component functions 
of Fare the components of the vector F(t) e R m . When Fis continuous ， or, 
equivalently, the functions x/?), i = 1 ， … ， fn ，are continuous, we say that 
F is a continuous curve in R n . 

Tn mnct arvnliral^rmc it ic rnnvpnipnt to thp p.rmtimiitv in tprms of 

m. V l ‘ V X » ■■ \_I ， A V A *■ f ▲▲ ▲ v V A • *■ ••& v — ••& v— • v J —墨墨 — 墨秦 'V 冬 

neighborhoods instead of balls. 

PROPOSITION 2. A map F: U c ； R n —^ R m is continuous a/ p e U 
and only if ， given a neighborhood Y o/F(p) in R m there exists a neighborhood 
W. of p in R n such that F(W) c ； Y. 

Proof t Assume that Fis continuous at p. Since Vh an open set containing 
F(p), it contains a ball BJJF(p)) for some e > 0. By continuity, there exists a 
ball B s (p) = W such that 


F(W) = F(B S ( P )) [ B e (F(p)) cz V, 


and this proves that the condition is necessary. 

Conversely, assume that the condition, holds. Let e > 0 be given and set 
V = B e (F(p)). By hypothesis, there exists a neighborhood W of p in R n such 
that F{W) c ： V. Since W is open., there exists a ball B s (p)[ W. Thus, 


K^sip)) 




F(fV) 


cz. V = 


KF(p ))， 


and hence the continuity of F at p. 


Q.E.D. 


The composition of continuous maps yields a continuous map. More 
precisely, we have the following proposition. 


PROPOSITION 3. Let F: U c ： R n — R m and G: Y c ： R m ^ R k be 
continuous maps, where U and Y are open sets such that F(U) c; V. Then 
G o F: U c ： R n > R k is a continuous map. 
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Proof, Let p ^ U and let K be a neighborhood of G o F(p) in R k . By 
continuity of G, there is a neighborhood Q of F{p) in R m with G(Q) cz V. 
By continuity of F, there is a neighborhood W of p m R n with F(W) cz Q. 
Thus, 


^ m y "w v M J _d ^ V w 一 

(Jo Jb\W) c= U{Q) C= V, 


and hence the continuity of G 。 F. 


Q.E.D. 


It is often necessary to deal with maps defined on arbitrary (not neces¬ 
sarily open) sets of R n , To extend the previous ideas to this situation, we shall 

rt 1 1 » Ti*l 

pi iuiiv^ wa* 

Let F: A cz R n — ^ be a map, where A is an arbitrary set in R n . We say 
that F is continuous in A if there exists an open set U cz R n ，U u A, and a 
continuous map F\ U R m such that the restriction F\A = F. In other 
words, F is continuous in A if it is the restriction of a continuous map defined 
in an open set containing A. 

It is clear that if F: A cz R n — >■ R m is continuous, given a neighborhood 
V of F{p) in R m , p G A, there exists a neighborhood W of p in R n such that 
F(WnA) [V ‘ For this reason, it is convenient to call the set fV D A sl 
neighborhood of p in A (Fig. A2-4). 




Figure A2-4 


Example 5« Let 


E = 


卜 ， h z) 


G R 3 


x_ 

a 


2 


2 


z! 


c 



be an ellipsoid, and let n : R 3 R 2 be the projection of Example 3. Then the 
restriction of 7 T to £ is a continuous map from E to R 1 . 


We say that a continuous map F: A cz R R — > is a homeomorphism 
onto F{A) ifFis one-to-one and the inverse F— 1 : F{A ) 〔 R n — ^ R n is continu¬ 
ous. In this case A and F(A) are homeomorphic sets. 
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F(x, 2 ) = (xa ， yb 9 zc). 

Fis clearly continuous, and the restriction of F to the sphere 

S 2 = Ku ， z) G ^ 3 ； JC 2 +^ 2 +Z 2 -1} 

is a continuous map F : S 2 — > R 3 . Observe that F(S 2 ) = E, where E is the 
ellipsoid of Example 5. It is also clear that F is one-to-one and that 

f-Vy. v. 7 、 = ^.iL.jLV 
"/ \a f b e / 

Thus, F~ l F~ l \E is continuous. Therefore, i 7 is a homeomorphism of the 
sphere S L onto the ellipsoid E. 

Finally, we want to describe two properties of real continuous functions 
defined on a closed interval [a, b], 

b\ = {x ^e ： R\ ci x b} 

(Props. 4 and 5 below), and an important property of the closed interval 
[a, b] itself. They will be used repeatedly in this book. 

PROPOSITION 4 (The Intermediate Value Theorem). Let f: [a, b] — R 

be a continuous function defined on the closed interval [a ， b], Assufne that 
f(a) and f(b) have opposite signs; that is, f(a)f(b) < 0. Then there exists a 
point c e (a, b) such that f(c) = 0. 

PROPOSITION 5. Let f : [a, b] be a continuous function defined in the 
closed interval [a, b]. Then f reaches its maximum and its minimum in [a, b]; 
that is，there exist points x u x 2 e [a, b] such that f(Xi) < f(x) < f(x 2 ) for all 
x e [a, b]. 

PROPOSITION 6 (Heine-Borel). Let [a, b] be a closed interval and let 
I a ，a ^ A, be a collection of open intervals in [a, b] such that U« = [ a ， b]. 
Then it is possible to choose a finite number I kj , I k2 , . . • ， I kn of I a such that 
l_j Ik ； = I ， i = 1， . . • ， n. 

These propositions are standard theorems in courses on advanced 
calculus, and we shall not prove them here. However, proofs are provided in 
the appendix to Chap. 5 (Props. 6, 13, and 11 ， respectively). 
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B. Differentiability in R n 

Let — > R. The derivative f\x Q ) of/at x 0 G U is the limit (when 

it exists) 

fXx 0 ) = lim 取 + 六 ) 一 / ⑹ ， XQ + heUt 

h—^Q *1 

When / has derivatives at all points of a neighborhood V of x 0 , we can 
consider the derivative of /': F—>i?at x 0 , which is called the second derivative 
f ,f (x n ) of f at x n , and so forth, f is differentiable at Xn if it has continuous 

\ \J f W \J 

derivatives of all orders at x 0 . f is differentiable in U if it is differentiable at 
all points in U. 

Remark. We use the word differentiable for what is sometimes called 
infinitely differentiable (or of class C°°). Our usage should not be confused 
with the usage of elementary calculus, where a function is called differentiable 
if its first derivative exists. 


Let F: U c= R 2 ― > R. The partial derivative of f with respect to x at 
(x 0 , ^ 0 ) g U, denoted by (df/dx)(x Q , y 0 ), is (when it exists) the derivative at 
x 0 of the function of one variable: x — ^ f{x f j 0 ). Similarly, the partial deriva- 

Live wiiii icspcv^L iu y Hi (a 0 , y 0 ) 9 \uj juy 少 o)，ucmicu me uciivtiuvc hl 

j 。of 7 — > f{x Q , y). When/has partial derivatives at all points of a neighbor¬ 
hood V of (x 0 , y 0 ), we can consider the second partial derivatives at (x 0 , j 0 ): 


& 09 -- 

d 2 f 
~ dx 1 ， 

( 裝 ) = 

—沪 f 
—dxd/ 

暴 d 

d 2 f 
dy dx 9 

Ty%) = 

d 2 f 
一办 2 ， 


and so forth./is differentiable at (x 0 , y 0 ) if it has continuous partial derivatives 
of all orders at (x 。， j 0 )./is differentiable in U if it is differentiable at all points 
of U. We sometimes denote partial derivatives by 

df _ r df _ r d 2 f _ r d 2 f f d 2 f r 
d^c~ fx> ~ fy, W 2 ~ fxxi dFdy _ fxy, W ~ fyr 

It is an important fact that when f is differentiable the partial derivatives 
of/ are independent of the order in which they are performed; that is, 


d 2 f _ dV 

dx dy dy dx 


d 3 f = d 3 f 
d 2 x dy dx dy dx' 


etc. 
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The definitions of partial derivatives and differentiability are easily extend¬ 
ed to functions/: U cz R n R. For instance, (df/dx 3 )(x[, ‘ •. ， 4) is the 

derivative of the function of one variable 

— > f(x° l9 xl, X 3i 4 … ， xQ. 

A further important fact is that partial derivatives obey the so-called 
chain rule. For instance, if x = x(u, v), y = y{u, v), z = z(u, v) are real differ¬ 
entiable functions in U cz R 2 and fix, v, z) is a real differentiable function in 
及 3 , then the composition f(x(u, v), y(u, v\ z{u, ^)) is a differentiable function 
in U, and the partial derivative of / with respect to, say, u is given by 

du ~ dx du dy du dz du 

We are now interested in extending the notion of differentiability to maps 
F ： U cz R n — ^ R m . We say that F is differentiable at p e U if its component 
functions are differentiable at v : that is. bv writing 

J- 〆 X- 

X n ) = {fy{x u … ， X n ), … ， f m (x u … ， X „))， 

the functions — 1, . . . , m, have continuous partial derivatives of all 
orders at p, F is differentiable in U if it is differentiable at all points in U. 

For the case w = 1, this repeats the previous definition. For the case 
« = 1， we obtain the notion of a (parametrized) differentiable curve in R m . 
In Chap. 1, we have already seen such an object in R 3 . For our purposes, 
we need to extend the definition of tangent vector of Chap. 1 to the present 
situation. A tangent vector to a map a:U R — ^ at ~ e U is the vector 
in R m 

Example 7. Let F: U cz R 2 ― ^ R 3 be given by 

F[u, v) = (cos u cos v, cos u sin v ， cos 2 v), (w, v) e U. 

The component functions of F, namely, 

/i(w, v) = cos u cos v, f 2 (u, v) = cos w sin v, f 3 (u f v) = cos 2 v 

have continuous partial derivatives of all orders in U. Thus, Fis differentiable 
in U. 

Example 8. Let a : U [ R > R 4 be given by 

a(0 — (? 4 , t 3 , t 2 , t), t g U. 
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Then a is a differentiable curve in i? 4 , and the tangent vector to oc at r is 
a\t) = (4t\ 3t\ 2/, 1). 

Example 9. Given a vector w e R m and a point p 0 s U cz R m , we can 
always find a differentiable curve or. (—e, e) 一 U with a(0) — p 0 and ot’(0) 二 
w. Simply define a(r) =p 0 + tw 9 t e (—6, 6). By writing p 0 = (x° u x^、) 
and w = (tv 15 ..., w m ), the component functions of a are = xf + tw h 
i — 1,... ? m. Thus, a is differentiable, a(0) — p Q and 

oc (0) = «(0)， ‘.. ， = (wj) ...»= w. 

We shall now introduce the concept of differential of a differentiable 
map. It will play an important role in this book. 

TTX Tm TtTTW TTr»TX T T T T TV — TV m 7 f * /V* , • 7 1 tTT 1 

u^myiiiKjrs i. i^ei r: u ^ oe a aijjerenuaoie map. 10 earn 

p g V we associate a linear map dF p : R n — > R m which is called the differential 
ofF at p and is defined as follows. Let w G R Q and let a : (—6, e) — >U be a 
differentiable curve such that a(0) — p, a’(0) = w. By the chain rule, the curve 
^ = F 。 ot: (~~e, e) — ^ R ra is also differentiable. Then (Fig. A2-5) 


dF p (w) = ^(0). 



PROPOSITION 7. The above definition of dF p does not depend on the 
choice of the curve which passes through p with tangent vector w, and dF p is, 
in fact，a linear map. 

Proof. To simplify notation, we work with the case F: U cz R 2 --> R 3 , 
Let (w, v) be coordinates in R 2 and (x, y, z) be coordinates in R 3 . Let 
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e x — (1, 0), e 2 = (0, 1) be the canonical basis in R 2 and f x = (1 ， 0, 0 )， 
f % = (0 5 1, 0),/ 3 = (0, 0, 1) be the canonical basis in R 3 , Then we can write 

GC\t) ~ ^ ( — c, t), 

ot ' ⑼ =w = <0)6 + v(0)e 2 i 
F(u, v) (x(w, v), y(u, v), z(u, v )), and 

Pif) = F o a(0 = 0(w(/) ， v(t)), y(u(t\ v(t)), z(u(t\ 

Thus, using the chain rule and taking the derivatives at f = 0， we obtain 




/ t/A UU 

\du dt 


f dz du 
、du dt 



h 



This shows that dF p is represented, in the canonical bases of R 2 and i? 3 , 
by a matrix which depends only on the partial derivatives at p of the com¬ 
ponent functions x, y, z of F. Thus, dF p is a linear map, and dearly dF p {w) 
does not depend on the choice of a. 

The reader will have no trouble in extending this argument to the more 
general situation. Q.E.D. 

The matrix of dF p : R n > R m in the canonical bases of R n and R m ，that 
is, the matrix (dfjdxj), / = 1， . . • ， m，= 1， •，. ，《， is called the Jacobian 
matrix of F at p. When « = m，this is a square matrix and its determinant is 
called the Jacobian determinant; it is usual to denote it by 


det 



= d(J\ ，… ，/„) 
— d(x { , … ， x n ) 


Remark. There is no agreement in the literature regarding the notation 
for the differential. It is also of common usage to call dF p the derivative of 
F 2 itp and to denote it by F{p). 

Example 10. Let F: R 2 一 ^ R 2 be given by 


F{x, y) — (x 2 


y 2 -> 2xy), y) E R 2 . 
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F is easily seen to be differentiable, and its differential dF p at p = (x, y) is 


dF 


P 


F 2x ~2y 


2x) ‘ 


For instance, dF (ul) (2, 3) — (—2, 10). 

One of the advantages of the notion of differential of a map is that it 
allows us to express many facts of calculus in a geometric language. Consider, 
for instance, the following situation: LetF: U c R 2 — R 3 , G : V cz R 3 — > R 2 
be differentiable maps, where U and V are open sets such that F(U) [ V. 
Let us agree on the following set of coordinates, 


and let us write 


Then 


U c R 2 V c= R 3 R 2 

(w, v) (w) n) 

F(ij, v) = v\ y(u, v), z(u, v)\ 
G(x, y, z) =( 《 (w) ， //(x, z)). 


G o F(u, v) = v\ y(u, v\ z{u, v)\ t](x(u, v), y(u, v), z{u, v))\ 


1 1 ^ r*o Tl nrk't r 一 E 1 i rt r\ 1 1 O 1^1 ^ Q Tlrl tVl A 

CLLIKL^ Uy tJUV HAClil 丄 1 LilU ? VY V kCti 上 i^CLy U 丄 1CV L ^ X ^xj.w 

partial derivatives of its component functions. For instance, 


di _ dx 办丄 M 七 
du dx du ^ dy du dz du 

Now, a simple way of expressing the above situation is by using the fol¬ 
lowing general fact. 


PROPOSITION 8 (The Chain Rule for Maps). Let F: U c: R n -> R m 

and G: V d R m —^ R k be differentiable maps，where U and V are open sets 
such that F(U) c= V. Then G 。 F: U — > R k is a differentiable map，and 

d(G o F) p = dG F dF p , P ^ U. 

Proof. The fact that G 。 F is differentiable is a consequence of the chain 
rule for functions. Now，let g R n be given and let us consider a curve 
a: (~e 2 , ^ 2 ) — > U ，with a(0) = p, oc' ⑼ =w” Set dF p {w x ) = w 2 and observe 
that dG F(p) (w 2 ) =■ (d/dt)(G 。 F 。 a) | r=0 - Then 

d(Go = ~(G o F 。 a) 卜。 = dG F(p) (w 2 ) = dG F(p) 。 dF/w^. 

Q*E.D, 
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Notice that, for the particular situation we were considering before, the 
relation d(G 。 F) p 二 dG F(p) ° dF p is equivalent to the following product of 
Jacobian matrices, 

idj 

Idu dv\ 


m ^n\ 

dv* 

which contains the expressions of all partial derivatives d^jdu, d^jdv, dri/du, 
dtjjdv. Thus, the simple expression of the chain rule for maps embodies a 
great deal of information on the partial derivatives of their component func¬ 
tions. 

An important oroDertv of a differentiable function f\ (a. b') c= R — > R 
defined in an open interval (a, b) is that if f r {x) = 0 on (a, b) f then / is con¬ 
stant on (a, b). This generalizes for differentiable functions of several variables 
as follows. 

We say that an open set U cz R n is connected if given two points p，q c U 
there exists a continuous map a : [a, b] — > U such that a(a) — p and a(Z>) — q. 

丄 ixic<aiia uxai twu pv/iiita i^aii ut juiucu. uy a ^unuuuuua l，ui vc hi u ui 

that U is made up of one single “piece.” 



§S 



dx 

dy 

dz 

du 

dv 




dy 

dy_ 




du 

dv 


dt] 

dy 

d /J 

dz 

^du 

dz, 

dv' 


PROPOSITION 9. Let f: U c= R n ― ^ K be a differentiable function 
defined on a connected open subset U of R n . Assume that df p : R n R is zero 
at every point p G U. Then f is constant on U. 


Proof, Let p g U and let B s (p) [ U be an open ball around p and con¬ 
tained in U. Any point q g B e {p) can be joined to p by the “radial” segment 
P ： [0, 1] — ^ U, where p{t) ^ tq + {I ~ t)p, t € [0, 1] (Fig. A2-6). Since U 
is open, we can extend ^ to (0 — 6, 1 + e). Now ， f 。 (0 — e, 1 + e) R 
is a function defined in an open interval, and 

d(f 0 = (df 。 dfi) t = Q, 

since df = 0. Thus, 

岳 (/ 。灼 = o 

for all f e (0 — 6, 1 + 6), and hence (/ 。 々） 二 const. This means that 
= f(p) = f(fiW) = /(《)； that is,/is constant on B s (p). 

TIiuSj the proposition is jjrovcd locally; is ， S3.cii point of TJ has a 
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Figure A2-6 


neighborhood such that / is constant on that neighborhood. Notice that so 
far we have not used the connectedness of U. We shall need it now to show 
that these constants are all the same. 

Let r be an arbitrary point of U. Since U is connected, there exists a 
continuous curve a : [a, b] — > U ， with <x,(a) = a{b) = r. The function 
f o a: [a, b] ― ^ R is continuous in [a, b]. By the first part of the proof, for 
each t e [a, b], there exists an interval /” open in [a, b], such that / 。 ot is 
constant on 7 f . Since I t — [a, b], we can apply the Heine-Borel theorem 

iujj. \}). wc iau i^nuusc a. mute iiumuci i 9 i k kjv iuc mu:i vtus jf f 

so that U/ /f = [a, b], z. = 1, . . . ， A:. We can assume, by renumbering the 
intervals, if necessary, that two consecutive intervals overlap. Thus, / 。 a is 
constant in the union of two consecutive intervals. It follows that/is constant 
on [a, b]; that is, 

j j\p) = j y^)) = j vh 

Since r is arbitrary,/is constant on U. Q.E.D. 

One of the most important theorems of differential calculus is the so- 
called inverse function theorem, which, in the present notation, says the 
following, (Recall that a linear map A is an isomorphism if the matrix of A 
is invertible.) 

INVERSE FUNCTION THEOREM. Let F: U c -> R n ^ a differ¬ 
entiable mapping and suppose that a/ p G U the differential dF p : R n ― > R n is 
an isomorphism. Then there exists a neighborhood Y of p in U and a neigh¬ 
borhood W of F(p) in R n such that F : V — > W has a differentiable inverse 
F-h W —V. 

A differentiable mapping F: V cz R n — > W cz R n , where V and W are open 

A ▲ "W — 

sets, is called a diffeomorphism of V with W if F has a differentiable inverse. 
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The inverse function theorem asserts that if at a point p ^ U the differential 
dF p is an isomorphism, then F is a diffeomorphism in a neighborhood of p. 
In other words, an assertion about the differential of i 7 at a point implies a 
similar assertion about the behavior of i 7 in a neighborhood of the point. 

This theorem will be used repeatedly in this book. A proof can be found, 
for instance, in Buck, Advanced Calculus, p. 285. 

Example 11. Let F: R 2 — > R 2 be given by 

F(x, y) — (e x cos^, e x sin y), (x ， y) G R 2 . 

The component functions of F, namely ， u{x, y) = e x cos y, v(x, y) = e x 
sin y, have continuous partial derivatives of all orders. Thus, Fis differenti¬ 
able. 

It is instructive to see ， geometrically, how F transforms curves of the 
xy plane. For instance，the vertical line 久 =is mapped into the circle 
u = e X0 cos y, v — e Xo sin 3 ; of radius e x \ and the horizontal line y = y 0 is 
mapped into the half-line u e x cos^ 0) v = sin_y 0 with slope tan j 0 . It 
follows that (Fig. A2-7) 



Figure A2-7 


e x cos jo, e x siny 0 )\ x=xo 
=(e Xo cos 少 o, f 0 sin jo), 

仏一 (1 ， 0) = *(e x ° cos y> e Xo sin y)\ y ^ n 
— (—e Xo sinj 0 , cos y Q ) t 

This can be most easily checked by computing the Jacobian matrix of F, 
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—e x sin y\ 

> 

e x cos y I 

and applying it to the vectors (1 ，0 ) and (0, 1) at (x 0 , y 0 ). 

We notice that the Jacobian determinant = e x ^ 0 t and thus 

dF p is nonsingular for aii p = (x, y) e R 2 (this is also clear from the previous 
geometric considerations). Therefore, we can apply the inverse function 
theorem to conclude that F is locally a diffeomorphism. 

Observe that FXx.y) ~ F(x, y + 2k). Thus, F is not one-to-one and has 
no global inverse. For each p e R 2 , the inverse function theorem gives 
neighborhoods V of p and W of F(p) so that the restriction F: V — > W is sl 
diffeomorphism. In our case, V may be taken as the strip { —oo < x < oo, 
0 < v < 2n] and W diS R 1 — {(0, 0)}. However, as the example shows, even 
if the conditions of the theorem are satisfied everywhere and the domain of 
definition of Fis very simple, a global inverse of Fmay fail to exist. 


(x, y) 


du du\ 
dx dy 

dv dv 


e x cos y 


W sin y 



The Geometry 
of the Gauss Map 


3-1. Introduction 

As we have seen in Chap. 1, the consideration of the rate of change of the 
tangent line to a curve C led us to an important geometric entity, namely, the 
curvature of C. In this chapter we shaii extend this idea to regular surfaces; 
that is，we shall try to measure how rapidly a surface S pulls away from the 
tangent plane T P (S) in a neighborhood of a point p e S. This is equivalent to 
measuring the rate of change at /? of a unit normal vector field on a neigh¬ 
borhood of p. As we shall see shortly, this rate of change is given by a linear 
map on T P (S) which happens to be self-adjoint (see the appendix to Chap. 3). 
A surprisingly large number of local properties of 6* at p can be derived from 
the study of this linear map. 

In Sec ， 3-2, we shall introduce the relevant definitions (the Gauss map, 
principal curvatures and principal directions, Gaussian and mean curvatures, 
etc.) without using local coordinates. In this way，the geometric content of the 
definitions is clearlv brought ud. However, for comoutational as well as for 

JL ' JL 

theoretical purposes, it is important to express all concepts in local coordi¬ 
nates. This is taken up in Sec. 3-3. 

Sections 3-2 and 3-3 contain most of the material of Chap. 3 that will be 
used in the remaining parts of this book. The few exceptions will be explicitly 
pointed out. For completeness, we have proved the main properties of self- 
adjoint linear maps in the appendix to Chap. 3. Furthermore, for those who 
have omitted Sec. 2-6, we have included a brief review of orientation for 
surfaces at the beginning of Sec. 3-2. 

C5Ct；Liuii LuiiLaiut> a jjiuui ui me uiaL tu ctu;n puim ui a rcguiai 
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surface there exists an orthogonal parametrization, that is, a parametrization 
such that its coordinate curves meet orthogonally. The techniques used here 
are interesting in their own right and yield further results. However, for a 
short course it might be convenient to assume these results and omit the 

sertinn 

» v 息 ■ 

In Sec. 3-5 we shall take up two interesting special cases of surfaces, 
namely, the ruled surfaces and the minimal surfaces. They are treated inde- 

i ++£» J 八的 n ■fi'T*。 + r» /"I t m rt* 

Lll J ^dll WllllLL^U. UJL 丄 Cl 11 i O L i k CiU 丄 li g , 


^5 Jb m - — m »Mt m - — Jb tMt m m 

#//C? LJGI/mUUfl Ui t//C? XJciUmi IVicip 

and Its Fundamental Properties 

We shall begin by briefly reviewing the notion of orientation for surfaces. 

As we have seen in Sec. 2-4, given a parametrization x: U ^ R 2 — > S of 
a regular surface 5 at a point p e S, wq can choose a unit normal vector at 
each point of x(U) by the rule 


N(q) 


x M A x, 
x u A x. 




q G x(U). 


Thus, we have a differentiable map N: x(U) > R 3 that associates to each 
q e x(U) a unit normal vector N(q). 

More generally, if K c= *S is an open set in S and N ； V ― ^ jR 3 is a differ¬ 
entiable mao which associates to each a g K a unit normal vector at a. we 

A . 上， 

say that N is a differentiable field of unit normal vectors on V, 

It is a striking fact that not all surfaces admit a differentiable field of unit 

tinrmal vprtnrc nn tht> u)hnlp _vurfrtp£> Fnr in^tatirp nti flip TVfnhins 

».■*. ^ M. 灰真 T V ^ ^ f f *- W W V ■■ 丨 V F r r » V v W V • J frW V- • ▲ ks# Y Jh A V A t 本 -K^ A V 

strip of Fig. 3-1 one cannot define such a field. This can be seen intuitively by 



Figure 3-1. The Mobius strip. 
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going around once along the middle circle of the figure : After one turn, the 
vector field N would come back as —N y a contradiction to the continuity of 
N. Intuitively, one cannot, on the Mobius strip, make a consistent choice of 
a definite “side” ； moving around the surface, we can go continuously to the 
“other side” without leaving the surface. 

We shall say that a regular surface is orientable if it admits a differentiable 
field of unit normal vectors defined on the whole surface; the choice of such 

a ii^iu iv ^aiicu au uri^ruuuun ui k}. 

For instance, the Mobius strip referred to above is not an orientable sur¬ 
face. Of course, every surface covered by a single coordinate system (for 
instance, surfaces represented by graphs of differentiable functions) is triv¬ 
ially orientable. Thus, every surface is locally orientable, and orientation is 
definitely a global property in the sense that it involves the whole surface. 

An orientation N on S induces an orientation on each tangent space 
T P (S), p e S, 3i$ follows. Define a basis {v, w] e T P (S) to be positive if 
(v A Ny is positive. It is easily seen that the set of all positive bases of 
7^(^) is an orientation for T P (S) (cf. Sec. 1-4). 

Further details on the notion of orientation are given in Sec. 2-6_ How¬ 
ever, for the purpose of Chaps. 3 and 4, the present description will suffice. 

Throughout this chapter, will denote a regular orientable surface in 
which an orientation (i.e., a differentiable field of unit normal vectors N) has 
been chosen; this will be simply called a surface S with an orientation N, 

DEFINITION 1. Let S K 3 be a surface with an orientation N. The map 
N: S — > R 3 takes its values in the unit sphere 

S 2 = v. z) g R 3 : 

The map N: S — S 2 , thus defined ， is called the Gauss map of S (Fig. 3-2)A 

It is straightforward to verify that the Gauss map is differentiable. The 
differential dN p of at p g S is a, linear map from T P (S) to T Nip) (S 2 ). Since 
T and T … arp naralle.1 nlane.^ rJN nan he. Inokp.rl nnnti as a linear 

map on T P (S). 

The linear map dN p : T P (S) ― > T P (S) operates as follows. For each para¬ 
metrized curve oc(0 in S with a(0) = p, we consider the parametrized curve 
Noa(t) = N(t) in the sphere S 2 ; this amounts to restricting the normal vector 
# to the curve oc(r). The tangent vector iV’ ⑼： = dN^ccXO)) is a vector in T P (S) 
(Fig. 3-3). It measures the rate of change of the normal vector N f restricted to 
the curve a(0. at ^ = 0. Thus, dN p measures how N pulls away from N{p) in 


fin italic context, letter symbols set in roman rather than italics. 
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Figure 3-2. The Gauss map. 



a neighborhood of p. In the case of curves, this measure is given by a number, 
the curvature. In the case of surfaces, this measure is characterized by a 
linear map. 


Example 1. For a plane P given by ax + by cz d — the unit 
normal vector N = {a, b, cWa 1 十 Z > 2 + c 2 is constant, and therefore 
dN 三 Q (Fig. 3-4). 

Example 2. Consider the unit sphere 

z ) e R 3 ;x 2 + y z +z 2 = 1}. 

If a(0 = (jc(?), 少 (/) ， z(t)) is a parametrized curve in S 2 , then 

2xx f + 2yy f + 2zz f = 0, 

which shows that the vector (x t y, z) is normal to the sphere at the point 
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Figure 3-4. Plane : dN p = 0. 


(jc, y, z). Thus, N = (x, y, z) and N = (—x, —y, —z) are fields of unit nor¬ 
mal vectors in S 2 . We fix an orientation in *S 2 by choosing N = (—x ， —y, 一 z) 
as a normal field. Notice that N points toward the center of the sphere. 

Restricted to the curve cc(t), the normal vector 

购 (— 冲 )， —z ⑼ 

is a vector function of t, and therefore 

dN(x f (t), y'Q), z f (t)) — N f (i) = (― X' ⑺， —yXt), —z r (t)); 

that is, dN p (v) = —v for all p ^ S 2 and all v e T P (S 2 ). Notice that with the 
choice of ^ as a normal field (that is, with the opposite orientation) we would 
have obtained dN p {v) = v (Fig. 3-5). 

Example 3. Consider the cylinder {(x, y, z) g R 3 ; x 2 y 2 = 1}. By an 
argument similar to that of the previous example, we see that N = 二 0 , 0 ) 
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and N = (—x, — 少， 0) are unit normal vectors at (x, y, z). We fix an orienta¬ 
tion by choosing N = (—x, — 少， 0) as the normal vector field. 

By considering a curve Cx(r) ， y{t) f z{t)) contained in the cylinder, that 
is, with (x( 0) 2 + ( 少 ( 0) 2 = 1 ， we are able to see that, along this curve, 
N(t) = (—x(t\ —y(t\ 0) and therefore 

dN{x\t\ y\t\ z\t)) = N\t) = (—0). 

We conclude the following: If r is a vector tangent to the cylinder and 
parallel to the z axis, then 

dN(v) = 0 = Oi 1 ； 

if w is a vector tangent to the cylinder and parallel to the xy plane，then 
dN{w) = — w (Fig. 3-6). It follows that the vectors v and are eigenvectors 
of dN with eigenvalues 0 and —1，respectively (see the appendix to Chap. 3). 


z 



x Figure 3-6 

Example 4. Let us analyze the point p = (0, 0, 0) of the hyperbolic 
paraboloid z = y 1 — x 1 . For this, we consider a parametrization x ( m , v) 
given by 

x(i/, v) = (u, v, v 2 — u 2 ), 

and compute the normal vector N(u t v). We obtain successively 

x„ = (1 ， 0, —2u\ 
x v = (0, 1, 2v) 9 

at ~ ( _ u — v _ 1 _ 、 

… — Ww 2 +沪 + + ’ v« 2 + ” 2 + 士 ’ 2Vw 2 +^ 2 +i/* 

Notice that at /? = (0, 0, 0) x a and x v agree with the unit vectors along the x 
and y axes, respectively. Therefore, the tangent vector at p to the curve 
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cc(t) = x(u(t), v(t)\ with oc(0) = p f has, in 7? 3 } coordinates (i/(0) ， v'(0) ，0 ) 
(Fig* 3-7). Restricting N(u, v) to this curve and computing iV^O)，we obtain 

NXQ) = (2u f (0), -2v r (0\ 0), 


z 



Figure 3-7 


and therefore, at p 9 

dN p (u ， (Q\ v f (0), 0) = (2i/(0) ，一 2” ， ⑼， 0). 

It follows that the vectors (1 ， 0, 0) and (0, 1 ， 0) are eigenvectors of dN p with 
eigenvalues 2 and —2, respectively. 

Example 5. The method of the previous example, applied to the point 
p — (0, 0, 0) of the paraboloid z = x z + ky 1 , ^ > 0, shows that the unit 
vectors of the x axis and the y axis are eigenvectors of dN p ，with eigenvalues 
2 and 2k ，respectively (assuming that N is pointing outwards from the region 
bounded by the paraboloid). 

An important fact about dN p is contained in the following proposition. 

PROPOSITION 1. The differential dN p : T P (S) — T P (S) of the Gauss 
map is a self-adjoint linear map (cf. the appendix to Chap. 3). 

Proof. Since dN p is linear, it suffices to verify that 州 2 〉二 

<w l5 dN p {w 1 ) s ) for a basis {w 1} w 2 } o^T p {S). Let x(m, v) be a parametrization of 
S dit p and {x u ， x v ] the associated basis of T P (S). If a(r ) 二 x«0, v(t)) is a 
parametrized curve in S 9 with a(0) = p f we have 

^(aXO)) - dN p (x u u\0) + xy(0)) 

= N u u f (0) + N v v f (0); 

in particular, dN p (x u ) = N u and dN p (x v ) = N v . Therefore，to prove that dN p 
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is self-adjoint, it suffices to show that 

〈 iV" K ， x v 〉 = 〈 x u ， 

To see this, take the derivatives of x H > = 0 and <^N, = 0, relative 

to v and u, respectively, and obtain 

〈凡， x„> +〈iV，x 即 > = 0， 

〈 AA U ， x r 〉 + 〈 iV ， x ⑽〉 = 0. 

Thus, 

< 凡， x v > = — <A^ 5 x u ,> = <7V v , x w ). Q.E.D. 

The fact that dN p \ T P {S) — T P (S) is a self-adjoint linear map allows us 
to associate to dN p a quadratic form Q in T P (S )， given by Q(v) = <dN p [v) ， v\ 
v g T P (S) (cf. the appendix to Chap. 3). To obtain a geometric interpretation 
of this quadratic form, we need a few definitions. For reasons that will be 
clear shortly, we shall use the quadratic form —Q. 

DEFINITION 2. The quadratic form II p} defined in T P (S) by II p (v) 
= — 〈 dNp(v) ， v〉h called the second fundamental form of S at p. 

DEFINITION 3. Let Q be a regular curve in S passing through p e S, k 
the curvature of C at p, and cos 0 = 〈 n ， N)>, where n is the normal vector to 
C and N is the normal vector to S at p. The number k n = k cos 6 is then called 
the normal curvature of C^Sat p. 

In other words, k n is the length of the projection of the vector kn over the 
normal to the surface at p, with a sign given by the orientation N of 5 at 
(Fig. 3-8). 



s 


Figure 3-8 
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Remark, The normal curvature of C does not depend on the orientation 
of C but changes sign with a change of orientation for the surface. 


To give an interpretation of the second fundamental form II P , consider a 
itgular C c S parametTiz^d by a(s), wlieve s is the arc length of C, and 
with a(0) = p. If' we denote by N{s) the restriction of the normal vector iV’to 
the curve a(.s), we have (N{s) t = 0. Hence, 

<N(sh a" ⑷ > =a»>. 


Therefore, 

// p (a'(0)) = - 〈 dN p _)) ， a'(0)> 

= 一 <iV'(0) ， a'(0)> = a"(0)> 

=(N 、 kn>(o) = kSv). 

、 ' /• va ， **y 


In other words, the value of the second fundamental form II P for a unit 
vector v g is equal to the normal curvature of a regular curve passing 

_ _ _ 人 

through p and tangent to v. In particular, we obtained the following result. 


PROPOSITION 2 (Meusnier). All curves lying on a surface S and having 
at a given point p E S the same tangent line have at this point the same normal 
curvatures. 


The above proposition allows us to speak of the normal curvature along 
a given direction at p. It is convenient to use the following terminology. Given 
a unit vectors e T P (S\ the intersection of 5 with the plane containing v and 
N(p) is called the normal section of 5 at p along v (Fig. 3-9). In a neighborhood 
of p, a normal section of 5 at p is a regular plane curve on S whose normal 

罾丄 a— mm 4 - I f ”、 • , + n rrt +ti , n +1^ ^-**rtf* y^\ 八 jntunl 4 - a. ‘1% a rt 1* ri/"x"! i i + 占 

vcului n cu y y ito vui vaLui^ &L[uat i%j lllc 丄 ull 

value of the normal curvature along v at p. With this terminology, the above 



Figure3-9. Meusnier theorem ： C and 
C n have the same normal curvature at 
p along v. 
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proposition says that the absolute value of the normal curvature at /? of a 
curve a(*y) is equal to the curvature of the normal section of S a.tp along a'(0). 


Example 6. Consider the surface of revolution obtained by rotating the 
curve z = y 4 about the r axis (Fig. 3-10). We shall show that at 二 （ 0, 0, 0) 
the differential dN p = 0. To see this, we observe that the curvature of the 
curve z = 少 4 at 户 is equal to zero. Moreover, since the xy plane is a tangent 
plane to the surface at./?，the normal vector N(p) is parallel to the z axis. 
Therefore, any normal section at p is obtained from the curve z = y 4 by 
rotation; hence, it has curvature zero. It follows that all normal curvatures 
are zero at p, and thus dN p = 0. 



Example 7. In the plane of Example 1, all normal sections are straight 
lines; hence, all normal curvatures are zero. Thus, the second fundamental 
form is identically zero at all points. This agrees with the fact that dN = 0. 

O 2* -f* Xj v rt rs O tt m +1^% ~\T n + rv'*-% 办 'V% o 1 rv o 

丄 uix^ apuwjLt; vji hAaJULip 丄 l 厶 5 vvj^ii ao 丄 ^ ixvjnncu cicvtivjiia 

through a point p ^ S 2 are circles with radius 1 (Fig. 3-11). Thus, all normal 
curvatures are equal to 1 5 and the second fundamental form is II p {v) = 1 
ror ail p g ana an v e i^). 



Figure 3-ii. Normal sections on a sphere. 
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In the cylinder of Example 3, the normal sections at a point p vary from 
a circle perpendicular to the axis of the cylinder to a straight line parallel to 
the axis of the cylinder, passing through a family of ellipses (Fig. 3-12). Thus, 
the normal curvatures varies from 1 to 0. It is not hard to see geometrically 
that 1 is the maximum and 0 is the minimum of the normal curvature at p. 



Figure 3-12. Normal sections on a 
cylinder. 


However, an application of the theorem on quadratic forms of the appendix 
to Chap. 3 gives a simple proof of that. In fact, as we have seen in Example 3, 
the vectors w and v (corresponding to the directions of the normal curvatures 
1 and 0, respectively) are eigenvectors of dN p with eigenvalues —1 and 0, 
respectively. Thus, the second fundamental form takes up its extreme values 
in these vectors, as we claimed. Notice that this procedure allows us to check 
that such extreme values are 1 and 0. 

We leave it to the reader to analyze the normal sections at the point 
p = (0, 0, 0) of the hyperbolic paraboloid of Example 4. 


Let us come back to the linear map dN p . The theorem of the appendix to 
Chap. 3 shows that for each p e S there exists an orthonormal basis {e u e 2 ] 
of T P (S) such that dN p {e x ) = —k r e u dN p {e 2 ) = —k 2 e % . Moreover, k x and 

/t 2 ajLC me inaAimuiii anu minmiuin vji me sccvjhu luiiuaiiicmai 

form II p restricted to the unit circle of T P (S); that is，they are the extreme 
values of the normal curvature at p. 


DEFINITION 4. The maximum normal curvature k 2 and the minimum 
normal curvature k 2 are called the principal curvatures at p; the corresponding 
directions，that is, the directions given by the eigenvectors e 1? e 2 , are called 
principal directions at p. 

For instance, in the plane all directions at all points are principal direc- 
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tions. The same happens with a sphere. In both cases，this comes from the 
jfsct that tils second fundamental form stX each point is constaixt (cf*. Exo-inplc 
7); thus, all directions are extremals for the normal curvature. 

In the cylinder of Example 3, the vectors v and w give the principal direc- 

争 《 撫我 ^ 'laK M ■« -rn -w A. A 1 a. 丄 —W , 1 v ▼ 

Liuns ai ^uiicspunuing iu uic piiu^ipcti ^uiviuuicb u auu i, icspcuuvciy. 

In the hyperbolic paraboloid of Example 4, the 久 and y axes are along the 
principal directions with principal curvatures —2 and 2, respectively. 

DEFINITION 5. If a regular connected curve C on S is such that for all 
p e C f/ie tangent line of C is a principal direction at p, then C is said to be a 
iine of curvature of C. 


PROPOSITION 3 (Olinde Rodrigues). A necessary and sufficient condi¬ 
tion for a connected regular curve C on S to be a line of curvature ofS is that 

N^t) - 棘 ) a ， (t )， 

for any parametrization a(t) of C, where l^t) = Noa(t) and A(t) is a differen¬ 
tiable function oft. In this case, — A(t) is the {principal) curvature along a'(t). 

Proof. It suffices to observe that if a^O is contained in a principal direc¬ 
tion, then a f (t) is an eigenvector of dN and 

dN(<x f (t)) = N f (t) = - 

The converse is immediate. Q.E.D. 

The knowledge of the principal curvatures at p allows us to compute easily 
the normal curvature along a given direction of T P (S). In fact, let v e T P (S) 
with \v\ = 1. Since e x and e 2 form an orthonormal basis of T P (S), we have 

v = e x cos 6 + e 2 sin 6, 

where 0 is the angle from e x to in the orientation of T P (S). The normal 
curvature k n along v is given by 

K 二 n P iv) = —<■»，”> 

= —( s dN p (e 1 cos 9 + e 2 sin 6), cos 0 + e 2 sin &} 

=(e Y k x cos 0 + e 1 k 1 sin 0, e x cos 6 + e 2 sin 0 s ) 

= k x cos 2 6 + k 2 sin 2 0. 

The last expression is known classically as the Euler formula; actually, it is 
just the expression of the second fundamental form in the basis {e l} e 2 j. 
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Given a linear map A : V —> F of a vector space of dimension 2 and given 
a basis {v u w 2 } of F，we recall that 

determinant of A = a lx a 21 — a 12 a 21 ， trace of A — a u + a 22 ， 

where (a i7 ) is the matrix .of A in the basis {v u v 2 }> It is known that these 
numbers do not depend on the choice of the basis {v u v 2 ] and are, therefore, 
attached to the linear map A. 

In our case, the determinant of dN is the product (~k 1 )(—k 2 ) = k x k 2 of 
the principal curvatures, and the trace of dN is the negative ~{k x + k 2 ) of 
the sum of principal curvatures. If we change the orientation of the surface, 
the determinant does not change (the fact that the dimension is even is 
essential here); the trace, however, changes sign. 

DEFINITION 6. Let p g S and let dN p ; T P (S) — T P (S) be the differ¬ 
ential of the Gauss map. The determinant of dN p is the Gaussian curvature K 
ofS at 0 . The negative of half of the trace of dN„ is called the mean curvature 

mf A. a/ a/ 

11 of S at p. 

In terms of the principal curvatures we can write 

K=k x k 29 H= kl 

DEFINITION 7. A point of a surface S is called 

1. Elliptic if 办 〆 dN p ) > 0. 

2. Hyperbolic if det(dN v ) < 0. 

3. Parabolic if 办 /(dN p ) = 0, with dN p ^ 0. 

4. Planar if dN p = 0. 

It is clear that this classification does not depend on the choice of the 
orientation. 

At an elliptic point the Gaussian curvature is positive. Both principal 
curvatures have the same sisn. and therefore all curves oassins throush this 

j X w w 

point have their normal vectors pointing toward the same side of the tangent 
plane. The points of a sphere are elliptic points. The point (0, 0, 0) of the 
paraboloid z = x 1 + ky 1 , k > 0 (cf. Example 5)，is also an elliptic point. 

At a hyperbolic point, the Gaussian curvature is negative. The principal 
curvatures have q^osite signs, and therefore there are curves through p 
whose normal vectors at p point toward any of the sides of the tangent plane 
at p t The point (0, 0, 0) of the hyperbolic paraboloid z y 2 ~ x 2 (cf. Exam¬ 
ple 4) is a hyperbolic point. 

At a parabolic point, the Gaussian curvature is zero, but one of the prin- 
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cipal curvatures is not zero. The points of a cylinder (cf. Example 3) are 
parabolic points. 

Finally, at a planar point, all principal curvatures are zero. The points of 
a plane trivially satisfy this condition. A nontrivial example of a planar point 
was given in Example 6. 

DEFINITION 8. Ifotp g S, kj — k 2 , then p is called an umbilical point 
of S; in particular, the planar points (lq = k 2 =0) are umbilical points. 

All the points of a sphere and a plane are umbilical points. Using the 
method of Example 6, we can verify that the point (0, 0, 0) of the paraboloid 
二 =x 2 + j； 2 is a (nonplanar) umbilical point. 

We shall now prove the interesting fact that the only surfaces made up 
entirely of umbilical noints are essentiallv snheres and nlanes. 

j . ~ •^上 丄 

PROPOSITION 4. If all points of a connected surface S are umbilical 
points, then S is either contained in ci sphere of in o. plane• 

Proof. Let p e S and let x(u, v) be a parametrization of at such that 
the coordinate neighborhood V is connected. 

Since each q e V is an umbilical point，we have, for any vector w = 
+ a 2 ^ in T g (S), 

dN(w) = X(q)w, 

where A — A(q) is a real differentiable function in V, 

We first show that l(q) is constant in V. For that, we write the above 
equation as 

N u a t + N v a 2 = X(^ u a x + \a 2 ); 
hence, since w is arbitrary, 

iVy AXy . 

Differentiating the first equation in u and the second one in v and subtract¬ 
ing the resulting equations, we obtain 

Aid —义 = 0. 

Since x u and x v are linearly independent, we conclude that 

~ ^ 


for all q e V. Since 〆 is connected, A is constant in V, as we claimed. 
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If 又三 0 ， = N v =^0 and therefore N = N Q = constant in V. Thus, 
<x(w, v), N o y u = <x(u 9 v), N o y v =- 0; hence ， 

<x(w, v), Nq } 二 const., 

anu an pomis x(m, v) ui v ueiong iu n piane. 

If 义 # 0, then the point x(u, v) — (l/A)A^(i/, v) = y(w, v) is fixed, because 

嚐 嚐 

(x(w, v) — ■^N(u ， v)\ = (x(w, v) — v)) v = 0. 

Since 

|x(w, v)~~y \ 2 = ^：> 

all points of V are contained in a sphere of center y and radius 1/| A [. 

This proves the proposition locally, that is, for a neighborhood of a point 
p e S. To complete the proof we observe that, since S is connected, given 
any other point r g S ， there exists a continuous curve a : [0, 1] — ^ S with 
a(0) = p, a(l) 二 r. For each point a(t) g S of this curve there exists a 
neighborhood V t in S contained in a sphere or in a plane and such that 
a~\V t ) is an open interval of [0, 1]. The union ij t e [0, 1], covers 

[0, 1] and since [0, 1] is a closed interval, it is covered by finitely many ele¬ 
ments of the family {a _1 (F f )} (cf. the Heine-Borel theorem. Prop. 6 of the 
appendix to Chap. 2). Thus, c([0, 1]) is covered by a finite number of the 
neighborhoods V t . 

If the points of one of these neighborhoods are on a plane, all the others 
will be on the same plane. Since r is arbitrary, all the points of S belong to 
this plane. 

If the points of one of these neighborhoods are on a sphere, the same 
argument shows that all points on S belong to a sphere, and this completes 
tuc proof. Q.E.O. 

DEFINITION 9. Let p be a point in S. An asymptotic direction ofSatp 
is a direction of T p (S) for which the normal curvature is zero. An asymptotic 
curve of S is a regular connected curve C c S such that for each p e C the 
tangent line of C at p is an asymptotic direction. 

It follows at once from the definition that at an elliptic point there are no 
asymptotic directions. 

A useful geometric interpretation of the asymptotic directions is given by 
means of the Dupin indicatrix, which we shall now describe. 

Let be a point in S. The Dupin indicatrix at is the set of vectors w of 
T P (S) such that H p (w) = 士 1. 
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To write the equations of the Dupin indicatrix in a more convenient 
form, let (^, rf) be the cartesian coordinates of T P (S) in the orthonormal 
basis {e u e 2 ], where e 1 and e 2 are eigenvectors of dN p . Given w e T P (S), let 
p and 0 be “polar coordinates” defined by >v — pv, with | ^ | ~ 1 and v = 

rt O f ^ m i 、 八 "Dtt En tn f* rw-r»-**vi111 

ci \j -p cj oiix i/j ii // -y— \j. ±jy Ltmi 3 i 

士 1 = II p (w) = p 2 II p (v) 

= k^p 1 cos 2 0 + k 2 p 2 sin 2 0 

=k ^ 2 + M 2 ， 

tt 4 1 mj% 各 a a 4 ^ ^ f y*x ^ yx •* ^ a "l" 飞 , 】 

w — 丁 ff^2* Auua, luc vuuiu.iiici.tca kji a puiin \ji uic JL/upin 

indicatrix satisfy the equation 

女3 2 +^7 2 = 士1; ⑴ 

hence, the Dupin indicatrix is a union of conics in T P (S). We notice that the 
normal curvature along the direction determined by w is kJv) IfJv) 

w » n r 

= 土 (1/〆)- 

For an elliptic point, the Dupin indicatrix is an ellipse {k 1 and k 2 have 
the same sign); this ellipse degenerates into a circle if the point is an umbilical 
nonplanar point {k x = k 2 ^ 0). 

For a hyperbolic point, k x and k 2 have opposite signs. The Dupin indica¬ 
trix is therefore made up of* two hyperbolas with ei common pair of asymptotic 
lines (Fig. 3-13). Along the directions of the asymptotes, the normal curva¬ 
ture is zero; they are therefore asymptotic directions. This justifies the 
terminology and shows that a hyperbolic point has exactly two asymptotic 
directions. 



Figure 3-13. The Dupin indicatrix. 

For a parabolic point, one of the principal curvatures is zero, and the 
Dupin indicatrix degenerates into a pair of parallel lines. The common direo 
tion of these lines is the only asymptotic direction at the given point. 

In Example 5 of Sec. 3-4 we shall show an interesting property of the 
Dupin indicatrix. 

Closely related with the concept of asymptotic direction is the concept of 
conjugate directions, which we shall now define. 




150 


The Geometry of the Gauss Map 


DEFINITION 10, Let ^ be a point on a surface S. Two nonzero vectors 
w n w 2 e T P (S) are conjugate if <dN p (w 1 ), w 2 > = <w 1; dN p (w 2 )> = 0. Two 
directions r 1? r 2 at p are conjugate if a pair of nonzero vectors w l9 w 2 paral¬ 
lel to r! and r 2 , respectively, are conjugate. 

It is immediate to check that the definition of coniusate directions does 
not depend on the choice of the vectors w x and w 2 on r x and r 2 . 

It follows from the definition that the principal directions are conjugate 
and that an asymptotic direction is conjugate to itself. Furthermore, at a 
nonplanar umbilic, every orthogonal pair of directions is a pair of conjugate 
directions, and at a planar umbilic each direction is conjugate to any other 
direction. 

Let us assume that e 5 is not an umbilical point, and let {e u e 2 ] be the 
orthonormal basis of T P (S) determined by dN p {e'~) = dN p {e 2 ) — 

—k 2 e 2 . Let 6 and (p be the angles that a pair of directions and r 2 make with 
e x . We claim that and r 2 are conjugate if and only if 

k' cos 9 cos (p =— 允 2 sin 6 sin (p. (2) 

In fact, r l and r 2 are conjugate if and only if the vectors 

~ e x cos 9 + e 2 sin 0, w z — e 1 cos q> + e 2 sin (p 
are conjugate. Thus, 

0 = w 2 y = cos 0 cos (p — k 2 sin 6 sin (p. 

Hence, condition (2) follows. 

When both/：! and k 2 are nonzero (i.e.,/?is either an elliptic or a hyperbolic 
point), condition (2) leads to a geometric construction of conjugate directions 
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in terms of the Dupin indicatrix at p. We shall describe the construction at an 
elliptic point, the situation at a hyperbolic point being similar. Let r be a 
straight line through the origin of T P (S) and consider the intersection points 
q u q 2 of r with the Dupin indicatrix (Fig. 3-14). The tangent lines of the 
Dupin indicatrix at q x and q 2 are parallel，and their common direction 〆 is 

八 ♦A 1 11 /Vrt M "\"\ T 1 1 *1 A n Y Tr\. 4* 1>n 八 rv ■fo W ■f' 本 1% A 朽 A. * A. A ‘ A 4* A. L 、 一办 《 

cuujugait lvj r, vv t; oixan iccivt; lix^ ui ab&CiUUlJLb lu liic J^AClv^i&Cb 

(Exercise 12). 


EXERCISES 


1. Show that at a hyperbolic point, the principal directions bissect the asymptotic 
directions. 

2. Show that if a surface is tangent to a plane along a curve, then the points of this 
curve are either parabolic or planar. 

3. Let C c 5 be a regular curve on a surface S with Gaussian curvature K> 0 t 
Show that the curvature 人 of C at p satisfies 

k > min(| h I， I 众 2 1 )， 

where k x and k 2 are the principal curvatures of S at p, 

4. Assume that a surface S has the property that \k x \ < 1, \ k 2 \< 1 everywhere. 
Is it true that the curvature k of a curve on S also satisfies | ^ | < 1 ? 

5. Show that the mean curvature H at p e S is given by 



k n {9) d9 t 


where k n (6) is the normal curvature at p along a direction making an angle 0 
with a fixed direction. 

6. Show that the sum of the normal curvatures for any pair of orthogonal direc¬ 
tions, at a point e is constant. 

7. Show that if the mean curvature is zero at a nonplanar point, then this point has 
two orthogonal asymptotic directions. 

8. Describe the region of the unit sphere covered by the image of the Gauss map of 
the following surfaces : 

a. Paraboloid of revolution z = x 2 + y 1 . 

b. Hyperboloid of revolution x 2 + 少 2 — z 2 = 1. 

c. Catenoid x 2 + y 1 = cosh 2 z. 

9. Prove that 

a I wh XT"—A/ 7 non 、 O *2, f n v% o m 0 +1*1 m d Ot 1 

xnw illlcigw ly ^ ia uy nio-p i t . — r ~ lx n 谷 u 晨“丄 
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curve a: I > S which contains no planar or parabolic points is a para¬ 
metrized regular curve on the sphere S 2 (called the spherical image of a), 

b. If C = a(/) is a line of curvature, and k is its curvature at p, then 

^ = I k n k N \, 

where k n is the normal curvature at p along the tangent line of C and k N is the 
curvature of the spherical image N(C) cz S 2 at N(p). 

10. Assume that the osculating plane of a line of curvature C c= which is no¬ 
where tangent to an asymptotic direction, makes a constant angle with the 
tangent plane of S along C. Prove that C is a plane curve. 

ax, jy uv i4.ii yyjLiiL %jl a aui 丄 ait; anu / emu f ugaic^ viii^uuua 

at p. Let r vary in T P (S) and show that the minimum of the angle of r with r f is 
reached at a unique pair of directions in T P (S) that are symmetric with respect 
to the principal directions. 

12. Let p be a hyperbolic point of a surface S, and Jet r be a direction in T P (S). 
Describe and justify a geometric construction to find the conjugate direction 〆 
of r in terms of the Dupiri inaicatrix (cf. the construction at the end of Sec. 3-2). 

*13. {Theorem of Beltrami-Enneper.) Prove that the absolute value of the torsion x at 
a point of an asymptotic curve，whose curvature is nowhere zero, is given by 

M = 

where K is the Gaussian curvature of the surface at the given point. 

*14: If the surface S t intersects the surface S 2 aJong the regular curve C, then the 
curvature A ： of C at /? g C is given by 

A: 2 sin 2 0 = X\ + — 2d cos 0 ， 

where a i and a 2 are the normal curvatures at /?, along the tangent line to C, of 
Si and S 2 , respectively, and 9 is the angle made up by the normal vectors of 5i 
and S 2 at p. 

15. {Theorem of Joachimstahl,) Suppose that and S 2 intersect along a regular 
curve C and make an angle 9{p), p e C, Assume that C is a line of curvature of 
5V Prove that 6{p) is constant if and only if C is a line of curvature of S 2 . 

*16. Show that the meridians of a torus are lines of curvature. 

17. Show that if H 三 0 on and S has no planar points, then the Gauss map 

— ^ iiaa iuiiuw 且 _ 

<^dN p {w{), dN p (w2)y = — 足 (/0 〈冰 1 ，州 2 〉 

for all e 5 and all w u w 2 g T p (S). Show that the above condition implies 
that the angle of two intersecting curves on S 1 and the angle of their spherical 
images (cf. Exercise 9) are equal up to a sign. 
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*18. Let . . . , be the normal curvatures at /> g S along directions making 
angles 0, 2njm y . . , ,{m — \)2njm with a principal direction. Prove that 

A i + • • • -f- X m — mH, 


where H is the mean curvature at p. 

M9. Let C [S be a regular curve in S. Let p g C and CC(s) be a parametrization of 
C in ^ by arc length so that a(0) ^ p. Choose in T P {S) an orthonormal positive 
basis h\ where t = a'(0). The geodesic torsion of C cz 5* at ^ is defined by 


- = \S (0) -T 


Prove that 

a. T g — (k x — Z: 2 ) cos (p sin (p, where (p is the angle from e x to t. 

b. If T is the torsion of C, n is the (principal) normal vector of C and cos 0 
= (N^ n}, then 


• n 

ds 


= % —— % 


g* 


c. The lines of curvature of S are characterized by having geodesic torsion 
identically zero. 

*20. {Dupin's Theorem.) Three families of surfaces are said to form a triply orthogonal 
system in an open set U c= R 3 if a unique surface of each family passes through 
each point p e U and if the three surfaces that pass through p are pairwise 
orthogonal. Use part c of Exercise 19 to prove Dupin’s theorem : The surfaces of 
a triply orthogonal system intersect each other in lines of cur vature. 


3-3 - The Gauss Map 
in Local Coordinates 


In the preceding section, we introduced some concepts related to the local 
behavior of the Gauss map. To emphasize the geometry of the situation, 
the definitions were given without the use of a coordinate system. Some 
simple examples were then computed directly from the definitions; this pro¬ 
cedure, however, is inefficient in handling general situations. In this section, 

tt ta r* X% 11 a a 4 a xr 八 n n ， 八 p a 广》 八 J i 4 + rt 1 ^rt vt / ~1 八 P 

ixian uuiaiix tilt i uiiuaiii^iiLai 丄 a 丄丄 u 

differential of the Gauss map in a coordinate system. This will give us a 
systematic method for computing specific examples. Moreover, the general 
expressions thus obtained are essential for a more detailed investigation of 
the concepts introduced above. 

All parametrization x: U cz R 2 ^> S considered in this section are 
assumed to be compatible with the orientation N of S; that is, in x{U), 
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N = 


x„ A x„ 
x u A x r 


Let x(u, v) be a parametrization at a point p E of a surface S, and let 
a(0 = = x(u(t), v(t)) be a parametrized curve on S, with a(0) = p. To simplify 
the notation, we shall make the convention that all functions to appear below 
denote their values at the point p. 

The tangent vector to a(0 at is a' = x u u' + x v v f and 

dN(oL f ) = N\u{t\ v(t)) = N u u f + N v v. 

Since N u and N v belong to T P {S\ we may write 


and therefore, 


N u = g X iX u anX v , 

N v "2 2 X v7 


hence, 


dN(jx !、 = iU -f- («2i w/ ~h 


dN 



a 2 i 


a l2 

a 22 



( 1 ) 


This shows that in the basis {x u? x y }，dN is given by the matrix (a , 7 )， 
ij ~ 1, 2. Notice that this matrix is not necessarily symmetric, unless 
{x H , xj is an orthonormal basis. 

On the other hand, the expression of the second fundamental form in the 

J JL - 

basis {x„ ， x w } is given by 

IIM) = ~(dNW\ a f )> = ~<N u u f + N v v\ ^ U u f + W> 

= e(uy + 2fuV + g(v f Y ， 

where, since 〈 —A^, x M )> — 〈 _A^ xA — 0. 


e — — 〈^ w ， x «〉=〈 V ， x um 〉， 


.d 


〈 A ’， X U y 〉 


〈 A’ ， x ⑽〉 


■d X 》， 


g 二 — x y > = 〈 iv ， x vv y. 

We shall now obtain the values of a tj in terms of the coefficientes e, /, g. 
From Eq. (1)，we have 


_ ^ / A 7" ■mr _ TP I « 

—J— Vh， 〜 / — un± ~r « 21 v /， 

~ f " v，= « 12 五 + Qz^Fy 

— c — 〈N u ， x a 〉 = a" 五 + o,2iF 9 
— S = v> x v )> = ci\%F ^ 22 ^) 
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where E, F, and G are the coefficients of the first fundamental form in the 
basis jx u ， x v } (cf. Sec. 2-5). Relations (2) may be expressed in matrix form by 


hence, 



(3) 


where ( 广 1 means the inverse matrix of ( ). It is easily checked that 


E F\^ i i G 

F G) = EG^F 2 \^ F 



whence the following expressions for the coefficients {a tJ ) of the matrix of 
dN in the basis 

f F — eG 
an ^ EG: F 1 ’ 


«12 — 


gF—fG 
EG - F 2 


eF —fE 
= EG — F 2 


022 = 


fF—gE - 
EG - F 2 


For completeness, it should be mentioned that relations (1), with the above 
values，are known as the equations of Weingarten, 
rrom szq. (j) we lmmeaiaieiy ooiam 

K = det(a ,》= 益 ~^F 2 ⑷ 

To compute the mean curvature, we recall that —k u —k 2 are the eigenvalues 

■p \T r I Ir r% **i 1, n rfc + i n'fV r 4-X> ^ amt r\4-t ✓X'fk 

ui y * x a, i cuiu a ，2 tii^ 

dN{v) = — kv = — klv for some v £ T p (^S) y v 矣 0 ， 

where I is the identity map. It follows that the linear map dN + kl is not 
invertible; hence, it has zero determinant. Thus, 

det 卜 + 灸 〜）：0 

\^2i a 22 + A：/ 


or 


k 2 + k{a xl + a 2 i) + a n a 22 — a 1 ^a ll — 0. 
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Since and k 2 are the roots of the above quadratic equation, we conclude 
that 

+ k 2 ) = —-L(a n + a 22 ) ^ y ^ 1 ( 5 ) 

hence, 

k 2 - 2Hk + A ： = 0 ， 

<111U LIlCIClUlCj 

k = H± JR^K. (6) 

From this relation, it follows that if we choose k x {q) > k 2 {q), q & S, 
then the functions k i and k 2 are continuous in S. Moreover, k x and k 2 are 
differentiable in S, except perhaps at the umbilical points (H 1 = K) of 5". 

In the computations of this chapter, it will be convenient to write for 
short 

(u A = (u. v. w) for anv u. v. w e R 3 . 

We recall that this is merely the determinant of the 3 x 3 matrix whose 
columns (or lines) are the components of the vectors u,v,wm the canonical 
basis of R 3 . 

Example 1. We shall compute the Gaussian curvature of the points of 
the torus covered by the parametrization (cf. Example 6 of Sec. 2-2) 

x(w, v) — ((a + r cos u) cos v, (a r cos u) sin v, r sin m), 

0 < m < 27i, 0 < -y < 2n. 

For the computation of the coefficients e, f’ g, we need to know N (and 
thus x„ and x v ), x uu , x uv> and x vv : 

x u — (—r sin u cos v, ~r sin u sin v, r cos w), 
x v — {—{a + r cos u) sin v, (a + /* cos u) cos v, 0), 

x uu — (—r cos u cos v, —r cos u sin v, ~r sin w), 

x uv = (r sin u sin v, —r sin u cos v, 0), 
x vv = (—(a + r cos u) cos v, —(a + r cos u) sin v, 0). 

From these, we obtain 

五 = 〈 x w ， x tf 〉 — r 2 , F ; 〈 x u ， x》= 0 ， 

G = 〈 x v} x„> = (a + rcos u) 2 . 

T -***1 + *• 八广 1m r%* rt ^ p-rt 1 11 a n 八 rt i 外 n ， -***1 ^ / 入 T v m T*\ t m ， -***1 / a I A it" \ 

H1L1 tJULUVillg Lilt JU3L UULCU 丄 111 C： —— ¥ 3 ^ ^ iiaVL，j A" / \ A v j 

- JEG-F\ 
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e 


x u A x r 
x u A x y 




uu 


(x u , x r , x uu ) = r 2 (g + r cos u) 
^EG — F 2 — r(a + r cos u) 


r. 


Similarly, we obtain 


/ 


g 


A UV J 

r{a + r cos u) 
r{a + r cos u) 


0 , 


cos u(a + r cos u). 


Finally, since K = (eg ~f 2 )l(EG — F 2 ), we have that 


K 二 _ cos u _. 

r{a + r cos w) 

From this expression, it follows that K — 0 along the parallels u ^ n/2 
and u = 3n/2; the points of such parallels are therefore parabolic points. 
In the region of the torus given by n/2 < u < 'infl, K is negative (notice that 
r > 0 and a > r)\ the points in this region are therefore hyperbolic points. 
In the region given by 0 < u < n/2 or ^n\2 < u < 2n, the curvature is 
positive and the points are elliptic points (Fig, 3-15). 

As an application of the expression for the second fundamental form in 
coordinates, we shall prove a proposition which gives information about the 
position of a surface in the neighborhood of an elliptic or a hyperbolic point ， 
relative to the tangent plane at this point. For instance, if we look at an 
elliptic point of the torus of Example 1， we find that the surface lies on one 
side of the tangent plane at such a point (see Fig. 3-15). On the other hand, 

if n a hvnprhnliV nrtint nf tnrim T nnH V T\<i flnv npicrVihArViAAf! rtf n 

we can find points of V on both sides of T F (S) t however small V may be. 

Rotation 

axis 



Figure 3-15 
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This example reflects a general local fact that is described in the following 
proposition. 


PROPOSITION 1. Let p e S be an elliptic point of a surface S. Then 
there exists a neighborhood V 0 / p in S such that all points in V belong to the 
same Siae OJ me luri^^ru piun^ p t= ^3 ut u nypuruottc puiru . 丄 nen 

in each neighborhood of p there exist points ofSin both sides t)/T p (S). 

rrooj. LCL vj Ut a paiamt tiiz-anuii 111 p ， wim a 、 v /， kj ) — //♦ x nc u 丄 r 

tance d from a point q = x(w } v) to the tangent plane T P (S) is given by (Fig. 

3-16) 

d = <x(w, v) — x(0, 0), N(p)y. 



Since x(w, v) is differentiable, we have Taylor’s formula: 

x(u, v) = x(0, 0) + x u u + x v v + j(x WH w 2 + 2x uv uv + x vv v 2 ) + R, 

where the derivatives are taken at (0, 0) and the remainder R satisfies the 
condition 

lim ~~= = 0. 

(«,*?)--( 0 , 0 ) u v 

It follows that 

d =〈 x ( w ， 汐） 一 x (0, 0)， N(p)y 

= Af<fx ， …, N(p))>u 2 4 - 2<x,„„ N(p))>uv + N(pY>v 2 } 4 - R 

/ ^ X r r * 、 ■，響 〆 , 、 V V • 

= 士 (ew 2 + 2fuv + gv 2 ) R = ^II p {w) + R, 
where w = x u u + ^ V v, R — (^R, and lim w — 。（ i ?/ 卜 p) = 0. 
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For an elliptic point p, II p {w) has a fixed sign. Therefore, for all (u, v) 
sufficiently near p 9 d has the same sign as II p (w); that is, all such (m, ^j) belong 
to the same side of T P (S). 

For a hyperbolic point p, in each neighborhood of p there exist points 
(w, v) and (m, v) such that Il p {wj\ w |) and II p {wj\ w |) have opposite signs (here 
w = x u u + x„v); such points belong therefore to distinct sides of T P (S). 

Q.E.D. 

No such statement as Prop. 1 can be made in a neighborhood of a para¬ 
bolic or a planar point. In the above examples of parabolic and planar points 
(cf. Examples 3 and 6 of Sec. 3-1) the surface lies on one side of the tangent 
plane and may have a line in common with this plane. In the following exam¬ 
ples we shall show that an entirely different situation may occur. 

Example 2. The “monkey saddle” (see Fig. 3-17) is given by 

x = u, y = v, z ~ u 3 ~ 3v 2 u. 

A direct computation shows that at (0, 0) the coefficients of the second 
fundamental form are e =f = g = 0; the point (0, 0) is therefore a planar 
point. In any neighborhood of this point, however, there are points in both 
sides of its tangent plane. 




Example 3. Consider the surface obtained by rotating the curve 2 = y 3 , 
— 1 < ^ < 1. about the line 2 — 1 (see Fig, 3-18), A simple computation 
shows that the points generated by the rotation of the origin O are parabolic 
points. We shall omit this computation, because we shall prove shortly 
(Example 4) that the parallels and the meridians of a surface of revolution 
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are lines of curvature; this, together with the fact that, for the points in 
question, the meridians (curves of the form^ = x 3 ) have zero curvature and 
the parallel is a normal section, will imply the above statement. 

Notice that in any neighborhood of such a parabolic point there exist 
points in both sides of the tangent plane. 

The expression of the second fundamental form in local coordinates is 
particularly useful for the study of the asymptotic and principal directions. 
We first look at the asymptotic directions. ' 

Let x{u, v) be a parametrization at e 5", with x(0, 0) = p, and let 
e(u, v) = e, f(u, i?) =/， and g(u, v) = g bQ the coefficients of the second 
fundamental form in this parametrization. 

We recall that (see Def. 9 of Sec. 3-2) a connected regular curve C in the 
coordinate neighborhood of x is an asymptotic curve if and only if for any 
parametrization oc(t) = x(u(t), v(t)), / e /, of C we have //(aXO) — for 
alU e /, that is, if and only if 

e{u f y + 2fu f v' + g(v f y =0 ， t g L (7) 

Because of that, Eq. (7) is called the differential equation of the asymptotic 
curves. In the next section we shall give a more precise meaning to this 
expression. For the time being，we want to draw from Eq. (7) only the follow¬ 
ing useful conclusion: A necessary and sufficient condition for a parametriza- 
tion in a neighborhood of a hyperbolic point (eg — f 2 < 0) to be such that the 
coordinate curves of the parametrization are asymptotic curves is that e = g 
= 0 . 

In fact, if both curves u — const., v — v(t) and u — u(t), v = const, 
satisfy Eq. (7)，we obtain e = g = 0. Conversely, if this last condition holds 
and/0, Eq. (7) becomes/W = 0, which is clearly satisfied by the coordi= 
nate lines. 

We shall now consider the principal directions, maintaining the notations 

ctucauy csLauiisucu. 

A connected regular curve C in the coordinate neighborhood of x is a 
line of curvature if and only if for any parametrization a(0 = x(w(0, of 
C, t e I, we have (cf. Prop. 3 of Sec. 3-2) 

dN{a\t)) = A(0a’(0. 


It follows that the functions w’ ⑺， 〆(，）satisfy the system of equations 


EG — F 2 

I- ^~fG f _ 
^ EG - F 2 — 

= ku r 9 

eF 

EG 

— f E u ， 

h fF~gE f = 
EG — F 1 

- Xv . 
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By eJiminating X in the above system, we obtain the differential equation of 
the lines of curvature, 

(fE- eF)(uy + (gE - eG)u r v r + (gF — fG)(v f ) 2 = 0, 
which may be written, in a more symmetric way, as 

I (v f ) 2 -mV (u r ) 2 

E F G =0. ( 8 ) 

e f g 

Using the fact that the principal directions are orthogonal to each other, 
it follows easily from Eq. (8) that a necessary and sufficient condition for the 
coordinate curves of a parametrization to be lines of curvature in a neighbor¬ 
hood of a nonumbilical point is that F =f = 0. 

Example 4 {Surfaces of Revolution). Consider a surface of revolution 
parametrized by (cf. Example 4 of Sec. 2-3; we have changed / and g by (p 
and y/, respectively) 

x(w, v) = {(p{v) cos u, tp(v) sin u, y/(v)), 

0 < w < 2 tt, a < v <b, o(v) ^ 0. 

/ 

The coefficients of the first fundamental form are given by 

E 二平 1 ， F = 0 ， G = {q> f Y + C〆) 2 . 

It is convenient to assume that the rotating curve is parametrized by arc 
length, that is, that 

{(p 1 ) 1 + {y/y = G = \, 

The computation of the coefficients of the second fundamental form is 
straightforward and yields 

(p sin u (p* cos u —(p cos u 
(p cos u cp' sin w ~~(p sin u 

0 〆 0 

—一 (p\f/ 

/ = 0， 

g = « — « 

Since F = Q, we conclude that the parallels (v = const.) and the 
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meridians (u — const.) of a surface of revolution are lines of curvature of 

such a siirfarp fart waft meH in Fyamnl^ X\ 

Because 

K= fg~ / 2 _ \{/»” 一 y/ rf (p f ) 

EG — F 1 — (p 

and (p is always positive, it follows that the parabolic points are given by 
either = 0 (the tangent line to the generator curve is perpendicular to the 
axis of rotation) or g> , y/ n — y/ , (p r> — 0 (the curvature of the generator curve 
is zero). A point which satisfies both conditions is a planar point, since these 
conditions imply that e =f= g = 0. 

It is convenient to put the Gaussian curvature in still another form. By 
differentiating ( 史 ’) 2 + «) 2 = 1 we obtain (p f <p n =—Thus, 

K =— 〆(〆< 一 〆'〆) =— (yQ 2 〆4~ ( 史 ’) 2 〆 = —• ⑼ 

9 — 9 — V 

Equation (9) is a convenient expression for the Gaussian curvature of a 
surface of revolution. It can be used, for instance, to determine the surfaces 
of revolution of constant Gaussian curvature (cf. Exercise 7). 

To compute the principal curvatures, we first make the following general 
observation: If a parametrization of a regular surface is such that F : ~ : / = 0, 
then the principal curvatures are given by e/E and gjG. In fact, in this case, 
the Gaussian and the mean curvatures are given by (cf. Eqs. (4) and (5)) 


K 


EG 


_ I eG-gE 
2 EG 


Since K is the product and 2H is the sum of the principal curvatures, our 
assertion follows at once. 

Thus, the principal curvatures of a surface of revolution are given by 


ns 


== \j/ (p” — y/ n cp j 


hence, the mean curvature of such a surface is 


1 ~W f 〆〆〆' 一 〆>') . 

2 (p 


( 10 ) 


( 11 ) 


Example 5. Very often a surface is given as the graph of a differentiable 
function (cf. Prop. 1 ， Sec. 2-2) z — h{pc ， y'), where (x，belong to an open set 
U cz R 2 . It is, therefore, convenient to have at hand formulas for the relevant 
concepts in this case. To obtain such formulas let us parametrize the surface 
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by 


x(w, v) = (u, v, h(u, v)), (w, v) ^ U, 


where u ~ x, v ~ y. A simple computation shows that 


= (1 ， 0， W x y = (0 ， 1， W x uu — (0, 0, 

= (0, 0, 力即 ) ， x vv = (0, 0, h vv ). 


Thus 


N(x,y) 


(—h x , ^h y , 1) 

r\ ~~i~ ul ~i~ uz\u2 

\ l ~r ,l x ^ ,l yJ 


is a unit normal field on the surface, and the coefficients of the second fun¬ 
damental form in this orientation are given by 


p __ _ ^xx _ 

n h 1 4 - h 2 Y'^ 

\ - i • ■ x I - m y / 

f== (l~+ hl + hfT 1 ' 

a — _ hyy __ 

卜 (1 + W + 的)仍 

From the above expressions, any needed formula can be easily computed. 
For instance, from Eqs. (4) and (5) we obtain the Gaussian and mean 
curvatures: 


K = 



(1 + W + W) 2 


fj _ (1 + "l)"yy 


2h x h y h xy + (1 ~r "y)^ l xx 


(i + 圮 + h^r 


% 


There is still another, perhaps more important, reason to study surfaces 
given by z = h(x, y). It comes from the fact that locally any surface is the 
graph of a differentiable function (cf. Prop. 3, Sec. 2-2). Given a point of a 

suiiaic o, wc can k^uukj^c me cuuiuuiciic aAi& ui 八 ’ su iiitu uic ui 13111 Ky uic 

coordinates is at p and the z axis is directed along the positive normal of 
at p (thus, the xy plane agrees with T P (S)). It follows that a neighborhood of 
p in S can be represented in the form z — h(x, y), (x,y) g U a R 1 , where U 
is an open set and A is a differentiable function (cf. Prop. 3, Sec. 2-2), with 
//(0, 0) = p, h x (0, 0) = 0, h y (0, 0)=0 (Fig. 3-19). 

The second fundamental form of S at p applied to the vector (x, y) g R 2 
becomes, in this case, 


h x M 0)f + 2h xy (0, 0 ) 砂 + h yy (0, 0)y\ 
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Figure 3-19. Each point of S has a 

t 1% + <-h 各 ^hi-k -w T T-Vt « '4 - A >• 

uti^nuui iiKJKju. mai van ut ； wiititu as 

z — h{x, y). 


In elementary calculus of two variables, the above quadratic form is known 
as the Hessian of h at (0, 0). Thus, the Hessian of h at (0, 0) is the second 
fundamental form of S at p. 

T pf ns Pinnlv fhp ahnvp rnn<;iHpratirm<; tn (Hvp a opnmptrir. infprnrpfatinn 

w > V — V *PW j-F V w«- T ^ V ▲ 'WV-A W«- ¥ ▲ ▲息 V ， • 丨 V 中 * »» w A A W V — 冬▲屋 

of the Dupin indicatrix. With the notation as above, let e > 0 be a small 
number such that 


C-{(x^) g T p (S);h(x t y) = e] 

is a regular curve ^we rnav have to change the orientation of the surface to 
achieve e > 0). We want to show that if/? is not a planar point, the curve C is 
“approximately” similar to the Dupin indicatrix of 5 at /? (Fig. 3-20). 

To see this, let us assume further that the x and y axes are directed along 
the principal directions, with the x axis along the direction of maximum 
principal curvature. Thus,/ = K0, 0)=0 and 

^i(p) — = U。’ 0 )， k 2 {p) — ™ K0, 0). 


By developing h(x, y) into a Taylor’s expansion about (0, 0)，and taking into 
account that K0, 0) zr~: Q ^(0, 0), we obtain 


where 


Kx, y) = 士 d(0,0)x 2 + h xy {^ 0 )叮 + h yy (Q ， 0)y 2 ) + R 
= + k 2 y^) + R, 


lim 

U f y)^(o,o) 


R 

x 2 + y 2 



Thus, the curve C is given by 


f 1 7 . VI T1 _ 

/CjJJT 十化 2>^ 十 ZA = ze . 
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Figure 3-20 


Now, if p is not a planar point, we can consider k^ 2 + k 2 y 2 — 2e as 
a firsf-nrder annroximafion of C. Rv usin? the similarity transformation. 

-- • — - - T "- •…- - 4. ■ ^ 一 •••—— - j ^ ' 

x = x^/2e, y — y^/le, 

we have that k t x 2 + k 2 y 2 — 2e is transformed into the curve 

/cf 十 K z y- = i, 

which is the Dupin indicatrix at p. This means that if p is a nonplanar point ， 
the intersection with S of a plane parallel to T P (S) and close to p is, in a first- 
order approximation，a curve similar to the Dupin indicatrix at p. 

If p is a planar point, this interpretation is no longer valid (cf. Exercise 

11 ). 

To conclude this section we shall give a geometrical interpretation of the 
Gaussian curvature in terms of the Gauss map N: S — ^ S 2 t Actually this 
was how Gauss himself introduced this curvature. 

To do this, we first need a definition. 

Let S and S be two oriented regular surfaces. Let 夕 ： 5* — be a differ¬ 
entiable map and assume that for some p e S 9 dq> p is nonsingular. We say 
that <p is orientation-preserving at p if given a positive basis {w u w 2 \ in T P (S )， 
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then {d(p p {w x \ dg> p (w 2 )} is a positive basis in T 9ip) (S). If d(p p {w 2 )} 

is not a positive basis, we say that (p is orientation-reversing at p. 

We now observe that both S and the unit sphere S 2 are embedded inR 3 . 
Thus, an orientation N on S induces an orientation N in S 1 . Let p g S bo 
such that dN p is nonsingular. Since for a basis {w u w 2 } in T P (S) 

心 Oi ) 八 dN p (w t ) = det«)(H^ 八 w 2 ) = A：% 八汐 2 ， 

the Gauss map N will be orientation-preserving at g 5 if K(p) > 0 and 
orientation-reversing atp e S if K(p) < 0. Intuitively, this means the follow¬ 
ing (Fig. 3-21): An orientation of T P (S) induces an orientation of small 
closed curves in S around p; the image by TV of these curves will have the 
same or the opposite orientation to the initial one, depending on whether p 
is an elliptic or hyperbolic point, respectively. 

To take this fact into account we shall make the convention that the 
area of a region contained in a connected neighborhood V, where K 本 Q ， 
and the area of its imaee hv N have the same sien if > 0 in F. and ODDosite 

__ - •- ^ -- ~ — — — ^ — - - -甲- - -- •- - ^ XX " " " ^ 

signs if A" < 0 in K (since Vh connected, K does not change sign in V). 



Figure 3-21. The Gauss map preserves orientation at an elliptic point and reverses 

it at ci uuiiv 
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Now we can state the promised geometric interpretation of the Gaussian 
curvature K, for K ^0. 

PROPOSITION 2. Let p be a point of a surface S such that the Gaussian 
curvature K(p) 矣 0, and let N be a connected neighborhood of p where K does 
not change sign. Then 

K(p) : - lim 莩， 

、vhere A is the area of a region B c= V containing p, A 7 is the area of the image 
o/Bby the Gauss map N: S — > S 2 , and the limit is taken through a sequence of 
regions B n that converges to p, in the sense that any sphere around p contains 
all B n , for n sufficiently large. 

Proof. The area ^4 of ^ is given by (cf. Sec. 2-5) 


A = l x « A x v I du dv. 


where x(w, is a parametrization in p, whose coordinate neighborhood 
contains V (V can be assumed to be sufficiently small) and R is the region in 
the uv plane corresponding to B. The area a of N(B) is 


— JJ \N U f\ N v \ du dv. 


Using Eq. (1), the definition of K, and the above convention, we can write 


A f = JJ 八 x y | du dv. 


( 12 ) 


Going to the limit and denoting also by R the area of the region we obtain 


lim ~ 
A-^0 A 


A ，! R Hm (1/jR) A：| x K a XJ du dv 

r — oA I R lim (l/R) f f |x M A x v \dudv 

R^O 」 J R 


二 K\x u A xj _ K 
— I A x, I 

(iionuc LXiai wc nave uscu uic mca,ii viiiuc uicuicm iui uuuuic imcgi ciiaj, anu 
this proves the proposition. Q.E.D* 

Remark. Comparing the proposition with the expression of the curvature 


k = lim — 

S 
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of a plane curve C at (here ^ is the arc length of a small segment of C 
containing p, and cr is the arc length of its image in the indicatrix of tangents; 
cf. Exercise 3 of Sec. 1-5)，we see that the Gaussian curvature K is the ana¬ 
logue, for surfaces，of the curvature k of plane curves. 


EXERCISES 


， C11 J.t_ ^ A ^ J. ^ _ 一」一！ 一 ft\ f\ f\\ ^ xl 1 _ 一 1* _ 1 _ ■ J . _ 1_ _ _ Tjr ^ 

i. onuw uicu d.i me origin (u, u, v) ui me nypcruoioiu z = axy we ntive a = —a^ 
and 

*2_ Determine the asymptotic curves and the lines of curvature of the helicoid 
x — v cos w, ^ v sin w, z = cu, and show that its mean curvature is zero. 

*3. Determine the asymptotic curves of the catenoid 

x(m, v) = (cosh v cos w, cosh ^ sin v). 

4. Determine the asymptotic curves and the lines of curvature of z = xy. 

5. Consider the parametrized surface (Ermeper’s surface) 


x(m, v) 


u 


u 3 


V 


uv 1 ，v -+ vu 1 , u : 


V 1 


and show that 

丄 iic uu^iiiwi^iHS ui me mat lunuaiii^inai iuim aic 


£ = G = (1 + m 2 + v 2 )\ F = 0. 

b. The coefficients of the second fundamental form are 

e = 2, g = —2, / = 0, 

c. The principal curvatures are 

kl ^ (1 十 w 2 十 v 2 ) 2t kl = — (1 + + v iy 

d s The lines of curvature are the coordinate curves. 

e. The asymptotic curves are w + ” = const., u — v = const. 

6. (A Surface with K 三 —1; the Pseudo sphere.) 

*a. Determine an equation for the plane curve C, which is such that the segment 
of the tangent line between the point of tangency and some liner in the plane, 
which does not meet the curve, is constantly equal to 1 (this curve is called 
the tractrix; see Fig. 1-9). 

b. Rotate the tractrix C about the liner; determine if the “surface” of revolution 
thus obtained (the pseudosphere ; see Fig. 3-22) is regular and find out a para- 
metrization in a neighborhood of a regular point. 
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Figure 3-22. The pseudosphere. 


Figure 3-23 


c. Show that the Gaussian curvature of any regular point of the pseudosphere is 
—1. 

7. (Surfaces of Revolution with Constant Curvature.) {(p{v) cos u, (p{v) sin u, y/(v)) 
is given as a surface of revolution with constant Gaussian curvature K. To 
determine the functions (p and y/ } choose the parameter v in such a way that 
( 史 0 2 + «) 2 = 1 (geometrically, this means that v is the arc length of the gen¬ 
erating curve y/(v))). Show that 

a. <p satisfies <p f/ + K(p = 0 and if/ is given by y/ = \^/\ — {(p’、 1 dv\ thus, 
0 < u < 2n, and the domain of v is such that the last integral makes 
sense. 

b. All surfaces of revolution with constant curvature K = l which intersect per¬ 
pendicularly the plane xOy are given by 

(p{v)= C cos v, y/{v) = f \/l — C 2 sin 2 w dv, 

Jo 

where C is a constant (C = 炉 (0)). Determine the domain of v and draw a 
rough sketch of the profile of the surface in the xz plane for the cases C = 1 ， 
C > 1, C < 1. Observe that C = 1 gives a sphere (Fig. 3-23). 

c. All surfaces of revolution with constant curvature 足 =—1 may be given by 
one of the following types : 

1. (p(v) = C cosh v, 

— f \/1 — C 2 sinh 2 vdv. 
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2. (p(v) — C sinh 

y/{v) = \/l — C 2 cosh 2 vdv. 

J 0 

3. (p{v) = e v , 

y/(v) — j a/ 1 —■ e lv dv. 

Jo 

Determine the domain of v and draw a rough sketch of the profile of the sur¬ 
face in the xz plane. 

d. The surface of type 3 in part c is the pseudosphere of Exercise 6. 

e. The only surfaces of revolution with AT = 0 are the right circular cylinder, 
the right circular cone, and the plane. 


8. {Contact of Order > 2 of Surfaces.) Two surfaces S and S, with a common point 
p ， have contact of order > 2 at if there exist parametrizations x(w, v) and 
x(«, v) in of 5 and S, respectively, such that 

X M = X Uf x v = x. uu — x wa , x uv ~ x uv ， x vv — 

at p. Prove the following: 

*a. Let S and S have contact of order > 2 at x: U ― ► S and x: U ― S be 
arbitrary parametrizations in/? of and S, respectively; and/: V c R 3 ~~> R 
be a differentiable function in a neighborhood V of pin R 3 . Then the partial 
derivatives of order < 2 of / o x: U ― ^ R are zero in if and only if the 

partial derivatives of order < 2 of/° x: U — > R are zero in x _1 0?). 

*b. Let S and S have contact of order > 2 at p. Let z = f(x ， y)，z = /(x f y) be the 
equations, in a neighborhood of p, of S and respectively, where the 
xy plane is the common tangent plane at ^ = (0, 0). Then the function 
y) — / (x, y) has all partial derivatives of order < 2, at (0, 0 )， equal to 
zero. 

c. Let be a point in a surface S cz R 3 . Let Oxyz be a cartesian coordinate sys¬ 
tem for R 3 such that O = p and the xy plane is the tangent plane of S at p. 
Show that the paraboloid 


_ 1 /. ^ r I r\ _ r t r \ / . \ 

2 = iV 厂 ./m 卞 ^yj Xy 卞 y~Jyyh 

obtained by neglecting third- and higher-order terms in the Taylor devel¬ 
opment around p = (0, 0), has contact of order > 2 at ^ with S (the surface 
(*) is called the osculating paraboloid of S at p), 

*d. If a paraboloid (the degenerate cases of plane and parabolic cylinder are 
included) has contact of order > 2 with a surface S at p, then it is the osculat¬ 
ing paraboloid of S at p. 

e. If two surfaces have contact of order > 2 at then the osculating parabo¬ 
loids of S and S SLtp coincide. Conclude that the Gaussian and mean curva¬ 
tures of S and S at p are equal. 

f. The notion of contact of order > 2 is invariant by dilfeomorphisms of R 3 ; 
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that is, if S and S have contact of order > 2 at ^ and <p: R 3 ― > R 3 is a dif- 
feomorphism, then <p(S) and q)(S) have contact of order > 2 at <p(p). 

g. If S and S have contact of order > 2 at then 

lim 為二 0, 

r-o r 1 

where d is the length of the segment cut by the surfaces in a straight line 
normal to 7^(5) = T P {S), which is at a distance r from p. 

9. {Contact of Curves.) Define contact of order ~>n{n integer >： 1) for regular 
curves in R 3 with a common point p and prove that 

a. The notion of contact of order > « is invariant by diffeomorphisms. 

b. Two curves have contact of order > 1 at if and only if they are tangent at p. 

10. {Contact of Curves and Surfaces,) A curve C and a surface S, which have a com¬ 
mon point have contact of order > n (n integer > 1) at ^ if there exists a 
curve C cz S passing through p such that C and C have contact of order > /i at 
p. Prove that 

a. If f(x, y, z) = 0 is a representation of a neighborhood of in and 
a(r) — (x(r), y{t), z{t)) is a parametrization of C in p, with a(0) = p t then C 
and S have contact of order > « if and only if 

/ WO ), 少⑼， _) = 0，銮 = 0, … ，岛 = 0， 

Ul Ul ' 


where the derivatives are computed for / = 0. 

b. If a plane has contact of order > 2 with a curve C at p, then this is the oscu¬ 
lating plane of C at p. 

c. If a sphere has contact of order > 3 with a curve C at p, and a(j) is a para¬ 
metrization by arc length of this curve, with _、）= p, then the center of the 
sphere is given by 


a(0) + 


b. 


Such a sphere is called the osculating sphere of C at p. 

11. Consider the monkey saddle S of Example 2. Construct the Dupin indicatrix at 
p = (0, 0, 0) using the definition of Sec. 3-2，and compare it with the curve 
obtained as the intersection of S with a plane parallel to T P (S) and close to p. 
Why are they not ^approximately similar” （ cf. Example 5 of Sec. 3-3)? Go 
through the argument of Example 5 of Sec. 3-3 and point out where it breaks 
down. 

12. Consider the parametrized surface 


d = (sin « cos v. sin u sin v, cos u 4 - log tan 

' 〆 ' ^ 


o(vA_ 
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where 史 is a differentiable function. Prove that 

a. The curves v — const, are contained in planes which pass through the z axis 
and intersect the surface under a constant angle 6 given by 


cos0-= 


¥ 

Vi + W) 1 


Conclude that the curves v = const, are lines of curvature of the surface. 

b. The length of the segment of a tangent line to a curve w = const” determined 
by its point of tangency and the z axis, is constantly equal to 1. Conclude 
that the curves v = const, are tractrices (cf. Exercise 6). 

13. Let F: R 3 —> R 3 be the man fa si mi lari tv") defined hv F( d) = cd. d ^ R 3 . c a 

- - ''V / - - ^ \i' / ~ H 7 I ： 7 ~ 

positive constant. Let 5 1 [ 及 3 be a regular surface and set F(S) = S. Show that 
-S is a regular surface, and find formulas relating the Gaussian and mean curva¬ 
tures, K and H, of S with the Gaussian and mean curvatures, K and H, of S. 

14. Consider the surface obtained by rotating the curve y = ^： 3 , — 1 < x < 1, 
about the line ^ — 1. Show that the points obtained by rotation of the origin 
(0, 0) of the curve are planar points of the surface. 

*15. Give an example of a surface which has an isolated parabolic point p (that is, no 
other parabolic point is contained in some neighborhood of p). 

*16. Show that a surface which is compact (i.e.，it is bounded and closed in R 3 ) has an 
elliptic point. 

17. T^pfinp riraiiccian rnrvatnrp fnr a nnnnripntahtp vmi Hpfinp mpian 

# ’ a A-B-A m m ^ a w-b-a ▲ T a v m ▲▲ a a a a ^ a j ~apr_ ■■钃 a a ▲墨 

curvature for a nonorientable surface ? 

18. Show that the Mobius strip of Fig. 3-1 can be parametrized by 


x(m ， v) = ^2 — v sin 号 ) sin u, 
and that its Gaussian curvature is 


“ { 如 2 + (2 - ^ sin (m/2)) 2 }2 

*19. Obtain the asymptotic curves of the one-sheeted hyperboloid x 1 + y 2 — z 1 

=i. 

*20. Determine the umbilical points of the elipsoid 

Y 2 y2 

t L t = 1 

a 2 十 b 2 十 c 2 . 


2 - ^ sin 4 


COS M, v COS 


U 

~2 


*21* Let S be a surface with orientation N. Let V [ S be an open set in S and let 
/: V cz S — R be any nowhere-zero differentiable function in V. Let v x and v 2 
be two differentiable (tangent) vector fields in V such that at each point of V, 
v, and v 2 are orthonormal and v t A = N. 
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a. Prove that the Gaussian curvature isT of K is given by 

y _ idifN^v,) A d(fN)(v 2 \ fN} 

八 * 


The virtue of this formula is that by a clever choice of / we can often 
simplify the computation of K t as illustrated in part b. 

b. Apply the above result to show that if / is the restriction of 


to the ellipsoid 


lx^ 


M t C 4 




a 2 b 2 




C 1 


then the Gaussian curvature of the ellipsoid is 

K = --- i-. 

a 2 b 2 c 2 / 4 

22. (The Hessian). Let h: S — > i? be a differentiable function on a surface S, and let 
p e S be a critical point of h (i.e., dh p = 0). Let w e T P (S) and let 

a： (-6, e)^ S 

be a parametrized curve with a(0) = p, a'(0) = w. Set 

H p h^ = d -^\_- 

it. juci a. u — ^ o uc <i pciictiiicuizciuuii ui o '0.1 p, cinu sxiuw nicii (me iuwi mai p 

is a critical point of h is essential here) 

4 - A) = h 4- Jh YnW 4- h (n\(i^ 

—— y * ^ ■ 氣 u I v *-■•,£/ j • *UU\±^ J \ wa， / I "" ^UV\.±^ / wm， v I " v W\± r / \ vr / ■ 

Conclude that H p h: T P (S) — ^ i? is a well-defined (i.e., it does not depend on 
the choice of a) quadratic form on T P (S). H p h is called the Hessian of h at p. 

b. Let h: S — > R be the height function of S relative to T P (S); that is, h(q) 
= 〈分 一夕， N{p、\ q G S. Verify that ^ is a critical point of h and thus that 

the Hessian HJi is well defined. Show that if w e TSS\. !wl = 1. then 

H p h{w) = normal curvature at p in the direction of w. 

Conclude that the Hessian at p of the height function relative to T P (S) is the 
second fundamental form of S at p. 

23. (Morse Functions on Surfaces.) A critical point p 5 of a differentiable function 
h: S — > R is nondegenerate if the self-adjoint linear map A p h associated to the 
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quadratic form H p h (cf. the appendix to Chap. 3) is nonsingular (here H p h is the 
Hessian of at ^; cf, Excercise 22). Otherwise, ^ is a degenerate critical point. A 
differentiable function on S is a Morse function if all its critical points are non- 
degenerate. Let h r : S a R 3 ― > R be the distance function from S to r; i,e .， 

h r (q) = a/<^ 一 r，q — r\ q e S, r G i? 3 , r ^ S. 

a. Show that p e 5 is a critical point of h r if and only if the straight line pr is 
normal to S at p. 

b. Let be a critical point of h r \ S ― > R. Let w e T P (S\ |w| = 1, and let 
a ： (—6,6) — be a curve parametrized by arc length with a(0) = p, cc\s) = w. 
Prove that 

Hph r (w) — — 

where k n is the normal curvature at p along the direction of w. Conclude that 
the orthonormal basis [e u e 2 ], where e x and e 2 are along the principal direc¬ 
tions of T P {S\ diagonalizes the self-adjoint linear map A p h r . Conclude fur¬ 
ther that 夕 is a degenerate critical point of h r if and only if either h T {p) = l/ki 
or h r {p) = \jk 2y where ki and k 2 are the principal curvatures at p. 

c. Show that the set 

B ~{r ^ i? 3 ; h r is a Morse function} 

is an open and dense set in K 3 ; here dense in R 3 means that in each neigh¬ 
borhood of a given point of R 3 there exists a point of B (this shows that on 
any regular surface there are “many’ Morse functions'). 

24. {Local Convexity and Curvature). A surface 5 <= i? 3 is locally convex at a point 
p & S\f there exists a neighborhood V c ： Sofp such that Kis contained in one 
of the closed half-spaces determined by T P (S) in R 3 , If, in addition, Fhas only 
one common point with T p (S) y then S is called strictly locally convex at p. 

a. Prove that 5 is strictly locally convex at p if the principal curvatures of 5 at p 
are nonzero with the same sign (that is, the Gaussian curvature K(p) satisfies 
K(p) > 0). 

b. Prove that if S is locally convex at p, then the principal curvatures at ^'do not 
have different signs (thus, K(p) > 0). 

c. To show that A"> 0 does not imply local convexity, consider the surface 
f(x, y) = x 3 (l + y 2 ), defined in the open set U — {(x, g R 2 ; y 2 < ^}. 
Show that the Gaussian curvature of this surface is nonnegative on U and yet 
the surface is not locally convex at (0, 0) e U (a deep theorem, due to R. 
Sacksteder, implies that such an example cannot be extended to the entire 
R 2 if we insist on keeping the curvature nonnegative; cf. Remark 3 of Sec. 
5-6). 

*d. The example of part c is also very special in the following local sense. I^et p 

hp a nnint in a QiirfVippanrl a^iimp that thprp p npitrVihnrTinnH r- V 
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of p such that the principal curvatures on V do not have different signs (this 
does not happen in the example of part c). Prove that S is locally convex at p. 


3-4. Vector Fields^ 


In this section we shall use the fundamental theorems of ordinary differential 
equations (existence, uniqueness, and dependence on the initial conditions) 
to prove the existence of certain coordinate systems on surfaces. 

If the reader is willing to assume the results of Corollaries 2, 3, and 4 at 
the end of this section (which can be understood without reading the section), 
this material may be omitted on a first reading. 

We shall begin with a geometric presentation of the material on differ¬ 
ential equations that we intend to use. 

A vector field in an open set i7 <= 7? 2 is a map which assigns to each 
q b U a. vector w{q) e R 2 . The vector field w is said to be differentiable if 
writing q = (x, y) and w(q) = (a(x, y), b(x ， y)), the functions a and b are 
differentiable functions in. U. 

Geometrically, the definition corresponds to assigning to each point 
(x ， y) e U a vector with coordinates a(x, j) and b(x y y) which vary differ- 
entiably with (x, y) (Fig. 3-24). 



In what follows we shall consider only differentiable vector fields. 

In Fig. 3-25 some examples of vector fields are shown. 

Given a vector field w, it is natural to ask whether there exists a trajectory 
of this field, that is, whether there exists a differentiable parametrized curve 
a(’）= y{L )), i t i, such uiai a (0 — 

For instance, a trajectory，passing through the point of the 

vector field y) = (x, j) is the straight line a(t) = (x 0 〆 ， y 0 e l )> t ^ R, 
and a trajectory of w(x y y) = (y, —x), passing through (x 0 , y 0 ), is the circle 
™ (/* sin t, r cos t), t b R, r 2 ^ xl y\. 


fThis section may be omitted on a first reading. 
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w = (_x,y) 


Figure 3-25 


In the language of ordinary differential equations, one says that the vector 
field w determines a system of differential equations. 


^ = a(x, y), 

垄 = b(x, y\ 


( 1 ) 


and that a trajectory of w is a solution to Eq. (1). 

The fundarnental theorem of (local) existence and uniqueness of solutions 
of Eq. (1) is equivalent to the following statement on trajectories (in what 
follows, the letters I and J will denote open intervals of the line R, containing 
the origin 0 e R). 


THEOREM 1. Let ^ be a vector field in an open set U <= R 2 . Given 
p e U, there exists a trajectory a: I — > U o/ w (i.e. y a 7 (t) — w(a(t)), tel) 
with a(0) ~ p. This trajectory is unique in the following sense: Any other 
trajectory 夕： J — U with 彡 ⑼ =p agrees with cc ini n J. 

An important complement to Theorem 1 is the fact that the trajectory 
passing through p “varies differentiably with p.” This idea can be made 
precise as follows. 


THEOREM 2. Let 'W be a vector field in an open set U c R 2 . For each 
p E U there exist a neighborhood Y IJ of an interval I, and a mapping 
ex: V X I — > U such that 

1. For a fixed q E V, the curve a(q ? t), tel, is the trajectory of w 
passing through q; that is. 


a(q ， 0) = q ， 


Tt (q ， t) 


w(a(q, t)). 
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2. a is differentiable. 

Geometrically Theorem 2 means that all trajectories which pass, for 
r = 0, in a certain neighborhood V of p may be “collected” into a single 
differentiable map. It is in this sense that we say that the trajectories depend 
differentiably on p (Fig. 3-26). 



The map a is called the {local) flow of w at p. 

Theorems 1 and 2 will be assumed in this book; for a proof, one can 
consult, for instance, W. Hurewicz, Lectures on Ordinary Differentia! Equa¬ 
tions, M.I.T. Press, Cambridge ， Mass., 1958, Chap. 2. For our purposes, we 
need the following consequence of these theorems. 


LEMMA. Let v/ be a vector field in an open set U c R 2 and let p s U 
be such that w(p) ^ 0. Then there exist a neighborhood W 〔 U 0 / p and a 
differentiable function f: W — > R such that f is constant along each trajectory 
of w and df q Q for all q g W. 

Proof. Choose a cartesian coordinate system in R 2 such that p = (0, 0) 
and w{p) is in the direction of the x axis. Let a: K X / —> t/ be the local flow 
at p, V c U，t e I ， and let a be the restriction of a to the rectangle 

(K X /) Pi {(x ， y, t) G R 3 ; x = 0}. 

(See Fig. 3-27.) By the definition of local flow, ddt p maps the unit vector 
of the t axis into w and maps the unit vector of the y axis into itself. There¬ 
fore, dcL p is nonsingular. It follows that there exists a neighborhood W c U 
of p, where a -1 is defined and differentiable. The projection of a _1 (x, y) 
onto the y axis is a differentiable function ^ = f{x y y), which has the same 
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value (s iui ttii pumis ui me iicijeciury parsing unuugn (v, ^). 3iiu;e u^p is 
nonsingular, W may be taken sufficiently small so that df q ^0 for all 
q e W. /is therefore the required function. Q.E.D. 


The function / of the above lemma is called a (local) first integral of w 
in a neighborhood of p. For instance, if w(x, y) = (y, —x) is defined in R 2 , 
a first integral /: R 2 — {(0, 0)} — R is f(x, y) ^ x 1 y 2 . 


Closely associated with the concept of vector field is the concept of field 
of directions. 

A field of directions r in an open set £/ c 7? 2 is a correspondence which 
assigns to each p e U a. line r(p) in R 2 passing through p. r is said to be 
differentiable at /? e U if there exists a nonzero differentiable vector field h 7 , 
defined in a neighborhood V [ U of /?, such that for each q e V ， w(q) ^ 0 
is a basis of r(q ); r is differentiable in U if it is differentiable for every p G U. 

To each nonzero differentiable vector field w in U cz R 1 ， there corresponds 
a differentiable field of directions given by r{p) = line generated by w(p), 
p e U. 

By its very definition, each differentiable field of directions gives rise, 
locally, to a nonzero differentiable vector field. This, however, is not true 
globally，as is shown by the field of directions in R 2 — {(0, 0)} given by the 
tangent lines to the curves of Fig. 3-28; any attempt to orient these curves in 
order to obtain a differentiable nonzero vector field leads to a contradiction. 

A regular connected curve C [ U is an integral curxe of a field of direc¬ 
tions r defined in C/ c 7? 2 if r(q) is the tangent line to C at ^ for all ge C. 

By what has been seen previously, it is clear that given a differentiable 
field of directions r in an open set U c= 7? 2 , there passes, for each q E U, an 
integral curve C of r; C agrees locally with the trace of a trajectory through q 
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Figure 3-28. A nonorientable field of 
directions in R 2 — {(0, 0)}. 


of the vector field determined in U by r. In what follows, we shall consider 
only differentiable fields of directions and shall omit, in general, the word 
differentiable. 

A natural way of describing a field of directions is as follows. We say 
that two nonzero vectors w t and w 2 at g e R 2 are equivalent if — Xw 2 for 
some X e R, Two such vectors represent the same straight line pass¬ 

ing through q, and, conversely, if two nonzero vectors belong to the same 
straight line passing through q, they are equivalent. Thus, a field of directions 
r on an open set U c R 2 can be given by assigning to each q g U a pair of 
real numbers (r" r 2 ) (the coordinates of a nonzero vector belonging to r), 
where we consider the pairs (r I; r 2 ) and {kr x , Ar 2 )- 7 A ^ 0 S as equivalent. 

In the language of differential equations, a field of directions r is usually 
given by 


-f- b(x, y)^ = 0, (2) 

which simply means that at a point q — (x, y) we associate the line passing 
through q that contains the vector (b, —a) or any of its nonzero multiples 
(Fig. 3-29). The trace of the trajectory of the vector field (b, —a) is an integral 
curve of r. Because the parametrization plays no role in the above considera¬ 
tions, it is often used, instead of Eq. (2), the expression 

a dx + b dy — 0 


with the same meaning as before. 

The ideas introduced above belong to the domain of the local facts of 
R 1 , which depend only on the “differentiable structure” of R 2 . They can, 
therefore, be transported to a regular surface, without further difficulties, as 
follows. 


DEFINITION 1. A vector field w in an open set U c S of a regular surface 
S is a correspondence which assigns to each p e U a vector w(p) e T P (S). 
The vector field w is differentiable a? p e U if, for some parametrization 
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x(u, v) at p, the functions a(u, v) and b(u, v) given by 

w(p) = a(u, v)x u + b(u, v)x v 

are differentiable functions at p; it is clear that this definition does not depend 
on the choice of x. 

We can define, similarly, trajectories, field of directions, and integral 
curves. Theorems 1 and 2 and the lemma above extend easily to the present 
situation; up to a change of R 2 by S, the statements are exactly the same. 

Example 1 . A vector field in the usual torus T is obtained by parametriz¬ 
ing the meridians of T by arc length and defining w(p) as the velocity vector 
of the meridian through p (Fig. 3-30). Notice that | w{p) [ = 1 for all p ^ T. 
It is left as an exercise (Exercise 2) to verify that w is differentiable. 

Example 2. A similar procedure, this time on the sphere S 2 and using the 
semimeridians of S 2 , yields a vector field w defined in the sphere minus the 



Figure 3-30 



Vector Fields 


181 


two poles N and S t To obtain a vector field defined in the whole sphere, 
reparametrize all the semimeridians by the same parameter t, < t < \, 
and define v{p) - (1 - t 2 )w(p) forp e S 2 - {TV} u (^} and V (N) = v(S) - 0 
(Fig. 3-31). 



Figure 3=31 


Example 3. Let S = {(x, y, z) e R 3 ; z = x 2 — y 2 } be the hyperbolic 

("k 1 A. « ▲ 八 八 本二 am O i-vf o « AO ^9 — £- C\ J 1 ” a r 

\JdldU\JlUlKl. 1 lie 1 丄 iHJLOdUUil VVltli LJ \J1 Lll^ Z, — WllOl. -/— \J UILW1111JL 丄 U 

a family of curves {C a } such that through each point of S — {(0, 0, 0)} there 
passes one curve C a . The tangent lines to such curves give a differentiable 
field of directions r on S — {(0, 0, 0)}. We want to find a field of directions 
r f on S — {(0, 0, 0)} that is orthogonal to r at each point and to determine 
the integral curves of 〆. r is called the orthogonal field to r, and its integral 
curves are called the orthogonal family of r (cf. Exercise 15, Sec. 2-5). 

We begin by parametrizing S by 

x(w, v) —— (u, v, u % — v v ) i u = x ， v ~ y. 


The family {C a } is given by u 2 ~ v 2 = const. ^ 0 (or rather by the image 
under x of this set). If u , x u + v r x v is a tangent vector of a regular parametriza- 
tion of some curve C a , we obtain, by differentiating u 2 — v 2 = const., 

2>uu r — 2.vv r 0 . 


Thus, (u\ v) = (—v, —w). It follows that r is given, in the parametrization 
x，by the pair (v, u) or any of its nonzero multiples. 

Now, let (a(u, v), b(u, v)) be an expression for the orthogonal field 〆， in 
the parametrization x. Since 

E = \ + 4u 2 , F= —Am, G = 1 + 4v\ 
and 〆 is orthogonal to r at each point, we have 
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Eav + F(bv + au) + Gbu = 0 


or 


(1 + 4u 2 )av — 4uv(bv + au) + (1 + 4v 2 )bu = 0. 


It follows that 


va + ub^ 0. (3) 

This determines the pair (a 9 b) at each point，up to a nonzero multiple, and 
hence the field 〆• 

To find the integral curves of r\ let u f x u + be a tangent vector of 

suiiic 丄 eguiiu pciicimcuizci liu u ui aii liiiegiiii uurve ui r . i lieu {u , u ) sttusjucss 

Eq. (3); that is, 


vu f + ⑽' = 0 


or 


uv = const. 


It follows that the orthogonal family of {C a } is given by the intersections with 
S of the hyperbolic cylinders xy = const. ^ 0. 

The main result of this section is the following theorem. 

〆 t ’ U* L’ L’ 1V^" 7~ ^ »•« 7 /■/ TT 7 n ^ ^ 14 *% ri XT C? 

x-/ct w i unu w2 i wu ycciu/ in un ujJt^n ^ — 

which are linearly independent at some point p e U. Then it is possible to 
parametrize a neighborhood V c U o/ p such a way that for each q e V 
the coordinate lines of this parametrization passing through q are tangent to 
the lines determined by w!(q) and w 2 (q). 

Proof. Let be a neighborhood of p where the first integrals f x and / 2 
of h 7 ! and w 2 , respectively, are defined. Define a map cp: W R 2 by 

t 

✓ % r /* * \ y* y \ \ T'w t 

(PW = UMhJiWh q e yy. 

Since f x is constant on the trajectories of and {df x ) ^ 0, we have at p 

d(p p {w^) ~ ((4^1) 多 ( 州 1) ，《 2) 多 —1)) = (0, a )， 

where a : 二古 0, since w t and w 2 are linearly independent. Similarly, 

d(p P {w 2 ) = (b, 0), 

where b = (# 1 )/^ 2 ) ^ 0. 

It follows that d(p p is nonsingular, and hence that ^ is a local diffeomor- 

TT T >2 

r ii^x w wj\jotc » 5 Liic^iwiui ci xx\^i^Aiu\jLxt.\j\j\j- ^ ' — j\ \ji y^\p} wjum iO 
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mapped diffeomorphically by x = onto a neighborhood V = x(t7) of 
p; that is，x is a parametrization of S at p, whose coordinate curves 

fi(q) = const” f 2 (q) = const., 

are tangent at q to the lines determined by w x {q), w 2 (q), respectively. Q.E.D. 

It should be remarked that the theorem does not imply that the coor¬ 
dinate curves can be so parametrized that their velocity vectors are w x {q) 
and w 2 {q). The statement of the theorem applies to the coordinate curves as 
regular (point set) curves; more precisely, we have 

COROLLARY 1. Given two fields of directions r and f in an open set 
U cz S such tHat a/ p g U, r(p) ^ r'(p )， there exists a parametrization x in 
a neighborhood of p such that the coordinate curves of x are the integral curves 
of r and r'. 

A first application of the above theorem is the proof of the existence of 
an orthogonal parametrization at any point of a regular surface. 

COROLLARY 2. For a// p g S there exists a parametrization x(u, v) in 
a neighborhood V o/p such that the coordinate curves u = const., v = const. 
intersect orthogonally for each q g Y {such an x is called an orthogonal 
parametrization ). 

Proof. Consider an arbitrary parametrization x: U — » 5* at and define 
two vector fields w t = x a , w 2 — — (F/^)x 5 + in x(t7), where E, F, G are 
the coefficients of the first fundamental form in x. Since w^q), w 2 (q) are 
orthogonal vectors, for each q g x(t/), an application of the theorem yields 
the required parametrization. Q.E.D. 

A second application of the theorem (more precisely, of Corollary 1) is 
the existence of coordinates given by the asymptotic and principal directions. 
As we have seen in Sec. 3-3, the asymptotic curves are solutions of 

e(u r y + + g(vT = 0. 

In a neighborhood of a hyperbolic point p, we have eg — f 2 < 0, and the 

1 1^. a ^ A. J. Ib. A a. _ _ A. A *■ ^ -4 Ik. A. A. J - 1 A. ^ TT T ^ ^ 

icii-iiaiiu blue ui me ctuuvc C4uauuii wan uc uccumpuacu unw lww uiounwt 

linear factors, yielding 

{Au f + Bvy K Au r + Dv f ) - 0, (4) 

where the coefficients are determined by 

A 2 = e, A(B D) = 2f, BD — g. 
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The above system of equations has real solutions, since eg ~ f 1 < 0. Thus, 
Ea. (4) ffives rise to two eauations : 

j. \ y a 

Au' + Bv r — 0, 

A.J I T\ n J 一 fV 

yii4 十 ljv —— u. 

Each of these equations determines a differentiable field of directions (for 

■3 -rt ^4* ri XT 广 i { yin 、 ^4 1 +*1 4 -\\ ^ /\ 1 1 n t* ttt Vi i + y-N-rt 

JU3Laiiw^ 5 \y<x) viiimiuii r wiiivii kumcui 丄 3 tin w 

vector (B ， —A)), and at each point of the neighborhood in question the 
directions given by Eqs. (4a) and (4b) are distinct. By applying Corollary 1, 
we see that it is possible to parametrize a neighborhood of p in such a way 
that the coordinate curves are the integral curves of Eqs. (4a) and (4b). In 
other words, 

COROLLARY 3. Let p g S be a hyperbolic point ofS. Then it is possible 
to parametrize a neighborhood of p in such a way that the coordinate curves of 
this parametrization are the asymptotic curves ofS. 


(4a) 


/ 扎、 


Example 4. An almost trivial example，but one which illustrates the 
mechanism of the above method, is given by the hyperbolic paraboloid z = 
x 2 — y 2 . As usual we parametrize the entire surface by 

x(w, v) = (w, v, u 2 — v 2 ). 

A simple computation shows that 

2 d 一 2 

^ = (1 + 4u 2 + 4v 2 ) 1/2f 7-5 g ~ —(1 +4w 2 + 4 沪严 . 

Thus, the equation of the asymptotic curves can be written as 


2 


(1 + 4w 2 + Av 2 ) 


1/2 


{(u r - iv y) 


o, 


which can be factored into two linear equations and give the two fields of 
directions : 


尸 i: w' + z/ = 0, 

r 2 : u' — v f = 0. 


The integral curves of these fields of directions are given by the two families 
of curves : 


r l : u -h v ^ const .， 
r 2 : u — v = const. 



Vector Fields 


185 


Now, the functions f\(u ， v) = u + v, f 2 (u, v) = u — v are clearly first 
integrals of the vector fields associated to r, and r ，， respectively. Thus, bv 

^ r 畚 , A W 

setting 

H = U + v, V = U —— v, 

we obtain a new parametrization for the entire surface z = x 2 — y 2 in which 
the coordinate curves are the asymptotic curves of the surface. 

T" 1 1、— ^ b • 1 1 1、- ■■息 1 1、 ^ 1a - _> _>• 

111 L111& pcULlUilcti Uctac, IX1C CliaiigC Lfl pctlctHiCLCIS) 1HJ1US IUI LHC ClllUC 

surface. In general, it may fail to be globally one-to-one, even if the whole 
surface consists only of hyperbolic points. 

Similarly, in a neighborhood of a nonumbilical point of S, it is possible 
to decompose the differential equation of the lines of curvature into distinct 
linear factors. By an analogous argument we obtain 

COROLLARY 4. Let p g S be a nonumbilical point ofS. Then it is possi¬ 
ble to parametrize a neighborhood of p in such a way that the coordinate curves 
of this parametrization are the lines of curvature of S. 


EXERCISES 

1. Prove that the differentiability of a vector field does not depend on the choice of 
a coordinate system. 

2. Prove that the vector field obtained on the torus by parametrizing all its merid¬ 
ians by arc length and taking their tangent vectors (Example 1) is differentiable. 

3. Prove that a vector field w defined on a regular surface S c ： R 3 is differentiable 
if and only if it is differentiable as a map w: S ~> R 3 . 

4. Let 5 be a surface and x: U — > Sb& a. parametrization of S. Then 

a(u, v)u f + b[u ， v)v f = 0, 

where a and b are differentiable functions, determines a field of directions r on 
x(t/), namely, the correspondence which assigns to each x(w, v) the straight line 
containing the vector bx u — ax v . Show that a necessary and sufficient condition 
for the existence of an orthogonal field 〆 on x(U) (cf. Example 3) is that both 
functions 

Eb — Fa ， Fb — Go. 

are nowhere simultaneously zero (here F, and G are the coefficients of the first 
fundamental form in x) and that r' is then determined by 

— ra)u 十 \to — \juyv — u. 
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5. Let 5 be a surface and x: U — > 5 be a parametrization of S. If ac — b 2 < 0, 
show that 

u(u, v)(«0 2 "t - v)u / v , + c(m, vjiv^) 2 = 0 

can be factored into two distinct equations, each of which determines a field of 
directions on x(U) c s. Prove that these two fields of directions are orthogonal 
if and only if 

Ec — 2Fb + Ga — 0. 

6. A straight line r meets the z axis and moves in such a way that it makes a con¬ 
stant angle a 式 0 with the z axis and each of its points describes a helix of pitch 

r 0 nhnnt thp t ^ yw fianrp Hp^rrih^H hv r w tr^rp nf the nam^trivpH 

、 • W • A 1 反 W W K 里屢 j m • w W a- ▲ • A 具 A. M. mrmf mr^M. M. M. V A 

surface (see Fig. 3-32) 

x(w, v) = (v sin a cos w, v sin a sin u, v cos a + cu). 

x is easily seen to be a regular parametrized surface (cf. Exercise 13， Sec. 2-5). 
Restrict the parameters (w, v) to an open set U so that x(U) = S is a. regular 
surface (cf. Prop. 2, Sec. 2-3). 

a. Find the orthogonal family (cf. Example 3) to the family of coordinate curves 
u = const. 

b. Use the curves u = const, and their orthogonal family to obtain an orthog¬ 
onal parametrization for S. Show that in the new parameters (w, v) the coef¬ 
ficients of the first fundamental form are 

G = l, F = 0， E = [c 2 (v — cu cos a) 2 } sin 2 a. 



7. Define the derivative >v(f) of a differentiable function f: U 〔 S — ^ R relative to a 
vector field w in U by 

w(f)(q)= 右 (/ 。汉 ）， q e U, 

tu t=0 


where OC: I 一 ^ 5 is a curve such that afO) = a. a’(0) = w(a). Prove that 

'〆 ^ N < 'Jl〆 
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a. wis differentiable in U if and only if w(/) is differentiable for all differentiate 
fin U. 

b. Let a and fi be real numbers and 犮： U cz S — > R best differentiable function 
on U; then 

+ Mf) ~ 义 M/") + A w (/)， 

^Ug) = Hf)g + /WO). 

8, Show that if w is a differentiable vector field on a surface S and w{p) ^ 0 for 
some p e 5, then it is possible to parametrize a neighborhood of p by x(u, v) 
in such a way that x u — w. 

9. a. Let A : V ― ^ W be a nonsingular linear map of vector spaces K and W of 

dimension 2 and endowed with inner products 〈，〉 and ( ， ），respectively. A 
is a similitude if there exists a real number 义式 0 such that {Av x , Av 2 ) 
= X(v u v 2 y for all vectors v u v 2 e K Assume that A is not a similitude and 
show that there exists a unique pair of orthonormal vectors and e 2 in V 
such that Ae u Ae 2 are orthogonal in W. 

b. Use part a to prove Tissot’s theorem: Let (p\ Ui c= S x — > ^ be a diffeomor- 
phism from a neighborhood C/i of a pointp of a surface S\ into a surface S 2 ^ 
Assume that the linear map d(p is nowhere a similitude. Then it is possible to 
parametrize a neighborhood of p in S ： by an orthogonal parametrization 
Xi : U ― > Si in such a way that ° x t = x 2 : U ― ^ S 2 is also an orthogonal 
parametrization in a neighborhood of (p{p) e S!. 

10. Let r be the torus of Example 6 of Sec. 2-2 and define a map (p: R 2 — ^ Tby 

<p(u, v) = ((r cos w + a) cos v, (r cos u ~\r a) sin v f r sin u), 

where u and v are the cartesian coordinates of R 2 . Let u = at, v — bt be a 
straight line in R 2 y passing by (0, 0) e R 2 , and consider the curve in T 
a(r) — (p{at, bt). Prove that 

a. <p is a iocai diffeomorphisrn. 

b. The curve oc(r) is a regular curve; oc(t) is a closed curve if and only if b\a is a 
rational number. 

*c. If bja is irrational, the curve cc(t) is dense in T\ that is, in each neighborhood 
of a point p & T there exists a point of CL{t). 

*11, Use the local uniqueness of trajectories of a vector field win U c= S to prove the 
following result. Given p G U ，there exists a unique trajectory a： / — U of w, 
with a(0) = p, which is maximal in the following sense : Any other trajectory 
B:J ― ^ U. with ⑼ =_p，is the restriction of a to/ (i.e .，J c I and cc\J ^ 0). 

*12. Prove that if w is a differentiable vector field on a compact surface S and cc(t) is 
the maximal trajectory of w with a(0) ™ g 5, then cc(t) is defined for all 
t ^ R. 

13. Construct a differentiable vector field on an open disk of the plane (which is not 
compact) such that a maximal trajectory oc(0 is not defined for all ? g i? (this 
shows that the compactness condition of Exercise 12 is essential). 
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3 - 5 , Ruled Surfaces 

_ 一 - — t _ _ — _i — M ■- ■ _■ •!• 

anu ivun/mcu ^urrttu&s' 


In differential geometry one finds quite a number of special cases (surfaces 
of revolution，parallel surfaces, ruled surfaces, minimal surfaces, etc.) which 
may either become interesting in their own right (like minimal surfaces), 
or give a beautiful example of the power and limitations of differentiable 
methods in geometry. According to the spirit of this book, we have so far 
treated these special cases in examples and exercises. 

It might be useful, however, to present some of these topics in more 
detail. We intend to do that now. We shall use this section to develop the 
theory of ruled surfaces and to give an introduction to the theory of minimal 
surfaces. Throughout the section it will be convenient to use the notion of 
parametrized surface defined in Sec. 2-3. 

If the reader wishes so, the entire section or one of its topics may be 
omitted. Except for a reference to Sec, A in Example 6 of Sec. B. the two 
topics are independent and their results will not be used in any essential way 
in this book. 

A. Ruled Surfaces 


A (differentiable) one-parameter family of (straight) lines {a(,)，w(/)} is a 
correspondence that assigns to each / e / a point oc(?) e R 3 and a vector 
w(t) e R 3 , w(t) 0, so that both a{t) and w{t) depend different!ably on t. 

jtui Cci^n / t ij uic iuic i^ t wim;ii pubbcb uiruugii (xyi) cilia ib paianci iu w\i) 
is called the line of the family at t. 

Given a one-parameter family of lines {a(，)， vv(r)j, the parametrized 
surface 

x(/, v) = a(r) + vw{t), / g /， v g R ， 

is called the ruled surface generated by the family {a(/)，vv(，)}. The lines L t 
are called the rulings, and the curve oc(0 is called a directrix of the surface x. 
Sometimes we use the expression ruled surface to mean the trace of x. It 
should be noticed that we also allow x to have singular points, that is, points 
(/, v) where x t 八 x v = 0. 

Example 1. The simplest examples of ruled surfaces are the tangent 
surfaces to a regular curve (cf. Example 4, Sec. 2-3)，the cylinders and the 
cones. A cylinder is a ruled surface generated bv a otie-narameter familv of 
lines {a(0, w (/)} 5 1 g I, where a(/) is contained in a plane P and >v(^) is parallel 


fThis section may be omitted on a first reading. 
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to a fixed direction in R 3 (Fig. 3.33(a)). A cone is a ruled surface generated by 
a family {a(0, w(r)}, t b I, where a(/) cz p and the rulings L t all pass through 
a point p 丰 P (Fig. 3.33(b)). 



Figure 3-33 


Example 2. Let S 1 be the unit circle x 2 + 少 2 = 1 in the xy plane, and let 
a(s) be a parametrization of S l by arc length. For each s, let — a'(X) + e 3 , 
where e 2 is the unit vector of the z axis (Fig, 3-34). Then 

x(w) = cc(s) + v(cc\s) + e 3 ) 


2 




Figure 3^34* 十少 ’2 =： 1 as a ruled surface, 

is a ruled surface. It can be put into a more familiar form if we write 

x( l y > v) — (cos s — v sin s, sin s r cos s, v) 


and notice that jc 2 + 少 2 — z 2 = 1 + t? 2 — v 2 = 1. This shows that the trace 
of x is a hyperboloid of revolution. 
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It is interesting to observe that if we take vv(^) — —a’(s) + we again 
obtain the same surface. This shows that the hyperboloid of revolution has 
two sets of rulings. 


We have defined ruled surfaces in such a way that allows the appearance 
of singularities. This is necessary if we want to include tangent surfaces and 
cones. We shall soon show，at least for ruled surfaces that satisfy some 
reasonable condition, that the singularities of such a surface (if any) will 
concentrate along a curve of this surface. 

We shall now start the study of general ruled surfaces. We can assume， 
without loss of generality, that [ w(t) \ ~ l, t g L To be able to develop the 
theory, we need the nontrivial assumption that w f (t) ^ 0 for all r e /. If the 
zeros of w f (t) are isolated, we can divide our surface into pieces such that 
the theory can be applied to each of them. However, if the zeros of w f (t) 
have cluster points, the situation may become complicated and will not be 
treated here. 

严 「 1* a a ，，， ‘蠕 • j _ ，/* 2 、 f ^ r - T ^ j-i Tij-nlrtTlw* a ，， a / "1 v rt » , 嶒 /v 4" ^ ^ -J- a 

i lie cibbuiupiiuii yv ^ j ^ i i, la uauau^ uy mat 

ruled surface x is noncylindrical. 

Unless otherwise stated, we shall assume that 

x(/, v) = a(t) + vw{t) (1) 

is a noncylindrical ruled surface with | vv(01 = 1 ， i e I. Notice that the 
assumption | w(t) | ^ 1 implies that ^(t), >/(/)〉= 0 for all / g /. 

We first want to find a parametrized curve fi(i) such that 
=u, f e i, anu p{t) lies un me iictcc ui a, uuil m, 

P(t) = a(0 + u(t)w(t), (2) 

for some real-valued function u = u(t). Assuming the existence of such a 
curve one obtains 

= GC f + u f w + uw f \ 


hence, since (w t w r )> = 0, 

o — w f y = w f y + u<(w\ w r y. 

It follows that u = u(t) is given by 


u 


<〆， < 


( 3 ) 


Thus, if we define fi(t) by Eqs. (2) and (3)，we obtain the required curve. 

a ri 11 n k TT 7 4 - 1 rA Q 

tt w iiuvv o 丄 iuw tuat tn^ vui v\^ u uuu n^t wn tii\^ ui ms^ 
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directrix a for the ruled surface, p is then called the line of stnotion, and its 
points are called the central points of the ruled surface. 

To prove our claim, let a be another directrix of the ruied surface; that 
is, let, for all (t, v), 


x(t, v) = a ⑺ + vw(t) = a(r) + 譜 (/) (4) 


for some function s = s(t). Then, from Eqs. (2) and (3) we obtain 



— ot) — 





where is the line of striction corresponding to a. On the other hand, Eq_ 
(4) implies that 


Thus, 


a ~ a = (5 1 — v)w{t). 




P 


v) + 


<jv — S)w f , v/>| 

w> j 



since (w. = 0. This nroves our claim. 

\ ? / 一 — 一 r 一 

We now take the line of striction as the directrix of the ruled surface and 
write it as follows : 


x(/，w) = fi(t) + uw(t). 


( 5 ) 


With this choice, we have 


and 


f X U =W 

x t /\ x u = f\ w + uw f /\ w. 


Since〈 w’，— 0 and <V， 夕） — 0, we conclude that 八 vv = Aw' 
for some function X — k{t). Thus, 

[x r A x u ( 2 = \Xw f + wu/ 八 w I 2 

—A 2 1 w' p + u 2 \ I 2 = (A 2 4- w 2 ) I W | 2 . 

It follows that the only singular points of the ruled surface (5) are along the 
line of striction u =0, and they will occur if and only if A(r) = 0. Observe 
also that 



(^VhmO, 

[ w f \ 2 


where, as usual, w, w r ) is a short for 〈 p f /\ w, W'}. 
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Let us compute the Gaussian curvature of the surface (5) at its regular 
points. Since 


x f , ― P f, 4 - x tu = 


X 


uu 


0, 


"I _ _ ▲ _ _ 丄 1 ‘ ▲ A. 丄 ■!— I ▲ 1~祖 I a. H «i^a% ^ 各 1 4 氣錢 

we nave, joi me uue ： mm ： iu& me acuuim luiiucunciiLai 丄 ui 丄 u, 


0 — a f — (X n X M ， X uf ) — (及 ^ W, H 7 ). 
* — Vj J — TZ ~a „ I — TZ -—~a ^ 12, 


v A v 

八 t f \〜 


X, A X„ ! 2 


hence (since g = 0 we do not need the value of e to compute K), 


K 


eg—f 2 
EG - F z 


又 2 1 w ? 


P 


(P + M 2 ) 2 I V 


(A 2 + u 2 y 


⑹ 


This shows that, at regular points, the Gaussian curvature K of a ruled surface 
satisfies K<,0, and K is zero only along those rulings which meet the line of 
striction at a singular point. 

Equation (6) allows us to give a geometric interpretation of the (regular) 
central points of a ruled surface. Indeed, the points of a ruling, except perhaps 

+ 1 tn 1 1 o r 1 r*\rM irf ^ nil r*f*n T P 2 ― 4- f\ l rm + 1 /"> 

tn^ 丄 cm wi tuv 3ui ictv/v» xi /v -f— i 

I K(u) I is a continuous function on the ruling and，by Eq. (6)，the central 
point is characterized by the fact that | K(u) \ has a maximum there. 

For another geometrical interpretation of the line of striction see Exer¬ 
cise 4. 

We also remark that the curvature K takes up the same values at points 
on a ruling that are symmetric relative to the central point (this justifies the 
name central). 

The function l(t) is called the distribution parameter of x. Since the line 
of striction is independent of the choice of the directrix, it follows that the 
same holds for 义 .If x is regular, we have the following interpretation of X. 
The normal vector to the surface at (/, u) is 


N(t, u) 


x f A x w _ Xw f 4 - uw r A vv 


x r A x„ I JX 1 + u 2 kM 


On the other hand (A 矣 0)， 


聊， 0 乂 


w 


/ 

w 


’l* A.-** 八 ， ^ 4 /S ‘ A A ^ A y-3 V F \T/ ‘ .A 一 J \T/* r\\ 

i/ uic angle iui m&u uy iv w ) anu kj 


tan 9 = 

A 


( 7 ) 
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Thus, if 6 is the angle which the normal vector at a point of a ruling makes 
with the normal vector at the central point of this ruling, then tan 6 is propor¬ 
tional to the distance between these two points，and the coefficient of propor¬ 
tionality is the inverse of the distribution parameter. 


Example 3. Let S be the hyperbolic paraboloid z = kxy, k ^ Q.To show 
that -S is a ruled surface, we observe that the lines y = zftk^ x = f, for each 
t ^ 0 belong to S. If we take the intersection of this family of lines with the 
plane z ^ 0, we obtain the curve x = t, y = 0 y z ^ 0. Taking this curve as 
directrix and vectors w ⑺ parallel to the lines y = zjtk, x = U 观 obtain 


a(/) = (t, 0, 0), w ⑺ =(0, 

This gives a ruled surface (Fig. 3-35) 


k 


x(t, v) = a(0 + vw(t) = t e R,v e R, 

\ /C / 


the trace of which clearly agrees with S, 




Figure 3-35. z = xy as a ruled surface. 

Since a\t) = (1 ， 0, 0)，we obtain that the line of striction is a itself. The 
distribution parameter is 



1 + k 2 t 2 


We also remark that the tangent of the angle 0 which makes with 
w(0) is tan 6 — tk. 
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The last remark leads to an interesting general property of a ruled surface. 
If we consider the family of normal vectors along a ruling of a regular ruled 
surface, this family generates another ruled surface. By Eq, (7) and the last 
remark, the latter surface is exactly the hyperbolic paraboloid x = Jcxy, 
where Ijk is the value of the distribution parameter at the chosen ruling. 

Among the ruled surfaces, the developables play a distinguished role. 
Let us start again with an arbitrary ruled surface (not necessarily non- 
cylindrical) 

v) = a(0 + ⑻ 


generated by the family {ot(0, w(0} with | w(t) | 三 1. The surface (8) is said to 
be developable if 

{w, w\ a') = 0. (9) 

To find a geometric interpretation for condition (9)，we shall compute the 
Gaussian curvature of a developable surface at a regular point. A computa¬ 
tion entirely similar to the one made to obtain Eq. (6) gives 


g = 0, 

By condition (9 )，f = 0; hence, 


(w, <x r ) 
|x, A x "] 2 


K = 


eg — P 

EG - F 2 



This implies that, at regular points，the Gaussian curvature of a developable 
surface is identically zero. 

For another geometric interpretation of a developable surface, see Exer¬ 
cise 6. 

We can now distinguish two nonexhaustive cases of developable surfaces : 

1. w{t) A w’(0 三 0. This implies that w\t) = 0. Thus, w(0 is con¬ 
stant and the ruled surface is a cylinder over a curve obtained inter¬ 
secting the cylinder with a plane normal to w{t). 

2. 八 w r (t) ^ 0 for all t e I.ln this case w\t) ^ 0 for all tel. 

丁 tlif* is notirvlinririVal anri wp p.an annlv nnr nrpvinn« 

y v ▲息 嘗 —a ▲ •— ■mr •屬 w •通 'w j 息 ▲ m,. ^ •• ■ ’ ^ ■ v— j w a 丨 蠢 w u 

work. Thus, we can determine the line of striction (2) and check that 
the distribution parameter 

1 = % w ，广 三 0. (10) 

I w 2 
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Therefore, the line of striction will be the locus of singular points of 
the developable surface. If p\t) ^ 0 for all f e /， it follows from Eq. 

(10) and the fact that w') = 0 that w is parallel to B f . Thus, the 
ruled surface is the tangent surface of p. If p\t) = 0 for all t g I, 
then the line of striction is a point, and the ruled surface is a cone 
with vertex at this point. 

Of course, the above cases do not exhaust all possibilities. As usual, if 

is a flustprina nf 7 户 nf thp fnnrtinnft {nvnlv^rl tfi 户 . q naivete mQv 

—~ ■ < w ♦ - a • a a a ▲ 嘗&息 ▲ •, ▲▲ w ^ a f ^ a m. 11 j. a \ V fl J ^ a k_f 息息 ‘ J 

become rather complicated. At any rate, away from these cluster points, a 
developable surface is a union of pieces of cylinders, cones, and tangent 

c'j't rrn 八八 r\ 

OUJLICVkd 

As we have seen, at regular points, the Gaussian curvature of a develop¬ 
able surface is identically zero. In Sec. 5-8 we shall prove a sort of global 
converse to this which implies that a regular surface S cz R 3 which is closed 
as a subset of R 3 and has zero Gaussian curvature is a cylinder. 

Example 4. (The Envelope of the Family of Tangent Planes Along a Curve 
of a Surface). Let «S be a regular surface and a = a ⑺ a curve on S para¬ 
metrized by arc length. Assume that a is nowhere tangent to an asymptotic 
direction. Consider the ruled surface 


x(s, v) = cc(s) + (11) 

where by N{s) we denote the unit normal vector of S restricted to the curve 
a^) (since is not an asymptotic direction, N f (s) ^ 0 for all s). We shall 
show that x is a developable surface which is regular in a neighborhood of 
y — 0 and is tangent to S along = 0. Before that ， however, let us give a 
geometric interpretation of the surface x. 

Consider the family {r aU) (5)} of tangent planes to the surface S along the 
curve a(,y). If is small, the two planes r aU )(<S) and r a(s+As) 0S) of the family 
will intersect along a straight line parallel to the vector 

N(s) A N(s + A^) 

If we let go to zero, this straight line will approach a limiting position 
parallel to the vector 

lim ^)A^±A_,) = lim 所 , ）八 (N(^ 兮二馳 

- N(s) A NXs). 
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This means intuitively that the rulings of x are the limiting positions of the 
intersection of neighboring planes of the family {7^ (5) (5)}. x is called the 
envelope of the family of tangent planes ofS along a(s) (Fig. 3-36). 


^a(s+As) (S) 



Figure 3-36 


For instance, if a is a parametrization. of a parallel of a sphere S 2 , then 
the envelope of tangent planes of S 2 along a is either a cylinder，if the parallel 
is an equator, or a cone, if the paraiiei is not an equator (Fig. 3-37). 



Figure 3-37. Envelopes of families of tangent planes along parallels of a sphere. 


To show that x is a developable surface, we shall check that condition (9) 
holds for x. In fact, by a straightforward computation, we obtain 


I 
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/N A N f ( N A NX \ = /N A N r (N A NJ X 

\ iiv r i 八 \ wr) f / \wv 八 —r^n — ? / 

= -|-^7|2«^ A AT’>iV ， oc) = 0 ， 

This proves our claim. 

We shall now prove that x is regular in a neighborhood of u — 0 and 
that it is tangent to S along a. In fact, at v = 0, we have 

x, A x w ^ a' A ( 卩 》卩 ) =d = -〈#， 

(KN) 

- \N f \ 

where k n = k n (s) is the normal curvature of a. Since k n (s) is nowhere zero, 
this shows that x is regular in a neighborhood of v = 0 and that the unit 
normal vector of x at x(s, 0) agrees with N(s). Thus, x is tangent to 5 along 
r = 0， and this completes the proof of our assertions. 

We shaJJ summarize our conclusions as foJJows. Let a(s) be a curve para¬ 
metrized by arc length on a surface S and assume that a is nowhere tangent to 
an asymptotic direction. Then the envelope (9) of the family of tangent planes 
to S along a is a developable surface，regular in a neighborhood of a(s) and 
tangent to S along a(s). 

B, Minima! Surfaces 

A regular parametrized surface is called minimal if its mean curvature 
vanishes everywhere. A regular surface S cz R 3 is minimal if each of its 
parametrizations is minimal. 

To explain why we use the word minimal for such surfaces, we need to 
introduce the notion of a variation. Let x : U [ R 2 — R 3 be a regular 
parametrized surface. Choose a bounded domain D cz U (cf. Sec. 2-5) and a 
differentiable function h: D ― > R ，where D is the union of the domain D 
with its boundary SD. The normal variation of xfD、. determined bv h. is 
the map (Fig. 3-38) given by, 

m: D X (f ‘ f、 — > R 3 

(p{u, v, t) = x(u, v) + th{u ， v)N(u, v) y (w ， v) e D,t e (—e, e). 

For each fixed t e (—e, f), the map x f ; D ― > R 3 


x f (w, v) = <p{u ， V ， t) 
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x(D) I 

(x - thN){D) Figure 3-38. A normal variation of x(Z)). 

is a parametrized surface with 


x M + thN u + th u N } 
-f- thN v th v N. 


Thus, if we denote by E\ F\ G { the coefficients of the first fundamental form 
of x f , we obtain 

拉 = 五 + th{ix u , N u y + <x tt , N u }) + t^h\N u , N u y + PhA ， 

F l = F + ^«x u) N v y + <x„ N u y) + t 2 h\N u , N v } + t 2 h u h v ^ 
G^G+ th(^x v> N v } + <x„ N v }) + t 2 h\N vi N v y + Ph v h v . 

By using the fact that 

<x„, N u ) = -e, <x MS N v } + <x„ N u } -= -2 /， <x„ N v } - ~g 

and that the mean curvature H is (Sec. 3-3, Eq. (5)) 

fj _ 1 Eg — 2fF + Ge 
— T ~ EG- F 1 ~~ 

we obtain 

K l U T — = EU — t ^ ~ 2th{Eg It} 十 C/e) 十 A 
=(EG — F 2 )(l - 4thH) + R } 

where lim 卜 0 (R/t) = 0. 

It follows that if e is sufficiently small ， x r is a regular parametrized sur- 
farp FnrtViprmnrf'. the area A(t\ of D\ is 

▲ — . ■, v ■ ■ a a y w &息 » — . • ^j 愚 —• 、 ■ f 


0 0 
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一 (F 1 ) 2 du dv 

AthH + R J~EG - F 2 dudv ， 


where R — R/(EG — F 2 ). It follows that if e is small, ^4 is a differentiable 
function and its derivative at f = 0 is 


A\0) = - IhHjEG - F 1 du dv (12) 

J G 

We are now prepared to justify the use of the word minimal in connection 
with surfaces with vanishing mean curvature. 


PROPOSITION 1. Let x: U —> R 3 be a regular parametrized surface 
and let D c \J be a bounded domain in U. Then x is minimal if and only if 
A’(0) = Q for all such D and all normal variations of x(D). 

Proof. If x is minimal, // 三 0 and the condition is clearly satisfied. 
Conversely, assume that the condition is satisfied and that H(q) ^ 0 for some 
q ^ D. Choose h \ D R such that h{q) = H(q) and h is identically zero 
outside a small neighborhood of q. Then A'{0) < 0 for the variation deter¬ 
mined by this h. 7 and that is a contradiction, Q*E,D ， 

Thus, any bounded region x(D) of a minimal surface x is a critical point 
for the area function of any normal variation of x(D). Tt should be noticed 
that this critical point may not be a minimum and that this makes the word 
minimal seem somewhat awkward. It is, however, a time-honored termi¬ 
nology which was introduced by Lagrange (who first defined a minimal 
surface) in 1760. 

Minimal surfaces are usually associated with soap films that can be 
obtained by dipping a wire frame into a soap solution and withdrawing it 
carefully. If the experiment is well performed, a soap film is obtained that 
has the same frame as a boundary. It can be shown by physical considerations 
that the film will assume a position where at its regular points the mean 
curvature is zero. In this way we can “manufacture” beautiful minimal 
surfaces，such as the one in Fig. 3-39. 

Remark 1. It should be pointed out that not all soap films are minimal 
surfaces according to our definition. We have assumed minimal surfaces to 
be regular (we could have assumed some isolated singular points, but to go 
beyond that would make the treatment much less elementary). However, 
soap films can be formed, for instance, using a cube as a frame (Fig. 3-40 )， 
that have singularities along lines. 
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Remark 2. The connection" between minimal surfaces and soap films 
motivated the celebrated Plateau’s problem (Plateau was a Belgian physicist 
who made careful experiments with soap films around 1850). The problem 
can be roughly described as follows: to prove that for each closed curve 
C c R 3 there exists a surface S of minimum area with C as boundary. To 
make the problem precise (which curves and surfaces are allowed and what 
is meant by C being a boundary of S) is itself a nontrivial part of the prob¬ 
lem. A version of Plateau’s problem was solved simultaneously by Douglas 

anu. ivau.u m 1 y^\j. j. ui liici vci Muua ^anu. gcmiaii 厶 iuiuns ui_ me pi uuitm ilh 

higher dimensions) have inspired the creation of mathematical entities which 
include at least as many things as soap-like films. We refer the interested 
reader to the Chap. 2 of Lawson [20] (references are at the end of the book) 
for further details and a recent bibliography of Plateau’s problem. 


It wili be convenient to introduce, for an arbitrary parametrized regular 
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surface, the mean curvature vector defined by H = UN. The geometrical 
meaning of the direction of H can be obtained from Eq. (12). Indeed，if we 
choose /z = /f, we have, for this particular variation, 

- r JL ， 

A f (0) - -2 f <H ， H}^/EG — F 2 du dv < 0. 

This means that if we deform x(D) in the direction of the vector H, the area 
is initially decreasing. 

The mean curvature vector has another interpretation which we shall 
now pursue, since it has important implications for the theory of minimal 
surfaces. 

A regular parametrized surface x = x(w, v) is said to be isothermal if 

<x„ ， x w > = <x„ x„> and <x„, x,> = 0. 

PROPOSITION 2. Let x ^ x(u, v) be a regular parametrized surface 
and assume that x is isothermal. Then 


X uu 十 X vv 


2A 2 H, 


where X 2 


、 X U ， X u 〉= \X V ， 


Proof. Since x is isothermal, (x u) x M ) = (x v} x v 〉and (x u , x v y = 0. B\ 
differentiation, we obtain 


Thus, 


Similarlv. 


= 〈 X ua ， X v〉^ — 〈 X u ， 


<X KU + x vv , X M > = 0. 


<x 仙 + x vv , x v y = o. 


T+ ■fVx "I It ■* ， n +1^ rk + v f v in 

XL iUXlUWO tliat A uu A vv lO jpctjiai 丄 WX 1 T • ^ JL3 lOWtllVlAXACVij 


Thus, 

hence, 


H = 


辟 . 


2PH = g + e = 〈 JV ， x 仙 + x vv y ； 
x uu + x vv = 2A 2 H. 


Q.E.D. 


The Laplacian Af of a differentiable function /; U R 1 ― ^ R is defined 
by A/ = ((? 2 / /(?w 2 ) + (d 2 f/dv 2 ), (u, v) e U. We say that / is harmonic in U if 
Af = 0. From Prop. 2, we obtain 
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COROLLARY: Let x(u ， v) = (x(u, v), y(u, v), z(u, v)) be a parametrized 
surface and assume that x is isothermal. Then x is minimal if and only if its 
coordinate functions x, y, z are harmonic. 


Example 5. The catenoid ，given by 


x(u, v) = (a cosh v cos u, a cosh v sin u, av), 

0 < w < 2n, —oo v <. 

This is the surface generated by rotating the catenary y = a cosh(z/a) about 
the z axis (Fig. 3-41). It is easily checked that E = G = a 2 cosh 2 v, F = 0 9 
and that x uu + x vv = 0. Thus, the eatenoid is a minimal surface. It can be 
characterized as the only surface of revolution which is minimal. 


z 



Figure 3-41 


The last assertion can be proved as follows. We want to find a curve 
;/ = f(x) such that, when rotated about the x axis, it describes a minimal 
surface. Since the parallels and the meridians of a surface of revolution are 

1 ■ A /I 4? 

iiu^d ui ^ui vaLuic ui me auiia^tj^Aampic wc muM nave mai me 

curvature of the curve y — /(x) is the negative of the normal curvature of 
the circle generated by the point f(x) (both are principal curvatures). Since 
the curvature of y = f{x) is 

y f, 

(i + (yyy n 

and the normal curvature of the circle is the projection of its usual curvature 
(— l/y) over the normal N to the surface (see Fig. 3-42)，we obtain 

_ 1 C0S9? . 

But —cos = cos 9 (see Fig. 3-42)，and since tan 0 y\ we obtain 

— 1 1 

(1 + (/) 2 ) 3/2 — 7(1 + (/) 2 ) 172 

as the equation to be satisfied by the curve y ^ fix). 
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Clearly, there exists a point x where f r (x) ^ 0. Let us work in a neighbor¬ 
hood of this point where f f ^ 0. Multiplying both members of the above 
equation by 2y\ we obtain, 


2v'V 2〆 

•r - -— • — 

i + (/) 2 _ y 

Setting 1 + iy') 1 = z (hence, 2y u y' = we have 

z — 2 少 ' 

7 - 7 ’ 

which, by integration, gives (k is a constant) 

log z 二 log j 2 + log k 1 — \og{yky 


or 


1 + OO 2 


z = (>'/：) 2 . 


The last expression can be written 


kdy 




k dx ， 


which, again by integration, gives (c is a constant) 

cosh -1 (yA:) =kx c 
or 

7 = i cosh(A：x + c). 


Thus，in the neighborhood of a point where /’ 矣 0, the curve y = f(x) 
is a catenary. But then y' can only be zero at x = 0, and if the surface is to 
be connected, it is by continuity a catenoid，as we claimed. 





204 


The Geometry of the Geuss Mep 


Example 6 (The Helicoid), (cf. Example 3, Sec. 2-5.) 

x(w, v) = (a sinh v cos u, a sinh v sin u, au). 

It is easily checked that E ~ G = a 2 cosh 2 v, 尸 = 0， and x uu + x vv = 0. 
Thus, the helicoid is a minimal surface. It has the additional property that it 
is the only minimal surface, other than the plane, which is also a ruled 
surface. 

We can give a proof of the last assertion if we assume that the zeros of 
the Gaussian curvature of a minimal surface are isolated (for a proof, see, 
for instance, the survey of Osserman quoted at the end of this section, p. 76). 
Granted this，we shall proceed as follows. 

Assume that the surface is not a plane. Then in some neighborhood W 
of the surface the Gaussian curvature K is strictly negative. Since the mean 
curvature is zero, W is covered by two families of asymptotic curves which 
intersect orthogonally. Since the rulings are asymptotic curves and the sur¬ 
face is not a nlane. we can choose a Doint a ^ W such that the asvmDtotic 
curve, other than the ruling, passing through q has nonzero torsion at q. 
Since the osculating plane of an asymptotic curve is the tangent plane to the 
surface, there is a neighborhood V cz W such that the rulings of V are prin¬ 
cipal normals to the family of twisted asymptotic curves (Fig. 3-43). It is an 
interesting exercise in curves to prove that this can occur if and only if the 

TCw … 10 1 C\ TU … n 

Lwiaitu wui vta ai^ viivuicti 丄 viow 丄上 r pai l 

of a helicoid. Since the torsion of a circular helix is constant, we easily see 
that the whole surface is part of a helicoid, as we claimed. 
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The helicoid and the catenoid were discovered in 1776 by Meusnier, who 
also proved that Lagrange’s definition of minimal surfaces as critical points 
of a variational problem is equivalent to the vanishing of the mean curva¬ 
ture. For a long time, they were the only known examples of minimal sur¬ 
faces. Only in 1835 did Scherk find further examples, one of which is described 
in Example 8. In Exercise 14， we shall describe an interesting connection 
between the helicoid and the catenoid. 

Example 7 (Enneper’s Minimal Surface). Enneper’s surface is the para¬ 
metrized surface 

( u i \ 

u — ^- + uv 2 , v — J- + vu 2 ， u 2 — V 2 ), (w, v) e R 2 , 

which is easily seen to be minimal (Fig. 3-44). Notice that by changing (w, 
into (—v ， w) we change, in the surface ， (x, y, z) into (~y, x, —z). Thus, if 
we perform a positive rotation of nj2 about the z axis and follow it by a 
symmetry in the xy plane, the surface remains invariant. 


Z 



Figure 3-44. Enneper’s surface. Reproduced, with modifications, from K. Leicht- 
weiss, "Minimalflachen im Grossen，” Vberblicke Math, 2 (1969) ， 7-49, Fig. 4, 
with permission. 
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An interesting feature of Enneper’s surface is that it has self-intersections. 
This can be shown by setting u ~ p cos 0, ?? — /? sin 0 and writing 

x(/?, 6 ) = (/? cos 0 —今 cos 30， /? sin 0 + 爷 sin 30，〆 cos 20)- 

Thus, if x(p l9 D = x(/? 2 , 02)，a straightforward computation shows that 

x 2 +y 2 = pi + cos 

=(Pi + — ^r{p\ COS 2B \) 2 

v ■ J / j — 

=(P 2 + 令） 一 cos 20 2 ) 2 * 

Hence, since p\ cos 2 2Q X = p\ cos 2 2d 2 , we obtain 

A + 譬 = p 2 + 誓， 

which implies that p x = p 2 > It follows that cos 20^ = cos 28 2 - 
If, for instance, p x — p 2 and 9 X — In — 0 2 , we obtain from 

= y{Pi, 62 ) 

that y = ~y. Hence, y = 0 ; that is, the points (p u 6 2 ) and (p 2 , d 2 ) 
belong to the curve sin 6 + (p 2 /3) sin 30 = 0. Clearly, for each point (/?, 0) 
belonging to this curve, the point (p, 2 n — 0 ) also belongs to it, and 

x(p, 6 ) = x(p ， 2tz — 0) ， z{p, 6) — z(p, In — 0). 

Thus, the intersection of the surface with the plane j — 0 is a curve along 
which the surface intersects itself. 

Similarly, it can be shown that the intersection of the surface with the 
plane x — 0 is also a curve of self-intersection (this corresponds to the case 
p x — p 2i 0! = 7 t — 0 2 ). It is easily seen that they are the only self-intersec¬ 
tions of Enneper’s surface. 

I want to thank Alcides Lins Neto for havina worked out this examole in 
order to draw a first sketch of Fig. 3-44. 

Before 201 ns into the next exarrmle. we shall establish a useful relation 

- - • . ' —- - - - ■ - - • x ' J ••- - - - — - 

between minimal surfaces and analytic functions of a complex variable. Let 
C denote the complex plane, which is, as usual, identified with R 2 by setting 

r ，"丄 尸 f= fP (n /i^\ ?? 2 W 户 r 户 rail tViat n funrtinn f m TT t fT — > (H 

^ W I %> \J ^ ^ y j 、— -l • r t m. ▲為 w M. ‘丄 X^r xm, j • w '圓 
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is analytic when, by writing 

/(O =/i(w, v) + if 2 (u, v), 

the real functions f x and/ 2 have continuous partial derivatives of first order 
which satisfy the so-called Cauchy-Riemann equations : 

\ — _ §fi. 

du dv dv du 


Now let x: 。 R 2 ― > R 3 be a regular parametrized surface and define 

_1— _ j_ • ^ i 

complex iuncuons (p u (p 2i <pz oy 


A(c) 


dx 

du 


•dx 


h(c) 


§y 

du 




: dy rn (n dz .dz 

l Tv’ 以 O 瓦 — l ;， 


where x, y, and z are the component functions of x. 

LEMMA, x is isothermal if and only if <p\ (p\ + <p\ 三 ] f this last 

condition is satisfied, x is minimal if and only if g> u tp 2 , and <p 3 are analytic 
functions. 


Proof, By a simple computation, we obtain that 


g>i + g>l + (pi=E-G + 2/F, 

whence the first part of the lemma. Furthermore, x uu + x 仰 = 0 if and only if 

A ㈣ = 

du\dv/ dv\dv) 

d (dz\ _ d (dz\ 

d^\dU) = ^Tv\Tv) 



which give one-half of the Cauchy-Riemann equations for <p x , (p 2i g> 3 . Since 
the other half is automatically satisfied, we conclude that x uu + = 0 if 

and only if gj u q> 2 , and (p 2 are analytic. Q.E.D. 

Example 8 (Scherk’s Minimal Surface), This is given by 


x(u, v) ^ (arg 


v argfi4, log 


C-/ - 1 


C 2 + 1 
C 2 - 1 


〔本 士 1， c 式士 


where ^ = u -\- iv^ and arg ( is the angle that the real axis makes with 4 
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arg 


arg 


log 


C+ 1 
C 2 + i 


tan 


-i 


2u 


u 2 -\- v 2 — I 


tan 




—2v 


u 


2 




-V 2 — 1 

—v 2 + l) 2 4 - 4w 2 v 2 


ir 


l) 2 + 4wV’ 


hence, 


fiv riy 7 0,1 4T 

v ^ V ■ V 〆 V •— - ^ 

— % — rn 1 ’ …一口 93 = 

Since 史 i + 免 1 + 的 三 0 and <p u g> 2 , and g> 3 are analytic，x is an isothermal 
parametrization of a minimal surface. 

It is easily seen from the expressions of x, y, and 2 that 


z = log 


cos y 
cos x 


This representation shows that Scherk’s surface is defined on the chess¬ 
board pattern of Fig. 3-45 (except at the vertices of the squares, where the 
surface is actually a vertical line). 

Minimal surfaces are perhaps the best-studied surfaces in differential 
geometry, and we have barely touched the subject, A very readable introduc¬ 
tion can be found in R. Osserman, A Survey of Minimal Surfaces, Van 
Nostrand Mathematical Studies, Van Nostrand Reinhold, New York, 1969. 
The theory has developed into a rich branch of differential geometry in 
which interesting and nontrivial questions are still being investigated. It 
has deep connections with analytic functions of complex variables and 
nartial differential equations• As a rule, the results of the theory have the 

丄 丄 〆 «f 

charming quality that they are easy to visualize and very hard to prove. To 
convey to the reader some flavor of the subject we shall close this brief account 

hv «tatinfy witVimit nrnnf nnp strilrino rp«nlt 

THEOREM (Osserman). Let S c= R 3 regular, closed (as a subset of 
R 3 、minimal surface in R 3 which is not a nlane. Thpn the ima^p of the Gauss 

/ k/ — " X" — u — fc/ 

map N: S — > S 2 is dense in the sphere S 2 (that is, arbitrarily close to any 

point ofS 2 there is a point o/N(S) <= S 2 ). 

A proof of this theorem can be found in Osserman’s survey, quoted 
above. Actually, the theorem is somewhat stronger in that it applies to com¬ 
plete surfaces，a concept to be defined in Sec, 5-3, 
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(0 

Figure 3-45. Scherk’s surface. 


EXERCfSES 


Show that the helicoid (cf. Example 3, See. 2-5) is a ruled surface, its line of 
striction is the z axis, and its distribution parameter is constant. 

2, Show that on the hyperboloid of revolution x 2 y 2 ~ 2 2 ^ 1, the parallel of 
】east radius is the line of striedou, the ruh'ngs meet is under a constant angle, and 

is constant. 


th^ 
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3. Let a ： I ― > 5 〔 i? 3 be a curve on a,regular surface S and consider the ruled 
surface generated by the family {a ⑺， 7V(0}，where N{t) is the normal to the 
surface at a(r). Prove that tx(/) c= 5 is a line of curvature in S if and only if this 
ruled surface is developable. 

4. Assume that a noncylirtdrical ruled surface 

x{t, v) = a(0 + vw(t), 卜 I = 1 ， 

is regular. Let w(t 2 ) be the directions of two rulings of x and let x(/ 1; vi), 
x(? 2 , ^ 2 ) be the feet of the common perpendicular to these two rulings. As 
t 2 — > t u these points tend to a point xO! ，石 ) • To determine v) prove the 

njiujwmg. 

a. The unit vector of the common perpendicular converges to a unit vector 
tangent to the surface at (/i, v). Conclude that, at (/ 1? v), 

A N} — 0. 

h z= —— ( / flf \i/\l/ ia/ 

^ v\— ? rr / / \ rr ， rr //_ 

Thus, (t u v) is the central point of the ruling through t u and this gives 
another interpretation of the line of striction (assumed nonsingular). 

5. A right conoid is a ruled surface whose rulings L t intersect perpendicularly at 
fixed axis r which does not meet the directrix a ： I — > R 3 . 

a. Find a parametrization for the right conoid and determine a condition that 
implies it to be noncylindrical 

b. Given a noncylindrical right conoid, find the line of striction and the distri¬ 
bution parameter. 

6. Let 

x(t, v) = 0C(t) + vw(t) 

be a developable surface. Prove that at a regular point we have 

< \N Vi x v y ~ 〈 A/y ， x) = 0. 

Conclude that the tangent plane of a developable surface is constant along (the 
regular points of) a fixed ruling. 

7. Let 5 be a regular surface and let C c= 5 be a regular curve on S, nowhere tan¬ 
gent to an asymptotic direction. Consider the envelope of the family of tangent 
planes of S along C. Prove that the direction of the ruling that passes through a 
point p e Cis conjugate to the tangent direction of Catp. 

8. Show that if C c= 5 2 is a parallel of a unit sphere S\ then the envelope of tan¬ 
gent planes of 5 2 along C is either a cylinder, if C is an equator, or a cone, if C 
is not an equator. 

9. {Focal Surfaces.) Let be a regular surface without parabolic or umbilical 
points. Let x \ XJ — > S be a p3.rsijictriZ3.tion of S such that the coordinate curves 
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are lines of curvature (if U is small, this is no restriction, cf. Corollary 4, Sec. 

3-4). The parametrized surfaces 

y(H ， v) = x(m, v) + p x N{u, v), 

nr# v m n » i •wr t -w m A ^ 1 1 _ /I \ T/* w ■ a *、 

u } — V} nr \u^ v 

where p\ = l/k u p 2 = l//： 2 , are called focal surfaces of x(U) (or surfaces of 

rprtfprs: nf 'xir/、* this f^rminnlncrv rnmps frnm flip fart that m(h fnr inct^nr*^ 

v r V r ■v ▲ j y »v 'v & ~v « ^ ■ 息 • ■ 息 — ， ▲ >L V V V A A -n J 、 ^VX 薩 .^T* ^ 

is the center of the osculating circle (cf. Sec. 1-6, Exercise 2) of the normal sec¬ 
tion at x(w, v) corresponding to the principal curvature ky). Prove that 

»• If yk j u.nd (Jc 2 t)v are now hers zero ， th 0 n y and z sre regular psrsmetrized 
surfaces. 

b. At the regular points, the directions on a focal surface corresponding to the 
principal directions on x(C7) are conjugate. That means, for instance, that 
y u and y v are conjugate vectors in y(U) for all (w, v) e U. 

c. A focal surface, say y, can be constructed as follows: Consider the line of 
curvature x(w ， const.) on x(C7), and construct the developable surface gener¬ 
ated by the normals of x(t/) along the curve x(w ， const.) (cf. Exercise 3). The 
line of striction of such a developable lies on y(C/), and as x(w, const.) 
describes x(C/), this line describes y(U) (Fig. 3-46). 



Figure 3-46. Construction of a focal surface. 
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v) - ot(/) + v -j^r 


The surface (*) is called the envelope of the family {£X(r), N(t)}. 

b. Prove that if a'(0 A (N(t) A NXt)) ^ 0 for all t g I y then the envelope (*) 

rp^nlar in a npicrhhnrhnnH nf = 0 anH thp unit nnrmpl v^rtnr nf 'v at 

—— 亨 * A JhiO W ■ 4 & -v MV v ， 甲 v ▲麗 I VJ, Ato* ■■- 、_^ ▲ WA f ，F V •• •P，V 

(t, 0) is N(t). 

c. Let a = a(^) be a curve in R 3 parametrized by arc length. Assume that the 
curvature k(jsi) and the torsion t(^) of a are nowhere zero. Prove that the 
family of osculating planes [a(»，30)} is a one-parameter differentiable 
family of tangent planes and that the envelope of this family is the tangent 

cnrf^r^ in ZY/v 、,rf Fvarrml^ S S 户 p 9^Ti 

L>P a . v wv a . ， -* x 太 / 星 v ^ ， *-* v v • 

11. Let x = x(h, v) be a regular parametrized surface. A parallel surface to x is a 
parametrized surface 

y(«，v) = x(u, v) + aN{u, v\ 

where a is a constant 

a. Prove that y K 八 = (1 — 2ffa + Ka 2 )(x u A x v ), where K and H are the 
Gaussian and mean curvatures of x, respectively. 

b. Prove that at the regular points, the Gaussian curvature of y is 

K 

1 - 2Ha + Ka 2 
and the mean curvature of y is 

H - Ka 

\ -2Ha + Ka 1 ' 

c. Let a surface x have constant mean curvature equal to c 古 0 and consider 
the parallel surface to x at a distance l/2c. Prove that this parallel surface has 
constant Gaussian curvature equal to 4c 2 . 

12. Prove that there are no compact (i.e.，bounded and closed in R 3 ) minimal sur¬ 
faces. 

13. a. Let 5 be a regular surface without umbilical points. Prove that 5 is a mini- 

liitu Etunacc u aiiu umy u me \jausa 丄 iiap _zv . o — * o - sausiics, 丄 ctu p ^ o 


10. Example 4 can be generalized as follows. A one-parameter differentiable family 
of planes {£X(0, N{t)} is a correspondence which assigns to each / G / a point 
QC(t) g R 3 and a unit vector A^(0 g R 3 in such a way that both a and N are 
differentiable maps. A family {oc(0, N(t)}, t e I, is said to be a family of tangent 
planes if 0i\t) ^ 0, N f (t) ^ 0, and <a / (0, N(t)} = 0 for all t e I. 

a. Give proof that a differentiable one-parameter family of tangent planes 
{a(0, N(t)} determines a differentiable one-parameter family of lines 
[a(0, (A^ A A^)/| AH] which generates a developable surface 


* 
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3.nd a.11 W 2 £ TpO’ 

〈 dN p (Wi) ， dN p (W2j}N{p、= 又 (pX^i ， wXp ， 


where X{p) 式 0 is a number which depends only on p. 

b. Let x: U > 5 2 be a parametrization of the unit sphere S 1 by (9, f) g U, 
where 9 is the colatitude (cf. Example 1, Sec. 2-2) and <p is the arc length of 
the parallel determined by 9. Consider a neighborhood Fof a point p of the 
minimal surface S in part a such that N: S — 、 S 1 restricted to V is a diffeo- 
morphism (since K(p) = det(^A r p ) ^ 0, such a V exists by the inverse func¬ 
tion theorem). Prove that the parametrization y = ox: U ― ^ S is 
isothermal {this gives a way of introducing Isothermal parametrizaiions on 
minimal surfaces without planar points). 

14. When two differentiable functions f, g: U c R 1 — > R satisfy the Cauchy-Rie- 
mann equations 


df 

du 


Tv 


% = ~fu 


they are easily seen to be harmonic; in this situation, / and g are said to be 
harmonic conjugate. Let x and y be isothermal parametrizations of minimal 
surfaces such that their component functions are pairwise harmonic conjugate; 
then x and y are called conjugate minimal surfaces. Prove that 

a. The helicoid and the catenoid are conjugate minimal surfaces. 

b. Given two conjugate minimal surfaces, x and y, the surface 

z = (cos /)x 4 - (sin /)y (*) 

is again minimal for all t g R. 

c. All surfaces of the one-parameter family (*) have the same fundamental 

form: E =- <x U) x„> <y v , y^>, F = 0, G =- x^) <y„, y„>. 

Thus, any two conjugate minimal surfaces can be joined through a one- 
parameter family of minimal surfaces, and the first fundamental form of this 
family is independent of t. 



Appendix Seif-Adjoint Linear Maps 

and Quadratic Forms 


In this appendix, V will denote a vector space of dimension 2, endowed with 
an inner product 〈 ， 〉. All that follows can be easily extended to a finite 

72 -dimensional vector space, but for the sake of simplicity, we shall treat 
only the case n =2. 

We sav that a linear map A : V > V is self-adioint if (Av. = (v, Aw^> 

■ 人 of \ r / \ ^ / 

for all w g V. 

Notice that if {e l5 e 2 } is an orthonormal basis for V and (a")，= 1,2, 

is flip matriY nf A rplntivp fn flint hacic tli^n 

• VAA v AAA W JL i n. ▲ A A 4. ^ Jk W VAT V A V ， V A A ▲ A 


e y > = oc , 7 = 〈 <• ， Aej} = ^Ae jy e t y — a^; 

that is, the matrix (oc") is symmetric. 

To each self-adjoint linear map we associate a map V x V > 
by 


B(v, w) — <^Av, w)>. 


R defined 


B is clearly bilinear; that is, it is linear in both v and w. Moreover, the fact 
that A is self-adjoint implies that B(v } w) = B{w, v)\ that is, B is a bilinear 
symmetric form in V. 

Conversely, if 方 is a bilinear symmetric form in V f we can define a linear 
map A : V — > K by <(Av, iv 〉 二 B(v> H 1 ) and the symmetry of B implies that A 
is self-adjoint. 

\^n tut ULiici uanu, lu icuai ayiiimctii^, uimicai iuun u m y , uxcjlc cuijlc- 

sponds a quadratic form g in K given by 
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Q(v) ™ B(v, v), v ^ V, 
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and the knowledge of Q determines B completely, since 

B(u ， v) = {[Q(u + v) — Q(u) — Q(v)l 

Thus, a one-to-one correspondence is established between quadratic 
forms in V and self-adjoint linear maps of V. 

The goal of this appendix is to prove that (see the theorem below) given 
a self-adjoint linear map A : V — > V, there exists an ortho normal basis for 
V such that relative to that basis the matrix of ^4 is a diagonal matrix. Fur¬ 
thermore, the elements on the diagonal are the maximum and the minimum 
of the corresponding quadratic form restricted to the unit circle of K 


LEMMA. If the function Q(x, y) = ax 2 + 2bxy + cy 2 ，restricted to the 
unit circle x 2 + y 2 — 1, has a maximum a/ the point (1,0), then b = 0. 

Proof. Parametrize the circle x 1 y 1 ^ \ by x = cos t, y ~ sin 
t e (0 — 6, 2 兀 + 6). Thus, Q, restricted to that circle, becomes a function 
of t: 

2(0 a cos 2 t + 2b cos / sin / + c sin 2 t. 


Since Q has a maximum at the point (1, 0) we have 


(dQ\ 

Kdt) t .. 


— 2.b = 0. 


Hence, 6 = 0 as we wished. Q.E.D. 

PROPOSITION. Given a quadratic form Q in V, there exists an orthonor¬ 
mal basis {e x , e 2 } ofY such that if y e Y is given by v = xe! + ye 2 , then 

Q(v) = AiX 2 + A 2 y 2 ， 

where and X 1 are the maximum and minimum, respectively，of Q on the unit 
circle |v| — 1. 

Proof. Let Ai be the maximum of Q on the unit circle 卜 j | 。 1， and let 
be a unit vector with Qie^ = Such an e x exists by continuity of Q on the 
compact set I -y I = 1. Let e 2 be a unit vector that is orthogonal to e l5 and 

n — r\(^ \ wr^ rili 八 iTT V\rt ni n f ^ ^ 1 n o i O'fi ^ n 八 /I t "ft c 

A2 —— ty w dixai 丄 w tixat tixw j j 

of the proposition. 

Let B be the symmetric bilinear form that is associated to Q and 

set v = xe 1 + ye 2 . Then 


Q(v) = B(v, v) = B{xe x + ye 2 , xe { + ye 2 ) 

A 1 * A 1 

二 "■十 十 A 2 y ^, 
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where b B(e u e 2 ). By the lemma, b =0, and it only remains to prove that 
A 2 is the minimum of Q in the circle |v| = 1. This is immediate because, for 
any v = xe^ ye 2 with x 2 + y 2 — 1, we have that 

Q(v) = kyX 1 + X 2 y 2 > A 2 (x 2 + y 2 ) = A 2 , 
since X 2 <i X x . O.E.D. 

We say that a vector ^ ^ 0 is an eigenvector of a linear map A: V — > V 
if Av ™ Xv for some real number A; A is then called an eigenvalue of A. 

THEOREM. Let A: V — N be a self-adjoint linear map. Then there 
exists an orthonormal basis {e l5 e 2 } o/V such that A(e!) = A(e 2 ) = A 2 e 2 

{that is, e l and e 2 are eigenvectors，and X 2 are eigenvalues of A). In the 
basis {e l5 e 2 }， the matrix of A is clearly diagonal and the elements X u X l3 

> X 2 , on the diagonal are the maximum and the minimum, respectively, of 
the quadratic form Q(v) — <(Av, v) on the unit circle of y• 

Proof. Consider the quadratic form Q(v) — (Av, v}. By the proposition 
above, there exists an orthonormal basis {e 1; e 2 } of V, with 2(^i) — A 1? 
Q(e 2 ) = A 2 < Ai, where A! and A 2 are the maximum and minimum, respec¬ 
tively, of Q in the unit circle. It remains, therefore, to prove that 

A{e x ) = X x e u 雄 2 ) = A 2 (e 2 ). 

Since B{e 1 , e 2 ) = (Ae lf e 2 } = 0 (by the lemma) and e 2 ^ 0, we have that 
either Ae x is parallel to or Ae x = 0. If Ae 1 is parallel to e ls then Ae x = ae u 
and since (Ae u e !〉= ^ = <ae l9 e!> = a，we conclude that Ae l = 
if Ae x — 0, then X x — = 0, and Ae x = 0 = Thus, we have 

in any case that Ae 1 = Xie x . 

Now using the fact that 


and that 


聊 I ， =<^e 2 , ej> = 0 

/ ji ^ - it 

、’ L / 八2， 


we can prove in the same way that Ae 2 = X 2 e 2 - 


Q.E.D. 


Remark. The extension of the above results to an ^-dimensional vector 
space, n > 2, requires only the following precaution. In the previous proposi¬ 
tion, we choose the maximum X x = Q{ei) of Q in the unit sphere，and then 
show that Q restricts to a quadratic form Q x in the sub space V x orthogonal 
to e x . We choose for A 2 = gife) the maximum of Q x in the unit sphere of 
V u and so forth. 
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Geometry of Surfaces 


4-1. Introduction 

In Chap. 2 we introduced the first fundamental form of a surface S and 
showed how it can be used to compute simple metric concepts on (length, 
angle, area, etc.). The important point is that such computations can be made 
without “leaving” the surface, once the first fundamental form is known. 
Because of this, these concepts are said to be intrinsic to the surface S. 

The geometry of the first fundamental form, however, does not exhaust 
itself with the simple concepts mentioned above. As we shall see in this 
chapter, many important local properties of a surface can be expressed only 
in terms of the first fundamental form. The study of such properties is called 
the intrinsic geometry of the surface. This chapter is dedicated to intrinsic 
geometry. 

In Sec. 4-2 we shall define the notion of isometry, which essentially makes 
precise the intuitive idea of two surfaces having “the same” first fundamental 
forms. 

In Sec. 4-3 we shall prove the celebrated Gauss formula that expresses 
the Gaussian curvature ^ as a function of the coefficients of the first funda¬ 
mental form and its derivatives. This means that K is an intrinsic concept, 
a very striking fact if we consider that K was defined using the second funda¬ 
mental form. 

In Sec. 4-4 we shall start a systematic study of intrinsic geometry. It turns 
out that the subject can be unified through the concept of covariant deriva¬ 
tive of a vector field, on a surface. This is a generalization of the usual deriva- 

■•^1 o vi ^ wl o rn o i ^ o "fo 1 rrti m i + 

l 丄 vl Or vmuJL miU" u 丄土 tixw pict 丄 n 丄 u p 丄丄 ui 土 1 viw cx 丄 1 

the chapter. 
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Section 4-5 is devoted to the Gauss-Bonnet theorem both in its local and 
global versions. This is probably the most important theorem of this book. 
Even in a short course, one should make an effort to reach Sec. 4-5. 

In Sec. 4-6 we shall define the exponential map and use it to introduce two 
special coordinate systems, namely, the normal coordinates and the geodesic 
polar coordinates. 

In Sec. 4-7 we shall take up some delicate points on the theory of geodesics 
which were left aside in the previous sections. For instance, we shall prove the 
existence, for each point of a surface S, of a neighborhood of in which 
is a normal neighborhood of all its points (the definition of normal neigh¬ 
borhood is given in Sec. 4-6). This result and a related one are used in Chap. 
5; however, it is probably convenient to assume them and omit Sec. 4-7 on a 
first reading. We shall also prove the existence of convex neighborhoods, 
but this is used nowhere else in the book. 


4—2m isGinsitiSS / Corsfomiai ISAaps 

Examples 1 and 2 of Sec. 2-5 display an interesting peculiarity. Although the 
cylinder and the plane are distinct surfaces, their first fundamental forms are 
“equal” (at least in the coordinate neighborhoods that we have considered). 
This means that insofar as intrinsic metric questions are concerned (length, 
angle, area), the plane and the cylinder behave ]oca]iy in the same way. 
(This is intuitively clear, since by cutting a cylinder along a generator we may 
unroll it onto a part of a plane.) In this chapter we shall see that many other 
important concepts associated to a regular surface depend only on the first 
fundamental form and should be included in the category of intrinsic con¬ 
cepts. It is therefore convenient that we formulate in a precise way what is 
meant by two regular surfaces having equal first fundamental forms. 

S and S will always denote regular surfaces. 

DEFINITION 1. A diffeomorphism (p : S — > S is an isometry if for all 
p G S and all pairs w l9 w 2 e T P (S) we have 

<w I? w 2 > p - d^ p (w 2 )X (p) . 

The surfaces S and S are then said to be isometric. 

In other words, a diffeomorphism <p is an isometry if the differential d(p 
preserves the inner product. It follows that, d(p being an isometry ， 

AO )> ，⑷〉 p P {w )， 却 

for all iv g T P {S). Conversely, If a diffeomorphism (p preserves the first 
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fundamental form, that is, 

T _ T / J /… W C 11 rrf / ^t\ 

^pV^) = ^{ P A^9pK w )} 1U1 e i p ^) t 

then 

2<[w l ^ w 2 y = + ^ 2 ) — — ^ P ( w 2) 

= ^{ P )(d<p p (w x + vv 2 )) — P {w i )) — ’ 々 )( 却 /w 2 )) 

*~\ / J f \ J ^ / …、 \ 

and (p is, therefore, an isometry. 

DEFINITION 2. A map <p : V — of a neighborhood V 0 / p e S is a 
local isometry at p if there exists a neighborhood V of 炉 (p) e S such that 
<p:Y is an isometry. If there exists a local isometry into S at every p e S, 
the surface S is said to be locally isometric to S. S and S are locally isometric 
ifSis locally isometric to S and S is locally isometric to S. 

It is clear that if 供 ： 5 — 5 is a diffeomorphism and a local isometry for 
every p ^ S, then is an isometry (globally). It may, however, happen that 
two surfaces are locally isometric without being (globally) isometric, as shown 
in the following example. 

Example 1. Let 史 be a map of the coordinate neighborhood x((/) of the 
cylinder given in Example 2 of Sec. 2-5 into the plane x(7? 2 ) of Example 1 of 
Sec. 2-5, defined by 史 =x 。 x _1 (we have changed x to x in the parametriza- 
tion of the cylinder). Then ^ is a local isometry. In fact, each vector w, tangent 
to the cylinder at a point p e x(C/), is tangent to a curve 〆/))，where 

v(t)) is a curve in U c: R 1 . Thus, w can be written as 

= x u u f + x vV f . 

On the other hand, a<p{w) is tangent to the curve 

q>(x(u(t), v(t))) = x(w ⑺， v(t)). 

Thus ， dtpiw) = x u u' + x〆.Since E = E, F ~ JF, G G, we obtain 

40) = E{uy + 2Fu ， v , + G(v r ) 2 

=E{uf + 2FwV + G(v f ) 2 =- I^ p) {d(p p {w)\ 

as we claimed. It follows that the cylinder x 2 + )， 2 = ! is locally isometric 
to a plane. 

The isometry cannot be extended to the entire cylinder because the 

uyimaei is nut even lujiiicuiiiujijjiii^ i\j a piauc- -r\ rj^uiuus piuui ui me ia^t 
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assertion would take us too far afield，but the following intuitive argument 
may give an idea of the proof. Any simple closed curve in the plane can be 
shrunk continuously into a point without leaving the plane (Fig. 4-1). Such a 
property would certainly be preserved under a homeomorphism. But a paral¬ 
lel of the cylinder (Fig. 4-1) does not have that property, and this contradicts 

flip ^Yicfpnrp of a linmpnmnrnliicm hpfwppn fhp nlanp anH flip r.vlinHpr 

V A J V V 1 冬 V V ▲ W* XX 丄 丄 ▲▲ V m. 置 〆 A ▲▲ A V V ， f V V V i 丄 V 4 W ▲為 V a a v V J A 4 ▲ AV M. m 




p 


s 




/ / / ) / 


' — 



c 

\ p 




Figure 4-1. C [ P can be shrunk continuously into p without leaving P. The 
same does not hold for C" <= 5. 

Before presenting further examples, we shall generalize the argument 
given above to obtain a criterion for local isometry in terms of local coordi¬ 
nates. 

PROPOSITION 1. Assume the existence of parametrizations x: U ― > S 
and x: U ― j- S such that E = E ， F = F，G = (5 m U. Then the map (p — 殳。 x _ 1 : 
x(U) — >S is a local isometry. 

Proof. Let p e x(U) and w e T P (S). Then w is tangent to a curve x(a(/)) 
at ? = 0, where a(,) = (w (/)， v(t)) is a curve in U; thus, w may be written 
{t = 0) 

W = X w W’ + X v V . 

By definition, the vector d<p p (w) is the tangent vector to the curve 
xox~ 1 ox(a(0), i.e., to the curve x(a(/)) at f 二 0 (Fig. 4-2). Thus, 

d(p P (^) x a u f + 交 y_ 

Since 

I p (w) - E{u l f + 2FuV + G(v f )\ 

L f JdwJw)) = E(u r ) 2 + IF^v + G(v f )\ 

Y \ j j / 、 〆✓ 、 / • ► 、 z ， 

we conclude that I p (w) = I 9 { P ){d(p p {w)) for all p e x(U) and all w e T P (S ); 
hence, ^ is a local isometry. Q.E.D. 
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Figure 4-2 

Example 2. Let S be a surface of revolution and let 

v) = (f(v) cos u, f(v) sin w, g(v)), 

a < v 0 < u < In, f(v) > 0, 

be a parametrization of S (cf. Example 4, Sec. 2-3). The coefficients of the 
first fundamental form of S in the parametrization x are given by 

E= G = (fXv)) 1 + g\v))\ 

In particular, the surface of revolution of the catenary ， 
x = a cosh v, z — av, —oo < -y < co, 

has the following parametrization: 

x(u t v) = (a cosh v cos u, a cosh v sin m, av) 9 

0 < w < 2 丌， 一 oo < r < oo ， 

relative to which the coefficients of the first fundamental form are 

T7 _t, .. T? (\ 广 r -.***1*1 -A ^.1 ■— 

= u~ uusn - Vt r — kj = -j- sum - v) = u~ v- 

This surface of revolution is called the catenoid (see Fig. 4-3). We shall show 
that the catenoid is locally isometric to the helicoid of Example 3, Sec. 2-5. 
A parametrization for the helicoid is given by 

x(u, v) — {v cos u t v sin ii, ail )， 0 < u < 2tz, — co 〈 v < oo. 
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z 

本 



X 

Figure 4-3. The catenoid. 
Let us make the following change of parameters : 


u = u, V = a sinh v, 0 < w < 一 oo < 汐 < oo, 


which is possible since the map is clearly one-to-one, and the Jacobian 


㈣ =a cosh 
a(u, v) 


v 


is nonzero everywhere. Thus, a new parametrization of the helicoid is 

x(w, v) = {a sinh v cos w, a sinh v sin u, au), 
relative to which the coefficients of the first fundamental form are given by 

E — a 2 cosh 2 v, F = 0 ， G = a 1 cosh 2 v* 


Using Prop. 1， we conclude that the catenoid and the helicoid are locally 
isometric. 

Figure 4-4 gives a geometric idea of how the isometry operates; it maps 
“one turn” of the helicoid (coordinate neighborhood corresponding to 
0 < w < 2n) into the catenoid minus one meridian. 

Remark 1 • The isometry between the helicoid and the catenoid has already 
appeared in Chap. 3 in the context of minimal surfaces; cf. Exercise 14, Sec. 
3-5. 
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Example 3. We shall prove that the one-sheeted cone (minus the vertex) 

z = + kj~x 2 + y 2 , (x, y) ^ (0, 0), 

is locally isometric to a plane. The idea is to show that a cone minus a genera¬ 
tor can be “rolled” onto a piece of a plane. 

Let [/ [ be the open set given in polar coordinates (p, 6) by 

0 < /? < oo, 0 < 0 < 2tt sin a, 



(c) (d) 

Figure 4-4. Isometric deformation of helicoid to eatenoid. (a) Phase 1. 
(b) Phase 2 . (c) Phase 3. (d) Phase 4* 
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(g) 

Figure 4-4 ‘⑹ Phase 5. (f) Phase 6. (g) Phase 7 - 


where 2a (0 < 2a < n) is the angle at the vertex of the cone (i.e., where 
cotan a = k), and let F: U ^ R 2, be the map (Fig. 4-5) 




p sm a cos 


.sm a, 


p sin a sin 


,sm a ； 


p cos a 


It is clear that F(U) is contained in the cone because 

Arv^ 2 —+ y Y — cotan cc^p 2 sin 2 a = p cos cc = z. 


Furthermore, when 0 describes the interval (0, 2n sin a), 0/sin a describes the 
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7 



Figure 4-5 


interval (0, 2 兀 )‘ Thus, all points of the cone except the generator 0 = 0 are 
covered by F(U). 

It is easily checked that F and dF are one-to-one in U; therefore, F is a 
diffeomorphism of U onto the cone minus a generator. 

We shall now show that ^ is an isometry. In fact, U may be thought 
of as a regular surface, parametrized by 

x( n. 0^ = (n r.n<i fi. n c：in f), OY 0 n oo 0 f) Jtt <iin n 

- 7 T ^ W V ， ^ V 、 、 ， V 、 V 、 ，故 V AH " 

The coefficients of the first fundamental form of U in this parametrization 
are 

E — F — 0, G — p 2 , 

wn me uLiici iicLiiu, me uueiuuieuLCb eu lug lirbi luiiaameiuai iuiiu ui me cune 
in the parametrization Fox are 

T7 1 r? n 厂 

L = 丄 , r = u, \j — fi' 

From Prop. 1 we conclude that Z 1 is a local isometry, as we wished. 


Remark 2. The fact that we can compute lengths of curves on a surface 
S by using only its first fundamental form allows us to introduce a notion of 
intrinsic distance for points m S . R_oughly speaking，wc define the (intnii - 
sic) distance d(p ， q) between two points of S as the infimum of the length of 
curves on 5 joining p and q. (We shall go into that in more detail in Sec. 5-3.) 
This distance is clearly greater than or equal to the distance \\p — q\\ov p to 
q as points in R 3 (Fig. 4-6). We shall show in Exercise 3 that the distance d 
is invariant under isometries; that is, if <p\ S ― > f is an isometry, then 
d(p, q) = d(g>(p), (p{q)), p,q e S. 
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Figure 4-6 


The notion of isometry is the natural concept of equivalence for the 
metric properties of regular surfaces. In the same way as diffeomorphic 

auiicL^ca clic C4UIVCLIC111 iiuin me puini ui view ui uuicicnuciuimy, i&uiiicLin; 

surfaces are equivalent from the metric viewpoint. 

It is possible to define further types of equivalence in the study of surfaces. 
From our point of view, diffeomorphisms and isometries are the most 
important. However, when dealing with problems associated with analytic 
functions of complex variables, it is important to introduce the conformal 
equivalence, which we shall now discuss briefly. 


TlTn7Tl\JT r TT01NJ "X A Ai-Ff^rhY^r^YnVti^wi /n • Q _ i SI 7 c n nnrvfV^rmcil mc*r\ 

邏丄 ， I 丄 丄， • j . x w iip y / • uj 1 wy 上丄丄 \j ±. x xj . 

if for all p e S and all v 2 e T P (S) we have 




df P (v 2 )> 


i 2 (p)<Vi, V 


2/p> 


where X 1 is a nowhere~zero differentiable function on S; the surfaces S and S 
are then said to he conformal. A map <p : V -- > S of a neighborhood V of p G S 
into S is a local conformal map at p if there exists a neighborhood \ of p(p) 
such that <p: V — >Y is a conformal map. If for each p e S, there exists a local 
conformal map at p, the surface S is said to be locally conformal to S. 


The geometric meaning of the above definition is that the angles ("but 
not necessarily the lengths) are preserved by conformal maps. In fact, let 
a: I — > S and 0:1S bt two curves in S which intersect at, say, t = 0. 

Thpir an crip ^ at / = H ic oivpn hv 

A ▲iVAA V v *0 v A ‘* 丨 ^ J 


QOS0= 


Q < 0 < n. 


A conformal map (p\ S ― > S maps these curves into curves <pocc: I — > S, 


9 °,- 


B\ I — ^ S. which intersect for t = 0. makine an anele 6 eiven bv 


cos 


石 < :却 (oO, xm 


cos 0 ， 
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as we claimed. It is not hard to prove that this property characterizes the 
locally conformal maps (Exercise 14). 

The following proposition is the analogue of Prop. 1 for conformal maps ， 
and its proof is also left as an exercise. 

PROPOSITION 2. Let x: U — > S and x: U — > S be parametrizations 
such that E = A 2 E, F — A 2 P ， G = A 2 G in U, where A 2 is a nowhere-zero 
differentiable function in U. Then the map (p = xox^ 1 : x(U) — ^ S is a local 
conformal map. 

Local conformality is easily seen to be an equivalence relation; that is, 
if S x is locally conformal to S 2 and S 2 is locally conformal to S 3i then & 
is locally conformal to S 3 . 

The most important property of conformal maps is given by the following 
theorem, which we sfiaff not prove. 

THEOREM. Any two yc^ttldi' suvfaces arc locally couj'oi'mcil, 

The proof is based on the possibility of parametrizing a neighborhood of 
any point of a regular surface in such a way that the coefficients of the first 
fundamental form are 

T7 1? 八 ‘ 一 77 A 广 *1。/ 、 

L V) ^ u, r = u ， Lr = >T(W ， V). 

Such a coordinate system is called isothermal. Once the existence of an 
isothermal coordinate system of a regular surface S is assumed, S is dearly 
locally conformal to a plane, and by composition locally conformal to any 
other surface. 

The proof that there exist isothermal coordinate systems on any regular 
surface is delicate and will not be taken up here. The interested reader may 
consult L. Bers ，Riemann Surfaces ，New York University, Institute of Mathe¬ 
matical Sciences, New York, 1957-1958, pp. 15-35. 

Remark 3. Isothermal parametrizations already appeared in Chap. 3 in 
the context of minimal surfaces; cf. Prop. 2 and Exercise 13 of Sec. 3-5. 


EXERCISES 

嗜 T m T T J § 9 0 # J *1 . A A* w * 

i. r. u '― 八 - — > 八 - uc given uy 

F{u, v) ^ (w sin a cos v, u sin a sin v, u cos a), 
(w, v) g U = {(«, v) e P. 2 ; u > 0}, a — const. 
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a. Prove that Fis a local difFeomorphism of U onto a cone C with the vertex at 
the origin and 2a as the angle of the vertex. 

b. Is Fa local isometry? 

2, Prove the following “converse” of Prop. 1 : Let (p\ S — > 5 be an isometry and 
x: U — > S a parametrization at/? e then i is a parametrization at 

^>{p) and E = E, F = F f G — G. 

*3. Show that a difFeomorphism (p\ S ― > ^ is an isometry if and only if the arc 
length of any parametrized curve in 5 is equal to the arc length of the image 
curve by (p. 

4. Use the stereographic projection (cf. Exercise 16 ， Sec. 2-2) to show that the 
sphere is locally conformal to a plane. 

5, Let £Xi: / — > R 3 , a 2 : / — > R 3 be regular parametrized curves, where the para¬ 
meter is the arc length. Assume that the curvatures of a x and k 2 of a 2 satisfy 
ki(s) = k 2 (s) ^0, s e I. Let 

Xi(5, v) = (Xiis) + vOC{(s )， 
x 2 (s, v) = a 2 0) + vGCzis) 


be their (regular) tangent surfaces (cf. Example 5, Sec. 2-3) and let Kbe a neigh¬ 
borhood of (t 。， So) such that xi(F) cz R 3 , x 2 (F) c R 3 are regular surfaces (cf. 
Prop, 2, Sec. 2-3). Prove that x! 。 x; 1 •• x 2 (V) 一 x^K) is an isometry. 

*6, Let OC: I — > i ? 3 be a regular parametrized curve with k{t) ^ 0, / g /. Let 
x(t, v) be its tangent surface. Prove that, for each (/ 0} v 0 ) e I x {R — {0}), 
there exists a neighborhood V of {t 0 , v 0 ) such that x( V) is isometric to an open 
set of the plane {thus, tangent surfaces are locally isometric to planes). 


7. Let V and Wb& (finite-dimensional) vector spaces with inner products denoted 
by 〈，〉 and let F: V — > Wbea. linear map. Prove that the following conditions 
are equivalent : 

a. 〈 FOO, F(v 2 )} = <V U v 2 y for all v u v 2 e Vi. 

b. I F(v) I = I I for all v g V. 

c. If {v u is an orthonormal basis in v\ then {F (” i)，. • . ， F(v„)} is an 

orthonormal basis in W. 

d. There exists an orthonormal basis {v u , v n ] in V such that 
{FO^)，• .. ， F(v„)} is an orthonormal basis in W. 

If any of these conditions is satisfied, F is called a linear isometry of V into W. 
(When W = V,2i linear isometry is often called an orthogonal transformation.) 

*8. Let G: R 3 — ^ 及 3 be a map such that 

I G(p) - G{q)\ = \p-q\ for all p t g e 

(that is, G is a distance-preserving map). Prove that there exists p 0 e and a 
linear isometry (cf. Exercise 7) 尸 of the vector space R 3 such that 

G{p) = F(p) + p 0 for all p e 
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9. Let S 2 , and S 3 be regular surfaces. Prove that 

a. If Si — > S 2 is an isometry, then (p^ 1 : S z — ► is also an isometry. 

b. If 史 ： 5^ — > S 2 y y/- Sz ― > S 3 are isometries, then t// o <p ： Si — ^ S 3 is an 
isometry. 

This implies that the isometries of a regular surface S constitute in a natural way 
a group, called the group of isometries of S. 

10. Let 5 be a surface of revolution. Prove that the rotations about its axis are 
isometries of S. 

*11. a. Let S cz R 3 bQ a regular surface and let F: R 3 — ^ i? 3 be a distance-pre- 

s^rvine man nf R 3 广 see F,YPrr.ise 8^ annh that <— Prove tViat rpsfrir- 

tion of i 7 to ^ is an isometry of S. 

b. Use part a to show that the group of isometries (see Exercise 10) of the unit 
sphere x 2 + y 2 -h z 2 = 1 is contained in the group of orthogonal linear 
transformations of R 3 (it is actually equal; see Exercise 23, Sec. 4-4). 

c. Give an example to show that there are isometries (p: Si — > S 2 which cannot 
be extended into distance-preserving maps F: R 3 —~> R 3 . 

*12. Let C — {(jc, y, z) e A 3 ; a ： 2 + = 1} be a cylinder. Construct an isometry 

(p\ C — > C such that the set of fixed points of (p, i.e., the set {p e C; (p{p) = /?}， 
contains exactly two points. 

13. Let V and fVbe (finite-dimensional) vector spaces with inner products 〈， 〉. Let 
G: V — > H^bea linear map. Prove that the following conditions are equivalent : 

a. There exists a real constant A ^ 0 such that 

<G(^i), G(v 2 )} = X z (vu v i} for all v u v 2 e V. 

b. There exists a real constant A > 0 such that 

I 广厂 A I 1 r I -11 _ 一 rr 

l ] = iC\v\ jui cijj v t y. 

c. There exists an orthonormal basis {^i,. .., v n ] of V such that 

_is an orthogonal basis of W and. also, the vectors 

^ ^ y - ± / 7 • ■ - j — rty j — - " — — - — - - - — — - - • - - - j — _ j - - - - -- - 

G(v ( ), / = 1， .. . ，《， have the same (nonzero) length. 

If any of these conditions is satisfied, G is called a linear conformal map (or a 

A ■# : 4 乃、 

^irruiuuuc J 9 

14. We say that a differentiable map (p\ Si > S 2 preserves angles when for every 

e 5] and every pair v u v 2 e T p {Si) we have 

cos(vi, v 2 ) = cos ( 却々 i) ， d(p p (v 2 )). 

Prove that (P is locally conformal if and only if it preserves angles. 

r — 

15. Let <p: R 2 — > R 2 be given by (p{x, y) = (u(x, y) t v(x, ^)), where u and v are dif¬ 
ferentiable functions that satisfy the Cauchy-Riemann equations 


u x — 


Uy — ~V Xm 
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Show that 妒 is a local conformal map from R 1 — Q into R 2 , where 

Q = y) ^ ^ 2 ; ul uj = 03. 

16, Let x: U a R 2 — > i? 3 5 where 

U = {{0, <p) e R 2 ;0 <0 <n,0 < 2 兀)， 

x(fi rn\ = (Qin f) nr\Q rn cm d cin ff) rrw 

be a parametrization of the unit sphere S 1 . Let 

Jog tan \B — u, (p = v, 

and show that a new parametrization of the coordinate neighborhood x(U) = V 
can be given by 

y(w, v) = (sech u cos v, sech u sin v, tanh u). 

Prove that in the parametrization y the coefficients of the first fundamental 
form are 

E ~ G — sech 2 w, F — 0, 

Thus, y- 1 : V cz S z ― > R 1 is a conformal map which takes the meridians and 

.._ _ 11 _ 1 _ _ i' ^ • / ■ I j -i * r* j i 1 mi ■■ 1 1 1 ^ r ， 

paraiieis 01 mto sxraigm jmes 01 me piane. inis is cajjea Mercator s pro¬ 
jection. 

*17. Consider a triangle on the unit sphere so that its sides are made up of segments 
of loxodromes (i.e., curves which make a constant angle with the meridians; cf. 
Example 4, Sec, 2-5 )，and do not contain poles. Prove that the sum of the interior 
angles of such a triangle is n. 

18. A diffeomorphism <p: S S is said to be area-preserving if the area of any 
region H c S is equal to the area of (p{R). Prove that if (p is area-preserving and 
conformal, then q) is an isometry. 

19. Let S 2 ^ {(^, y y 2 ) e R 3 ; x 2 y 2 z 2 = \] be the unit sphere and C 
= {(;c ， y, z) g R 3 ; x 2 -\- y 2 ~ 1) be the circumscribed cylinder. Let 

(p: S 1 - {(0, 0, 1) U (0, 0, -1)} = M^C 

be a map defined as follows. For each p g M, the line passing through p and 
perpendicular to Oz meets O 2 at the pointy. Let l be the half-line starting fromq 
and containing p (Fig. 4-7). By definition ， (p(p) = C n l. 

Prove that (p is an area-preserving diffeomorphism. 

20. Let x: U c ： ~^ S be the parametrization of a surface of revolution S: 

x(w. = ( f(v) cos u. f(v) sin u, ^(v)). f(v) > 0, 

' f 〆 ' *r V. -r J ^ V. f ' 、丨 f ' — 、 ' h 

u = {(«,^) e R 2 ； 0 < u < 2 兀 ， a < v < b}. 
a. Show that the map (p : U — > R 2 given by 
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is a local difFeomorphism. 

b. Use part a to prove that a surface of revolution S is locally conformal to a 
plane in such a way that each local conformal map 0: F <= 5 — ► R 2 takes the 
parallels and the meridians of the neighborhood V into an orthogonal sys¬ 
tem of straight lines in 6(V) cz R 2 . (Notice that this generalizes Mercator’s 
projection of Exercise 16.) 

c. Show that the map y/ : U — ► R 2 given by 

y/{u, v) =： {u, I f(vW(/Xv)) 2 + (，⑽ 2 dv) 
is a Jocal diffeomorphism. 

d. Use part c to prove that for each point p of a surface of revolution S there 
exists a neighborhood V S and a map 9: V ― > R 2 of V into a plane that 
is area-preserving. 

4~3. The Gauss Theorem and the Equations 
of Compatibility 

The properties of Chap. 3 were obtained from the study of the variation of 

LUC LiillgCllL piitlic XU cl liCIglUJUllIUUU ui d puiiii. r lUWCCUlll^ Willi me cinaiug^ 

with curves，we are going to assign to each point of a surface a trihedron (the 
analogue of Frenet’s trihedron) and study the derivatives of its vectors. 

S will denote, as usual, a regular, orientabie, and oriented surface. Let 
x: U c R 1 — > S bt 3. parametrization in the orientation of S. It is possible 
to assign to each point of x(27) a natural trihedron given by the vectors x ui 
x vi and N. The study of this trihedron will be the subject of this section. 
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By expressing the derivatives of the vectors x u ， x v , and N in the basis 
{x„, x v , N], we obtain 


x WK - riix w + T 2 n x v + l'n, 

― 1 一 I 一 t T 1 T 

X uv = 1 12^ k i- 1 十 

x vu = Ha + + l 2 n, (l) 

x„„ = r^x„ 4 - r^x, + L'N 、 

%/ AM VW * ^4 M V ^ r 

N u = ^-}- fl 21 x y ， 

N v = diiX u -(- fl 22 Xjj ， 


where the a l7 , Uj = 1, 2, were obtained in Chap. 3 and the other coeffici¬ 
ents are to be determined. The coefficients i,j，k = 1,2, are called the 
Christoffel symbols of S in the parametrization x. Since x uv — x ⑽， we 
conclude that r} 2 ― Tii and T\ 2 = Tii ； that is, the Christoffel symbols are 
symmetric relative to the lower indices. 

By taking the inner product of the first four relations in (1) with N, we 
immediately obtain L 1 = e, L 2 — L 2 — f, L 3 = g, where e,f, g are the 
coefficients of the second fundamental form of S. 

To determine the Christoffel symbols，we take the inner product of the 
first four relations with x u and x v ，obtaining the system 


ThE + T\ X F ^ (x uu , x„) = 

71^+ T\,G = <x 灿， x„> = F U - iE t 


\ri 2 E+r 2 l2 F 

ti 2 f+t 2 12 g 

丄十 1 52^ 

n 2 F+n 2 G 


<x„„, x H > 

O ⑽， x„> 

\^vv ， 

< X . V ， X 》 


K ， 

士 

F v — 


1 


( 2 ) 


Note that the above equations have been grouped into three pairs of equa¬ 
tions and that for each pair the determinant of the system is EG ~ F 2 ^ 0. 
Thus, it is possible to solve the above system and to compute the Christoffel 

r M. 一 ▲ W 

symbols in terms of the coefficients of the first fundamental form, E, F, G, and 
their derivatives. We shall not obtain the explicit expressions of the 1% since 
it is easier to work in each particular case with the system (2), (See Example 
1 below.) However, the following consequence of the fact that we can solve 
the system (2) is very important : All geometric concepts and properties ex¬ 
pressed in terms of the Christoffel symbols are invariant under isometries. 


Example 1. We shall compute the Christoffel symbols for a surface of 

1CVUIULIU11 pcLIcLmeillACU uy (l ； 1. JZ,AcLllipiC OCU. jL^D) 
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x(w, v) = (f(v) cos w, f(v) sin w, giv)) 9 f{v) 0. 

Since 

E = (/0 )) 2 ， F = 0 ， G = + (g r (v)) 2 , 

we obtain 

E u = 0, E v = 2ff\ 

F u = F v 二 0, G u = 0, 

G v = 2( 尸 /" + A ")， 

where prime denotes derivative with respect to The first two equations of 
the system (2) then give 

rh = o ， n, = 

Next，the second pair of equations in system (2) yield 

n 2 = C ， n 2 = 0. 


Finally, from the last two equations in system (2) we obtain 


r l 


22 


0, 


J^2 


22 


/'/ 


g g 


(/T + te') 2 


As we have just seen, the expressions of the derivatives of x w ， x v , and N 
in the basis {x w , x v , N} involve only the knowledge of the coefficients of the 
first and second fundamental forms of S. A way of obtaining relations 
between these coefficients is to consider the expressions 


(^uu)v - (x„,)„ - 0 5 
(X ytl ) u ~~ (x ⑽) w 0, 

IT IT /\ 

— = u. 


(3) 


By introducing the values of (l), we may write the above relations in the 
form 

AiX u + B x x v + C^N = 0 , 

A 2 x u + B 2 ' + C 2 N = 0, (3a) 

A 3 x u + B 3 x v + C 3 N = 0, 


where A f , B 0 C h i = 1, 2, 3, are functions of E, F, G, ej，g and of their 
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derivatives. Since the vectors x K , x v , N are linearly independent, (3a) implies 
that there exist nine relations : 

A t = 0, B ( = 0, C ( = 0, i = 1,2, 3. 

As an example, we shall determine the relations A x = 0, B x — 0, C x = 0. 
By using the values of (1)，the first of the relations (3) may be written 

r!i x «y + r? ix vv + eN v + (ri iX x « + (rf + e v N 

(4) 

— rj 2 x WH + t^2 x vu + f^u + (ri 2 )« x K + (r? 2 )A +/jv\ 

By using (1) again and equating the coefficients of x v , we obtain 

ri.rh + rhrh + ^ 22 + (Thl 

=rurh + n 2 n 2 +/a 21 + (n 2 )„. 

Introducing the values of a (j already computed (cf. Sec. 3-3) it follows that 

tn 2 )„ - (r^x + r\ 2 r 2 n + r ； 2 n 2 - — n.n, 

=F eg — f 1 
— EG -F 2 

™ — n yp) 

At this point it is convenient to interrupt our computations in order to 
draw attention to the fact that the above equation proves the following 
theorem, due to K. F. Gauss. 

THEOREMA EGREGIUM (Gauss). The Gaussian curvature of a 
surface is invariant by local isometries. 

In fact if x: U ^ R 2 — ^ 5* is a parametrization at g 5 and if cp\ V ^ S — ^ S, 
where V c x(C/) is a neighborhood of p y is a local isometry at p, then y = x°tp 
is a parametrization of S at q>(p). Since (p is an isometry，the coefficients of the 
first fundamental form in the parametrizations x and y agree at corresponding 
points q and (p{q), q ^ V; thus, the corresponding Christoffel symbols also agree. 
By Eq. (5), K can be computed at a point as a function of the Christoffel symbols 
in a given parametrization at the point. It follows that K(q) = K((p(q)) for all 
q g V. 

The above expression, which yields the value of K in terms of the coeffici- 
ents of the first fundamental form and its derivatives, is known as the Gauss 
formula. It was first proved by Gauss in a famous paper [1]. 

The Gauss theorem is considered, by the extension of its consequences. 
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one of the most important facts of differential geometry. For the moment we 
shall mention only the following corollary. 

As was proved in Sec. 4-2, a catenoid is locally isometric to a helicoid. It 
follows from the Gauss theorem that the Gaussian curvatures are equal at 
corresponding points, a fact which is geometrically nontrivial. 

Actually, it is a remarkable fact that a concept such as the Gaussian 
curvature, the definition of which made essential use of the position of a 
surface in the space, does not depend on this position but only on the metric 
structure (first fundamental form) of the surface. 

We shall see in the next section that many other concepts of differential 
geometry are in the same setting as the Gaussian curvature; that is, they 
depend only on the first fundamental form of the surface. It thus makes sense 
to talk about a geometry of the first fundamental form, which we call intrinsic 
geometry, since it may be developed without any reference to the space that 
contains the surface (once the first fundamental form is given). 

tWith an eye to a further geometrical result we come back to our com¬ 
putations. By equating the coefficients of x u in (4)，we see that the relation 

= 0 may be written in the form 

(n 2 )„ — cna + r? 2 rj 2 - r\jn 2 ^ FK. (5a) 

By equating also in Eq. (4) the coefficients of N, we obtain C x = 0 in the 
form 

- r -pi t r/r2 ml \ _t-«2 /£\ 

h — Ju = 以 i2 卞 W 12 — 1 11/ — SI 11. \yj 

Observe that relation (5a) is (when F ^ 0) merely another form of the 
Gauss formula (5). 

By applying the same process to the second expression of (3)，we obtain 
that both the equations A 2 = 0 and B 2 ~Q give again the Gauss formula (5). 
Furthermore, C 2 — 0 is given by 

fv — Su — ^r*22 + /(F 22 — r} 2 ) — (6 纽 ) 

Finally, the same process can be applied to the last expression of (3)，yielding 
that C, = 0 is an identity and that 儿二 0 and 凡 = 0 are again Eqs . ⑹ and 
(6a). Equations (6) and (6a) ate called Mainardi-Codazzi equations. 

The Gauss formula and the Mainardi-Codazzi equations are known 

linHpr tVip namp nf rrrmnrsfihifhA) Pmintinn^ nf thp tflPOtV of RlirfaCPS 

Vfr - VA Ji n 丄丄 A vw W- V • V a ，• a v — V v * J ^ 嘗 r a A — ▼ 


卞 The rest of this section will not be used until Chap. 5. If omitted，Exercises 7 and 8 
should also be omitted. 
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A natural question is whether there exist further relations of compatibility 
between the first and the second fundamental forms besides those already 
obtained. The theorem stated below shows that the answer is negative. In 
other words, by successive derivations or any other process we would obtain 
no further relations among the coefficients E, F, G, e,f y g and their deriva¬ 
tives. Actually, the theorem is more explicit and asserts that the knowledge 
of the first and second fundamental forms determines a surface locally. More 
precisely, 

THEOREM (Bonnet). Let E, F, G ， e, f, g be differentiable functions, 
defined in an open set V c ： R 2 , with E > 0 and G > 0. Assume that the given 
functions satisfy formally the Gauss and Mdinardi-Codazzi equations and that 
EG — F 2 > 0. Then, for every q G V there exists a neighborhood U c V c?/ 
q and a diffeomorphism x: U —、 x(U) c R 3 such that the regular surface 
x(U) [R 3 has E, F, G and e, f, g as coefficients of the first and second funda¬ 
mental forms, respectively. Furthermore, ifU is connected and if 

又 ： U — x(U) ^ R 3 

is another diffeomorphism satisfying the same conditions, then there exist a 
translation T and a proper linear orthogonal transformation p in R 3 such 
that 叉 =T o o x. 


A proof of this theorem may be found in the appendix to Chap. 4. 

For later use, it is convenient to observe how the Mainardi-Codazzi 
eauations simplify when the coordinate neighborhood contains no umbilical 
points and the coordinate curves are lines of curvature (F = 0 = /). Then, 
Eqs. (6) and (6a) may be written 


e v ~ — 兮 r ? i ， §u — 5*^12 — ^2 2 * 

By taking into consideration that F = 0 implies that 



_ 丄基 



„ _L5« 
2 1 ， 


r^i — 1 五 v • 

ri2 H’ 

Y 2 — 丄 么， 
ll2 ~ 2 G 


we conclude that the Mainardi-Codazzi equations take the following form: 

o — K L ! S \ (T\ 

h — i\~E 了 G )， w 
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EXERCISES 

1. Show that if x is an orthogonal parametrization, that is, F = 0, then 

— _ 上 

2 \/ EG 

2. Show that if y pm tsothprmal that ic V ^ d = 7( 11 nnrl 

- 一 —- ， — ■w w —a ^ W I ^_r • ， 1^ —— 單 — 冬 • W A Vy 1- A A ， * * A. W V A M tf ， V ^ • 

F — Q t then 

K= -^A(logA), 

where A 史 denotes the Laplacian {d^fjdu 1 ) + (d 2 (p/dv 2 ) of the function (p. Con¬ 
clude that when E = G = (u 2 + v 2 + c)~ 2 and F = 0, then K = const. = 4c. 

3. Verify that the surfaces 

x(w, v) ^ {u cos v, u sin v, log u), 
x(u, v) = {u cos v, u sin v, v) t 

Ta n\ro. A/*i ll 01 ^Lrt ncmt o fo -l-i i t»A o + a »j 作国、 r\^y ^4 Cf, 汽 .、 

11C* W %^^L4C4X KJ<XHOOLCLLX VUi VUIUH CLl tliV V) CiliU V) L/Ut illdt tll^ lllC4p_ 

ping x o x~ 1 is not an isometry. This shows that the “converse” of the Gauss 
theorem is not true. 

4. Show that no neighborhood of a point in a sphere may be isometricaily mapped 
into a plane. 

5. If the coordinate curves form a Tchebyshef net (cf. Exercises 7 and 8, Sec. 2-5), 
then E ~ G ~ \ and F = cos 0. Show that in this case 

TT _ ❹ UV 

J\. — : "7k * 

sin u 

6. Use Bonnet’s theorem to show that there exists no surface x(u, v) such that 
E = G = 1,F^=0 and e = 1, g ^ — 1, / = 0. 

7. Does there exist a surface x — x(u, v) with E = 1, F ~ 0 t G ― cos 2 u and 
e = cos 2 w, / = 0, ^ — 1 ? 

8. Compute the Christoffel symbols for an open set of the plane 

a. In cartesian coordinates. 

b. In polar coordinates. 

Use the Gauss formula to compute K in both cases. 

9. Justify why the surfaces below are not pairwise locally isometric : 

a. Sphere. 

b. Cylinder. 

c. Saddle z = x 2 — y 2 . 
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4-4. Parallel Transport. Geodesics, 

We shall now proceed to a systematic exposition of the intrinsic geometry. 
To display the intuitive meaning of the concepts, we shall often give defini¬ 
tions and interpretations involving the space exterior to the surface. However, 
we shall prove in each case that the concepts to be introduced depend only on 
the first fundamental form. 

We shall start with the definition of covariant derivative of a vector field, 
which is the analogue for surfaces of the usual differentiation of vectors in 
the plane. We recall that a {tangent) vector field in an open set ?7 c ： S of a 
regular surface 5 is a correspondence w that assigns to each e C/ a vector 
w(p) e T P (S). The vector field 州 is differentiable at p if, for some parame- 
trization x(u, v) in p, the components a and Z? of 抄 = ax u + bx v in the basis 
% v ) are differentiable functions atp. w is differentiable in U if it is differen¬ 
tiable for every p e U. 

DEFINITION 1. Let w be a differentiable vector field in an open set 
U 匚 S and p G U. Let y e T p (S). Consider a parametrized curve 

Ot ； ( — £, £) > U, 

1 J * -f ^ A* A# ^ /Hf M AW ’ ^ CW _ f r jrJ 7 八 4 4" /* ~ { _ 广 广、 V 八 + 二八 

wan —— p tifiu {a \yj — >， unu i^i w 、 l/，l c: 、— c, c t/ft / i^iiurt 

of the vector field w to the curve a. The vector obtained by the normal pro¬ 
jection of (dw/dt)(0) onto the plane T P (S) is called the covariant derivative 
at p of the vector field w relative to the vector y. This covariant derivative is 
denoted by (Dw/dt)(0) or (D y w)(p) (Fig. 4-8) t 



Figure 4-8. The covariant derivative. 
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The above definition makes use of the normal vector of S and of a particu¬ 
lar curve a, tangent to y at p. To show that covariant differentiation is a 
concept of the intrinsic geometry and that it does not depend on the choice 
of the curve a ， we shall obtain its expression in terms of a parametrization 
x(w, v) of S in p. 

Let v(t)) — oc(t) be the expression of the curve oc and let 

w(0 = a{u{t\ v{t))x u + v(t))x v 

=a(t)x u + bd 

be the expression of vv(?) in the parametrization x(w, v). Then 

尝 = a(x uu u r + x uv v) + b(x vu u f + x vv v) + ax u + b f x v . 


where prime denotes the derivative with respect to t. 

Since Dw/dt is the component of dw/dt in the tangent plane, we use the 
expressions in (1) of Sec. 4-1 for x uu , x uv , and x vv and, by dropping the normal 
component, we obtain 


Dw 


^ + rj 1 w + r\ 2 a V , + r\ 2 bu f + n 2 bv f )x u 

+ (b r + Thau 4 - Thai/ 4 - T 2 ,,bu f A- Thbv^x... 

* > _ 1 X _ _ XU ~ * i. id I Ad Ad - y V 


Expression (1) shows that Dw/dt depends only on the vector {u\ v) = y 

anH nnt on thp rnrvp n Fnrthprmnrp thp siirfar*p makes its annearanre in 

• • ▲▲V 'V —, 灰 ， A- ▲ ▲ A ， V ▲▲ aar ▲ 4 •— a ■ ^ Bar 一 w •，'V — —— —i • v ■—货 

Eq. (1) through the Christoffel symbols, that is，through the first fundamental 
form. Our assertions are, therefore, proved. 

If, in particular, 5 is a plane, we know that it is possible to find a parame¬ 
trization in such a way that E ~G = 1 and F = 0. A quick inspection of the 
equations that give the Christoffel symbols shows that in this case the T^ 
become zero. In this case，it follows from Eq. (I) that the covariant derivative 
agrees with the usual derivative of vectors in the plane (this can also be seen 
geometrically from Def. 1). The covariant derivative is, therefore, a genera¬ 
lization of the usual derivative of vectors in the plane. 


Another consequence of Eq. (1) is that the definition of covariant deriva¬ 
tive may be extended to a vector field which is defined only at the points of a 
parametrized curve. To make this point clear, we need some definitions. 


DEFINITION 2. A parametrized curve a : [0, /] — > S is the restriction to 
[0, /] of a differentiable mapping o/ (0 — 6, / + ^), 6 > 0, into S. If on(Q) — p 
and a(/) = q, we say that a joins p /o q. a is regular if a'(0 ^ 0 for t e [0, /]. 
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In what follows it will be convenient to use the notation [0, /] = / whenev¬ 
er the specification of the end point / is not necessary. 

DEFINITION 3. Let a: I — S be a parametrized curve in S. A vector field 
w along a is a correspondence that assigns to each tela vector 

W(t) G T a(t) (S). 

The vector field w is differentiable at t Q 6 1 if for some parametrization 
x(u, v) in a(t 0 ) the components a(t) ， b(t) of w(t) = ax„ + bx v are differentiable 
functions o/ t a/ t 0 . w is differentiable in I if it is differentiable for every 

tel. 


An example of a (differentiable) vector field along a is given by the field 
a'(0 of the tangent vectors of a (Fig. 4-9). 



DEFINITION 4. Let w be a differentiable vector field along a: I ― > S. 
The expression (1) of (Dw/dt)(t), tel, is well defined and is called the covariant 
derivative of w at t. 


From a point of view external to the surface，in order to obtain the 
covariant derivative of a field w along a: I ― > 5 at / e I we take the usual 
derivative (dw/dt)(t) of 州 in ， and project this vector orthogonally onto the 
tangent t)lane It follows that when two surfaces are tangent along a 

parametrized curve a the covariant derivative of a field w along a is the same 
for both surfaces. 

If a(?) is a curve on S, we can think of it as the trajectory of a point which 
is moving on the surface. a\t) is then the speed and a ,F {t) the acceleration of 
a. The covariant derivative Da'jdt of the field a'(0 is the tangential compo- 
nent of the acceleration a"(/). Intuitively Da'jdt is the acceleration of the 
point a(t) “as seen from the surface *S.” 
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DEFINITION 5. A vector field w along a parametrized curve a : I — S 
is said to be parallel if Dw/dt = 0 for every tel. 


In the particular case of the plane, the notion of parallel field along a 
parametrized curve reduces to that of a constant field along the curve; that 
is, the length of the vector and its angle with a fixed direction are constant 
(Fig. 4-10). Those properties are partially reobtained on any surface as the 
following proposition shows. 



PROPOSITION 1. Let w and v be parallel vector fields along a: I — S. 
Then vrt)^ is constant. In Darticular. I wffll and I vffl I are constant, and 

\ 、 , / x ^ I \ y \ •■- [ ' \ / J — _ -- - 

the angle between v(t) and w(t) is constant. 


Proof. To sav that the vert nr fielH w ir nnrallpl alono- n m^nnc tViat /IwMt 

^ — ^ ^ ^ -mf -m^r a ■ ■ 'V A r W M iw> _ ， 具 為 ^ 、 • 爽 -^r ▲▲ AAA M. m. ». > a a V f T J W V 

is normal to the plane which is tangent to the surface at a(t )； that is, 

w\t)) = 0 ， t G I, 

On the other hand, v\t) is also normal to the tangent plane at a{t). Thus, 

0(/) ， w{t)y - <y ⑺， w(t)} + (v(t\ w r (t)} - 0 ； 
that is, (v(t), v^(V)〉= constant. Q,E.D. 


Of course, on an arbitrary surface parallel fields may look strange to our 
R 3 intuition. For instance, the tangent vector field of a meridian (parametrized 
by arc length) of a unit sphere 5* 2 is a parallel field on S 2 (Fig. 4-11). In fact, 
since the meridian is a great circle on 5 2 , the usual derivative of such a field 
is normal to S 2 , Thus, its covariant derivative is zero. 


The following proposition shows that there exist parallel vector fields 

0 1 rr O v\ m *rvt / i tst t*、n d U^T 

“IV/i 丄系认 丄 IVLIIZjVVX V U.1 w \A\^L J CtliU* tiiw^ 0.1 V ^ KJL Llpl V Ijy 

their values at a point t 0 . 
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Figure 4-11. Parallel field on a sphere. 


PROPOSITION 2. Let oc : I — S be a parametrized curve in S and let 
w 0 e T a{to) (S), t 0 e I. Then there exists a unique parallel vector field w(t) 
along a(t), with w(t。）= w 0 . 


An elementary proof of Prop. 2 will be given later in this section. Those 
who are familiar with the material of Sec. 3-6 will notice, however, that 
the proof is an immediate consequence of the theorem of existence and 
uniqueness of differential equations. 

Proposition 2 allows us to talk about parallel transport of a vector along 
a parametrized curve. 


DEFINITION 6. Let a : I — Sbe a parametrized curve and w 0 e T a(to) (S), 
t 0 e I. Let w be the parallel vector field along a, with w(t 0 ) = w 0 . The vector 
w (ti)? E ^ called the parallel transport o/ w 。 along a at the point 

It should be remarked that if a: / ― ^ S, t g I, is regular, then the parallel 
transport does not depend on the parametrization of a(/). As a matter of fact, 
if p \J ― > S, a b J is another regular parametrization for a(/), it follows 
from Ea. (\) that 

j. \ / 


Dw — Dw dt 
da dt d<j’ 


t E ： 1^ C ^ I. 


Since dtjda ^ 0, is parallel if and only if w{a) is parallel. 

Proposition 1 contains an interesting property of the parallel transport. 
Fix two points p t q s S and a parametrized curve a: I ― > S with a(0) = p, 
a(l) ^ q. Denote by P a : T P (S) — T q (S) the map that assigns to each 
v e T P (S) its parallel transport along a at q. Proposition 1 says that this map 
is an isometry. 
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Another interesting property of the parallel transport is that if two sur¬ 
faces S and S are tangent along a parametrized curve a and w 0 is a vector of 
^«( f0 )(^) = T a{to) (S), then w(t) is the parallel transport of w Q relative to the 
surface S if and only if w ⑺ is the parallel transport of relative to S. 
Indeed, the covariant derivative Dwjdi of vv is the same for both surfaces. 
Since the parallel transport is unique, the assertion follows. 

The above property will allow us to give a simple and instructive example 

-f* 1 7 八 1 4- ^ -VK -**4- 

\jl pa 丄 aim 


Example 1. Let C be a parallel of colatitude (p (see Fig. 4-12) of an 

+ nnif o nrl 1 ij ， o ni f ^ f o n f i-n {■ a ti 4 - 

v/jl 丄 mma uim ojpiim v rv q uw um v v ? uc^ul^^iji v v\j w «.v 丄 h 

p of C, Let us determine the parallel transport of w 0 along C, parametrized 
by arc length .y, with s = 0 at p. 



Figure 4-12 


Figure 4-13 


Consider the cone which is tangent to the sphere along C. The angle y/ at 
the vertex of this cone is given by ^ = W^) — <p. By the above property, the 
problem reduces to the determination of the parallel transport of w Q , along 
C, relative to the tangent cone. 

The cone minus one generator is, however, isometric to an open set 
U c R 1 fcf. Example 3, Sec. 4-2). given in polar coordinates bv 

、 入 ' y ' a . — 

0 <C p < +°°, 0 < 9 < 2n sin y/. 

Since in the plane the parallel transport coincides with the usual notion, 
we obtain, for a displacement s of /?, corresponding to the central angle 9 
(see Fig. 4-13) that the oriented angle formed by the tangent vector t(s) with 
the parallel transport w^) is given by 2n — 6. 

It is sometimes convenient to introduce the notion of a “broken curve,*' 
which can be expressed as follows. 
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DEFINITION 7. A map a: [0, /] — ^ S is a parametrized piecewise regular 
curve if a is continuous and there exists a subdivision 

0 — t 0 < < ••- < t k < t k+I = / 

of the interval [0, /] in such a way that the restriction a | [t i5 t i+1 ]， i = 0, . . . ， k, 
is a parametrized regular curve. Each a |[t i? t i+1 ] is called a regular arc of a. 

The notion of parallel transport can be easily extended to parametrized 
piecewise regular curves. If, say, the initial value w 0 lies in the interval 
[t if 6 +1 ]，we perform the parallel transport in the regular arc a | ^ I+1 ] as 

usual; if t i+1 ^ /, we take w(t i+l ) as the initial value for the parallel transport 
in the next arc a| [ 々 +1 ，心 +2 ]， and so forth. 

Example 2.t The previous example is a particular case of an interesting 
geometric construction of the parallel transport. Let C be a regular curye on 
a surface S and assume that C is nowhere tangent to an asymptotic direction. 
Consider the envelope of the family of tangent planes of S along C (cf. 
Example 4 ， Sec. 3-5). In a neighborhood of C, this envelope is a regular 
surface 2 which is tangent to S along C. (In Example 1, 2 can be taken as a 
ribbon around C on the cone which is tangent to the sphere along C.) Thus, 
the parallel transport along C of any vector w e T P (S)，p e S, is the same 
whether we consider it relative to 5 or to S. Furthermore, Z is a developable 
surface; hence, its Gaussian curvature is identically zero. 

Now，we shall prove later in this book (Sec. 4-6, theorem of Minding) 
that a surface of zero Gaussian curvature is locally isometric to a plane. 
Thus, we can map a neighborhood K c ： 2 of /? into a plane P by an isometry 
(p \ V — > P. To obtain the parallel transport of w along K n C, we take the 
usual parallel transport in the plane of d(p p {w) along <p{C) and pull it back to 
2 by d(p (Fig. 4-14). 

This gives a geometric construction for the parallel transport along small 
arcs of C. We leave it as an exercise to show that this construction can be 
extended stepwise to a given arc of C. (Use the Heine-Borel theorem and 
proceed as in the case of broken curves.) 

The parametrized curves y : I — ^ R 2 of a plane along which the field of 
their tangent vectors y\t) is parallel are precisely the straight lines of that 
plane. The parametrized curves that satisfy an analogous condition for a 
surface are called geodesics. 


fThis example uses the material on ruled surfaces of Sec. 3—5. 
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Figure 4-14. Parallel transport along C. 


DEFINITIONS A nnnrnnvtnrtt nnrnmptriTPri riirva w T — > S ;c Knifi tn h/> 

• — ■~，■"- ， - ■~■ ■ jt- ， w m. • v • »■ w vr ■ 丨 w t ■ ■ w ^ f w tfvt t^ ^v #^r v 

geodesic at t e I if the field of its tangent vectors y'(t) & parallel along y at 
t; that is, 

T = o; 

\ 

y is a parametrized geodesic if it is geodesic for all tel. 

By Prop. 1， we obtain immediately that |y’(OI = const. = c ^ 0. There¬ 
fore, we may introduce the arc length s = ct a.s a. parameter, and we conclude 
that the parameter f of a parametrized geodesic y is proportional to the arc 
length of y. 

Observe that a parametrized geodesic may admit self-intersections. 
(Example 6 will illustrate this; see Fig. 4-20,) However, its tangent vector is 
never zero, and thus the parametrization is regular. 
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The notion of geodesic is clearly local. The previous considerations allow 
us to extend the definition of geodesic to subsets of S that are regular curves. 


DEFINITION 8 a. A regular connected curve C in S is said to be a geodesic 
if. for every p G S, the parametrization a(s) of a coordinate neighborhood of 
p by the arc length s is a parametrized geodesic; that is ， oc\s) is a parallel 
rector field along a(s). 

Ohcprvp tViat pvprv ctraio-Vit linp rnntainprl in q ciirfnrp caticfipc T^pf 

V 上 r v v a a. w v r v a. j ^ vw* a %, 人 ▲ aju v v n v x a v 知，上 i vw v W 丄 a m v i • V ■/ t 

From a point of view exterior to the surface S } Def. 8 a is equivalent to 
saying that ix"(s) = kn is normal to the tangent plane，that is, parallel to the 

♦n r\ 1 4- rA Vi A m t '*■*4^0 ^ a T r\ rm 1 n m t f*，rA /— {Ir- / 八、 in n 

il\ji mai tw tut xii a i^guiai wui v t ^ o \i\ -y— ia a 

geodesic if and only if its principal normal at each point 77 6 C is parallel to 
the normal to S at p. 


The above property can be used to identify some geodesics geometrically, 
as shown in the examples below. 


Example 3. The great circles of a sphere S 1 are geodesics. Indeed, the 
great circles C are obtained by intersecting the sphere with a plane that 
passes through the center O of the sphere. The principal normal at a point 
p e C lies in the direction of the line that connects pto O because Cis a circle 
of center O. Since S 2 is a sphere, the normal lies in the same direction, which 
verifies our assertion. 

Later in this section we shall prove the general fact that for each point 
p e S and each direction in T P (S) there exists exactly one geodesic C c= 5 
passing through p and tangent to this direction. For the case of the sphere, 
through each point and tangent to each direction there passes exactly one 
great circle, which, as we proved before, is a geodesic. Therefore, by unique¬ 
ness, the great circles are the only geodesics of a sphere. 


Examnle 4. For the risht circular cvlinder over the circle x 1 4- v 1 = 1. it 

A. ••- - i ^ 7 

is clear that the circles obtained by the intersection of the cylinder with 
planes that are normal to the axis of the cylinder are geodesics. That is so 
because the principal normal to any of its points is parallel to the normal to 
the surface at this point. 

On the other hand, by the observation after Def. 8 a the straight lines of 
the cylinder (generators) are also geodesics. 

To verify the existence of other geodesics on the cylinder C we shall 
consider a parametrization (cf. Example 2, Sec. 2-5) 

x(w, v) = (cos w, sin u, v) 

of the rvlinrlpr in a nnint n P 1 C with fTi = n Tn this naramptri7atinn 

'V & - v j 駟 ■ -^r ， 、，， ^ • - a -. M. M. V ▲▲息 W 、寶 Jk • ■ • a a 暴^^ W •丄 1 ▲ ， 
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a neighborhood of p in C is expressed by x(u(s) ， v(s)\ where ^ is the arc 
length of C. As we saw previously (cf. Example 1 ， Sec. 4-2), x is a local 
isometry which maps a neighborhood U of (0, 0) of the uv plane into the 
cylinder. Since the condition of being a geodesic is local and invariant by 
isometries, the curve (u(s), v(s)) must be a geodesic in U passing through 
(0, 0). But the geodesics of the plane are the straight lines. Therefore, exclud¬ 
ing the cases already obtained, 

u(s) = as, v(s) — bs, a 2 + b 2 = 1 ‘ 

It follows that when a regular curve C (which is neither a circle or a line) 
is a geodesic of the cylinder it is locally of the form (Fig. 4-15) 

(cos as, sin as, bs), 

and thus it is a helix. In this way, all the geodesics of a right circular cylinder 
are determined. 




Geodesic 


Figure 4-15. Geodesics on a cylinder. 

Observe that given two points on a cylinder which are not in a circle 
parallel to the xy plane, it is possible to connect them through an. infinite 
number of helices. This fact means that two points of a cylinder may in 
general be connected through an infinite number of geodesics, in contrast to 
the situation in the plane. Observe that such a situation may occur only with 
geodesics that make a “complete turn,” since the cylinder minus a generator 
is isometric to a plane (Fig. 4-16). 

Proceeding with the analogy with the plane, we observe that the lines, 
that is, the geodesics of a plane, are also characterized as regular curves of 
curvature zero. Now, the curvature of an oriented plane curve is given by 
the absolute value of the derivative of the unit vector field tangent to the 
curve, associated to a sign which denotes the concavity of the curve in 
relation to the orientation of the plane (cf. Sec. 1-5, Remark 1). To take the 
sign into consideration, it is convenient to introduce the following definition. 
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Figure 4-16. Two geodesics on a cylinder joining p and q. 


DEFINITION 9. Let ^ be a differentiable field of unit vectors along a 
parametrized curve a: I — > ^ on an oriented surface S. Since w(t) ， tel, is a 
unit vector field ， (dw/dt)(t) is normal to w(t), and therefore 


卷 =A(N 八 W ⑴). 

The real number X = A(t), denoted by [Dw/dt], is called the algebraic value of 
the covariant derivative of w at t. 

Observe that the sign of [Dwjdt] depends on the orientation of S and that 
[Dwjdt] — 〈 dwjdt, N A w). 

We should also make the general remark that, from now on, the orienta¬ 
tion of S will play an essential role in the concepts to be introduced. The 
careful reader will have noticed that the definitions of parallel transport and 
geodesic do not depend on the orientation of S. In constrast, the geodesic 
curvature, to be defined below, changes its sign with a change of orientation 

nf v 

V A 嶂 

We shall now define, for a curve in a surface，a concept which is an ana¬ 
logue of the curvature of plane curves. 

DEFINITION 10. Let C be an oriented regular curve contained on an 
oriented surface S, and let a(s) be a parametrization of C, in a neighborhood 
of jp £ S, by the ctvc s. T'hc ciic vciIiag Gj" the cgv ctricivit dGfivativc 

[DaXs)/ds] = k g of a'(s) at p is called the geodesic curvature of C at p. 

The geodesics which are regular curves are thus characterized as curves 
whose geodesic curvature is zero. 

From a point of view external to the surface, the absolute value of the 
geodesic curvature k g of C at is the absolute value of the tangential com¬ 
ponent of the vector a"(*y) = kn, where k is the curvature of C at /? and n 
is the normal vector of C at p. Recalling that the absolute value of the normal 

uniiiJUJLicm u 丄 uic vcuuj 丄 t\,n is ljic ctusuiuic vctiuc ui me uuima.1 Vctiuic 
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k n of C c ： S in p, we have immediately (Fig. 4-17) 


众 2 

» v 


K 


For instance, the absolute value of the geodesic curvature k g of a parallel 
C of coJatitude g? in a unit sohere S 2 can be commuted from the relation (see 
Fig. 4-18) ^ i ' 


that is ， 


sin 2 (p ~ k\ k\ = sin 4 七 k\\ 


k\ = sin 2 <j>{\ — sin 2 (p) = \ sin 2 2(p. 
The sign of k g depends on the orientations of S 2 and C. 


A further consequence of that external interpretation is that when two 
surfaces are tangent along a regular curve C, the absolute value of the geodesic 
curvature of C is the same relatively to any of the two surfaces. 



Figure 4-18. Geodesic curvature of a 
parallel on a unit sphere. 
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Remark. The geodesic curvature of C c ： 5 changes sign when we change 
the orientation of either C or S. 

We shall now obtain an expression for the algebraic value of the covariant 
derivative (Prop. 3 below). For that we need some preliminaries. 

Let v and w be two differentiable vector fields along the parametrized 
curve a: I — > S ， with | v{t) \ = | w(t) \ — l, t G I. We want to define a differ¬ 
entiable function (p: I — ^ R in such a way that ^ E /, is a determination 
of the angle from v{t) to w(t) in the orientation of S. For that, we consider 
the differentiable vector field v along a ， defined by the condition that 
is an orthonormal positive basis for every t e I. Thus, may 

、 、 ,. 、 , 〆 ▲ — - 、 , ， 

be expressed as 

w{t) ^ a{t)v{t) + b{t)v{t\ 

where a and b are differentiable functions in I and a 2 + b z ~ l. 

Lemma 1 below shows that by fixing a determination (p 0 of the angle from 

v\IqJ lu iu ia pus&iuxc iu calciiu ii uiiicicnuaai^ Ill 1, ctliu Ulib ^yicius me 

desired function. 

LEMMA 1. Let a and b be differentiable functions in I with a 2 + b 2 = 1 
and be such that a(t 0 ) = cos (p 0 , b(t 0 ) = sin (p Q . Then the differentiable 
function 

g> = (p Q -{- f (ab' — ba') dt 

^ t 0 

is such that cos ^(t) — a(t), sin 炉⑴： 二 b(t)，t e I ， and 沪 (t 0 ) 

Proof. It suffices to show that the function. 

(a — cos (p) 1 + (^ — sin (p) 2 ~ 2 — 2{a cos ^ + Z? sin (p) 
is identically zero, or that 

A = a cos <p + b sin = 1. 

By using the fact that aa f — —bb r and the definition of (p, we easily obtain 

A = — a(sin (p)(p* + b(cos (p)(p l + a' cos (p b f sin (p 
— —b’(sin (pXa 1 + b 2 ) — a’(cos q>\a 2 + b 1 ) 

+ a' cos g? b r simp ~ 0. 

Therefore, A(t) const., and since A(t 0 ) = 1, the lemma is proved. Q.E.D. 

We may now relate the covariant derivative of two unit vector fields along 
a curve to the variation of the angle that they form. 
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LEMMA 2. Let v and w be two differentiable vector fields along the curve 
a : I — S ，with I w(t) I = I v(t) | = 1， t e L Then 


「 Dw] 


一 Dv] 

_ dt J 


_dt _ 


砮， 


where (p is one of the differentiable determinations of the angle from v to w, 
as given by Lemma 1. 


Proof. We introduce the vectors v = N j\ v and w = N j\ w. Then 

w = (cos <p)v + (sin (p)v, (2) 

w = N / \ w = (cos (j>)N 八 1 y + (sin g>)N A v 

=(cos <(>)v — (sin (p 、 v. (3) 

By differentiating (2) with respect to t, we obtain 

w r = —(sin (p)(p f v + (cos g>)v r + (cos (p)(p l v + (sin tp)^. 

By taking the inner product of the last relation with vv, using (3)，and 
observing that v) = 0 , 〈％ v} = 0, we conclude that 

\w ^ w/ = (sin- (p)(p 卞 (p)\v » v} (cos~ (p)(p —(sur (p)iv , v) 

=<p' -h (cos 2 (pXv f , v) — (sin 2 <p)(v\ v\ 

On the other hand，since (^ } v} = 0, that is, 

v} — — 〈 V, f ’〉， 

we conclude that 

〈 w' ， w) ~ (p r (cos 2 (p + sin 2 史 ) 〈 〆 ， v) = (p f v)>. 

It follows that 


since 



(p f + v ) — 



^Dv 

dt 



^]< N A 


Dw 

dt 


which concludes the proof of the lemma. 


Q.E.D. 


An immediate consequence of the above lemma is the following observa¬ 
tion. Let C be a regular oriented curve on S, a(s) a parametrization by the 
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arc length ^ of C at /? e C, and 心 ） a parallel field along a ⑷ . Then, by taking 
w(5) = a», we obtain 


K{s) 


ds 


dtp 

ds 


In other words, the geodesic curvature is the rate of change of the angle 
that the tangent to the curve makes with a parallel direction along the curve. 
In the case of the plane, the parallel direction is fixed and the geodesic curva¬ 
ture reduces to the usual curvature. 

We are now able to obtain the promised expression for the algebraic 
value of the covariant derivative. Whenever we sneak of a Darametrization of 

A 1 

an oriented surface, this parametrization is assumed to be compatible with 
the given orientation. 


PROPOSITION 3. Let x(u, v) be an orthogonal parametrization {that 
is, F ~ 0) of a neighborhood of an oriented surface S, and w(t) be a differen¬ 
tiable field of unit vectors atom the curve vft)). Then 


_ Dw~| _ 1 \ n dv 




where (p(X) is the angle from x u to w(t) in the given orientation. 


Proof. Let e 1 = £ ， e 2 =yi v j^/G be the unit vectors tangent to 

the coordinate curves. Observe that /\ e 2 N, where N is the given 
orientation of S. By using Lemma 2, we may write 


rDwi 


\De,l 

_dt _ 


_ dt _ 




where e x {t) — e A {u{t\ v{f)) is the field e x restricted to the curve x(w(/), y ⑴) ■ 
Now 


De ] 

dt 


〈备， # A A 〉= 〈鲁，〜〉 = 咖 1 ) 〆 2 〉金 + 《〜) 〆 2 〉室 


On the other hand, since i 7 = 0, we have 


<x Ma , x y > = - {E v , 


and therefore 


〈(泛1)„， e 2 〉= 〈(^7 


x, 




2 J EG 


^k e \)vi € l) = 


1 G u 

0 /EYZ 

^ v hvj 


Similarly, 
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By introducing these relations in the expression of [Dw/dt], we finally 
obtain 


Dw 

dt 


2^/W 



rp dll\ 

" K Tt\ 



d(p 

dt 


which completes the proof. 


Q.E.D. 


As an application of Prop. 3, we shall prove the existence and uniqueness 
of the parallel transport (Prop. 2). 


Proof of Prop. 2. Let us assume initially that the parametrized curve 
a: I — ^ S is contained in a coordinate neighborhood of an orthogonal para- 
metrization x(u, v). Then, with the notations of Prop. 3， the condition of 
parallelism for the field w becomes 


dt 


1 f 广 dv — ^ du\ 

2^/EGV u ~di 一 " v di] 




Denoting by a determination of the oriented angle from x u to w 0 , the field 
w is entirely determined by 

(p = -|- |* ^(f) dt, 

J to 

which proves the existence and uniqueness of w in this case. 

If a(/) is not contained in a coordinate neighborhood, we shall use the 
compactness of I to divide a(/) into a finite number of parts, each contained 
in a coordinate neighborhood. By using the uniqueness of the first part of 

mt piuui iii tut inttiux pxwvcjj iu io ^<xoy mv 

result to the present case. Q.E.D. 

A further application of Prop. 3 is the following expression for the geode¬ 
sic curvature, known as LiouviHe’s formula. 

PROPOSITION 4 (Liouviile). Let a(s) be aparametrization by arc length 
of a neighborhood of a point p ^ S of a regular oriented curve C on an oriented 
surface S. Let x(u, v) be an orthogonal parametrization ofS in p and <p(s) be the 
angle that x u makes with a'(s) the given orientation. Then 


k g = cos <p + (k g ) 2 sin <p + 


d 炉 


where (k g )j and (k g ) 2 are the geodesic curvatures of the coordinate curves 
v — const, and u — const, respectively. 
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Proof. By setting w = a'(J) in Prop. 3, we obtain 

] r — 1 \q dv dtp 

8 ~ 2^/EG\ u d^ v Ts\ + Ts 

•A 1 «« ^ '1a m. . ■**% ^ ， ♦•T T y*N. —為 -*<% <1 + J* a M ^ -w •* T n. v m m. J. . / J jfm, J—fc 4^ /"I 

■rviuug me cuuiuinatt ； ^uivt v — vuiiat. u ——wc utivc uvju^ = v; anu 

dujds — WE; therefore, 

n r \ — _^_ 

— _ 2EJG' 

Similarly ， 

( kgh = ^T 

"T^ v m . ， _a AM 1 -i i liMi _■• *ta H# 1 7 — 

x»y iiiuuuunug uicsc i ci<uhjiis m uic auuvc lunuuia iui it g} wc uulcuii 


— (^)i V 7 ^ 1 ~jz + ikg)^ G 


ds 


Since 


/~F~du 

^ E T S 


{^ is)) ^ e ) 


cos (p and G 


sin (p. 


we finally arrive at 

k g = {k g \ cos (p + (k g ) 2 si” + 棠， 

as we wished. Q.E.D. 

We shall now introduce the equations of a geodesic in a coordinate 
neighborhood. For that, let y: I — > *S be a parametrized curve of S and let 
x(w, v) be a parametrization of *S in a neighborhood V of y(r 0 ), t 0 g I. Let 
J / be an open interval containing t 0 such that y{J) cz V. Let x(w(0 ? v{f)), 
t e J, bQ the expression of y:J^S in the parametrization x. Then, the 
tangent vector field y r (t\ t G J，is given by 

w = U r (t)x u + v(t)x v . 

Therefore, the fact that w is parallel is equivalent to the system of differential 
equations 

+ ri 1 (uT + 2r^v + ruvr = o, w 

^ (4) 

I T >2 I - 人 」 I T >2 一 rs v J 

V -T X 1 lV M 7 T 12 W V T A 22V 以彳 — 

obtained from Eq. (1) by making a ^ u f and b = v\ and equating to zero 
the coefficients of x u and x r . 
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In other words, 7 : /—^ 5" is a geodesic if and only if system (4) is satisfied 

r^\. •• T r 44 V T 4 4^ ^ T T 1 y , jf T 1 本 • _ / 7° 、 _■ M. ^ _■ _ -«<% j-J ▲ -M A 1.» 1^. 

lux cvci^ unci vai ^ 匕 j auv^u nidi yyj j is uunitiiiicu in a tuuiumciLC ncigiiuui- 

hood. The system (4) is known as the differential equations of the geodesics of 

An important conseq uence of the fact that the geodesics are characterized 
by the system (4) is the following proposition. 

¥Vi> 八 n 八 _ _ _ 一 一 n t _ 丄 ―… t /n\ ___ ^ r\ 

j: jvv/r v_/k3 丄 iivyi 、\jivtn a point p t o anu u vtciur w t= 1 p (k>j 3 w ^7= u ? 
there exist an e > 0 and a unique parametrized geodesic y: {—€, 6 ) —^ S such 
that ^( 0 ) = p, y'( 0 ) = w. 

In Sec. 4-5 we shall show how Prop. 5 may be derived from theorems on 
vector fields. 


Remark. The reason for taking w ^ 0 in Prop. 5 comes from the fact 
that we have excluded the constant curves in the definition of parametrized 

gCUUCSK ； S> ^1. l^Cl, OJ, 

We shall use the rest of this section to give some geometrical applications 
of the differential equations (4). This material can be omitted if the reader 
wants to do so. In this case, Exercises 18, 20, and 21 should also be omitted. 

八 C W7 a / 11 11 n a cv m + 内 >*vi fA \ + rt. + /4 v f 1 j^r\r% 11 v i ^ 作 m o 

山 TT V ^ 1X0,11 U3W ^ J IKJ lKJ^CLliy LUC KJl Cl 

surface of revolution (cf. Example 4, Sec, 2-3) with the parametrization 
x = f(v) cos u, y = f(v) sin u, z = g(v). 

By Example 1 of Sec. 4-1，the Christoffel symbols are given by 


rii = 0 , 

r? 2 = 0 , 



1 = ( ^r 


g g 

Wf 


With the values above, system ⑷ becomes 


w 〃 + = 0 , 


{r /i {g y^y + {/y t O ’) 2 = a 


(4a) 


We are going to obtain some conclusions from these equations. 

First，as expected, the meridians u = const, and v = v ( J )， parametrized 
by arc length j, are geodesics. Indeed, the first equation of (4a) is trivially 
satisfied by w = const. The second equation becomes 
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vf，+ (rrWf Wf = ^ 


Since the first fundamental form along the meridian u = const, v = v{s) 
yields 

((f r V ^ = 1. 

J I \o j 八 v j 一 ] 

we conclude that 


(vy 


in 1 + (gy 


Therefore, by derivation, 


2vv 


or, since v ^ 0, 


^WTTJgW vr = ~ 


(/T + (〆) 


☆ V ) 3 , 


V 


_ rr±gy 

UTTW) 2 




that is, along the meridian the second of the equations (4a) is also satisfied ， 
which shows that in fact the meridians are geodesics. 

Now we are going to determine which parallels v = const, u = u{s), 
parametrized by arc length, are geodesics. The first of the equations (4a) 
gives u r = const, and the second becomes 


ff r w — 0 

Crv _u } ~ 

\J j I \o j 

In order that the parallel v = const., u = u(s) be a geodesic it is necessary 
that t4 f 0, Since (/ + (g"') 2 矣 0 and/ 0 5 we conclude from the above 
equation that f f = 0. 

In other words, a necessary condition for a parallel of a surface of revolu¬ 
tion to "be a geodesic is tlrs-t such a parallel be generated fcy tlie rotation of 3. 
point of the generating curve where the tangent is parallel to the axis of 
revolution (Fig. 4-19). This condition is clearly sufficient，since it implies 
that the normal line of the parallel agrees with the normal line to the surface 
(Fig. 4-19). 

We shall obtain for further use an interesting geometric consequence 
from the first of the equations (4a), known as Clairaut’s relation. Observe 
that the first of the equations (4a) may be written as 

〆 ^ A • V • ^ A _ t ^ ^ A 奢 A 

U A wy = / v 十 2//w - v )； 


hence ， 


f 2 u r — const. — c. 
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Figure 4-19 

On the other hand, the angle 6, 0 <0 < tt/ 2, of a geodesic with a parallel 
that intersects it is given by 

cos e - 1 < x - ^ t xy 二 I/V 1 ， 

|x u | 

where {x w , x y } is the associated basis to the given parametrization. Since 
/ ^ r is the radius of the parallel at the intersection point, we obtain 
Clairoufs relation : 

r cos 0 = const. =\c\. 

In the next example we shall show how usefui this relation is. See also 
Exercises 18, 20, and 21, 

Finally, we shall show that system (4a) may be integrated by means of 
primitives. Let u = u(s) } v = be a geodesic parametrized by arc length, 
which we shall assume not to be a meridian or a parallel of the surface. The 
first of the equations (4a) is then written as f 2 u r = const. =c 乒 0 . 

Observe initially that the first fundamental form along v(s)) f 



+ (( rv + W (g 2 , 


(5) 


together with the first of the equations (4a), is equivalent to the second of the 
equations (4a). In fact, by substituting f z u f = c in Eq. (5)，we obtain 
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(J) 2 ((/0 2 + feT) = -^ + i; 

hence, by differentiating with respect to 

2^((fr+( g r ) +⑵ V/'r + 奶备 

which is equivalent to the second equation of (4a)，since (w(j) ， v(j)) is not a 
parallel. (Of course the geodesic may be tangent to a parallel which is not a 
geodesic and then «/(^) = 0. However, Clairaut’s relation shows that this 
happens only at isolated points.) 

On the other hand, since c ^ 0 (because the geodesic is not a meridian), 
we have u f (s) ^ 0. It follows that we may invert u — u(s), obtaining j = s(u), 
and therefore v = v(s(u)). By multiplying Eq. (5) by (dsjdu) 2 , we obtain 


(t\ 

\du} 


/2 + (( /7 + 的 ”( 糕 ) : 


or，by using the fact that (dsldu) 2 ^ / 4 /c 2 , 


that is, 


hence, 



2 (ZT + feT 




dv _ 1 r i f 2 — c 2 

矿 7 ; 

P \J J \c> / 




W 


which is the eauation of a segment of a geodesic of a surface of revolution 

JL W W 

which is neither a parallel nor a meridian. 

Example 6. We are going to show that any geodesic of a paraboloid of 
revolution z = x 2 + y 2 which is not a meridian intersects itself an infinite 
number of times. 

Let n n be a noint of the naraboloid and let P n be the parallel of radius r. 

± U 1' 丄 \J A U 

passing through p 0 . Let y be a parametrized geodesic passing through 
and making an angle 0 O with P 0 , Since, by Clairaut’s relation, 


r cos 6 = const. = | c |, 0 < 0 < ^ 

^ w Trt ， /-I rt ^ rt ^ rt rt O 曹 TT, 

wt uuuuiuut mai u inwitaaca witn t. 
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Therefore, if we follow in the direction of the increasing parallels, 9 
increases. It may happen that in some revolution surfaces y approaches 

w • m ~^i ^ _i^ 1 1 T ^ ■■ ‘灰 7 ^ — 1 1 _^ — v 1 1 觀 1 _ ___ _>氣 1 — _ — - — 

d^ym|jLULiwiiiiy a niciiuictu, vvc biian sjuuw iu ii wmie uiciL buca is nut me ctise 

with a paraboloid of revolution. That is, the geodesic y intersects all the 
meridians, and therefore it makes an infinite number of turns around the 
paraboloid. 

On the other hand, if we follow the direction of decreasing parallels, 
the angle 9 decreases and approaches the value 0, which corresponds to a 
parallel of radius | c \ (observe that if 0 O ^ 0, |c| < r). We shall prove later 4 
in this book that no geodesic of a surface of revolution can be asymptotic to 
a parallel which is not itself a geodesic (Sec. 4-7). Since no parallel of the 
paraboloid is a geodesic, the geodesic y is actually tangent to the parallel of 
radius | c | at the point p l . Because 1 is a maximum for cos 0 ， the value of r 
will increase starting from We are ， therefore, in the same situation as 
before. The geodesic will go around the paraboloid an infinite number of 
turns, in the direction of the increasing r’s, and it will clearly intersect the 
other branch infinitely often (Fig, 4-20). 



Observe that if 0 O = 0, the initial situation is that of the point p x . 

It remains to show that when r increases, the geodesic y meets all the 
meridians of the paraboloid. Observe initially that the geodesic cannot be 
tangent to a meridian. Otherwise, it would coincide with the meridian by the 
uniqueness part of Prop. 5, Since the angle 6 increases with r, if y did not cut 
all the meridians, it would approach asymptotically a meridian, say M. 

Let us assume that this is the case and let us choose a system of local 
coordinates for the paraboloid z — x 1 + y 1 , given by 

x = v cos u, v sin u, z = v 2 , 

! a ^ ^**** -* * ^******* 
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in such a way that the corresponding coordinate neighborhood contains M 
as u = u 0 . By hypothesis u ^ u 0 when ^ oo. On the other hand, the equa¬ 
tion of the geodesic y in this coordinate system is given by (cf. Eq. ( 6)， 
Example 5 and choose an orientation on y such that c > 0) 


u = 





dv + const. > c 




dv 

v 


+ const .； 


since 


1 + 4” 2 
v 2 — c 2 


> 1 . 


rt follows from the above inequality that as v —> oo, u increases beyond 
any value, which contradicts the fact that y approaches M asymptotically. 

1 UCIClUIC, y miCiSCtLS <U1 UlC lUCHUliUIS, CUIU UllS tLUUpiCLCS LUC piuui U1 Hit 

assertion made at the beginning of this example. 


EXERCISES 

x. a. Show that if a curve C c ： 5 is both a line of curvature and a geodesic, then C 
is a plane curve. 

b. Show that if a (nonrectilinear) geodesic is a plane curve, then it is a line of 
curvature. 

c. Give an example of a line of curvature which is a plane curve and not a 
geodesic. 

2. Prove that a curve C c is both an asymptotic curve and a geodesic if and only 
if C is a (segment of a) straight line. 

^ V TT4 T 1 4 - 11 ^ rt- +-X% O 4 - A n n 各 1 ， A /1 n ** A 备 A Yv r ^4 AiTt « ry ^ 

mJ* wiinuui uouig x 丄 up. tuai iii^ ^Liai^ui micd ai^ uic \Jiny gcuucans ut a 

plane. 

4. Let v and w be vector fields along a curve a ： I ， S. Prove that 

岳 <” W ，_)> 二〈尝， _)〉+ 〈冲)，尝〉. 

5. Consider the torus of revolution generated by rotating the circle 

(x — a) 2 + z 2 — r 2 ,y = 0 , 

about the z axis (a > r > 0). The parallels generated by the points (a + r, 0), 
(a — r, 0), (a^ r) are called the maximum parallel, the minimum parallel, and the 
upper parallel, respectively. Check which of these parallels is 

a. A geodesic. 

b. An asymptotic curve. 

c. A. line of curvature. 
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*6. Compute the geodesic curvature of the upper parallel of the torus of Exercise 5. 

/. intciackL me cynuuci ~t ~ l wun a plane passing imuugn uic x uais ciuu 

making an angle 0 with the xy plane. 

a. Show that the intersecting curve is an ellipse C. 

b. Compute the absolute value of the geodesic curvature of C in the cylinder at 
the points where C meets their axes. 

*8. Show that if all the geodesics of a connected surface are plane curves, then the 
surface is contained in a plane or a sphere. 

*9. Consider two meridians of a sphere and C 2 which make an angle (p at the 
point p x . Take the parallel transport of the tangent vector >v 0 of C u along C x 
and C 2 , from the initial point p x to the point p 2 where the two meridians meet 
again, obtaining, respectively, Wi and w 2 . Compute the angle from w x to w 2 - 

*10. Show that the geodesic curvature of an oriented curve C c= 5 at a point p e C 
is equal to the curvature of the plane curve obtained by projecting C onto the 
tangent plane T P (S) along the normal to the surface at p. 

11, State precisely and prove : The algebraic value of the covariant derivative is 
invariant under orientation-preserving isometries. 

*12. We say that a set of regular curves on a surface *S is a differentiable family of 
curves on S if the tangent lines to the curves of the set make up a differentiable 
field of directions (see Sec. 3-4) ‘ Assume that a surface S admits two differen¬ 
tiable orthoeonal families of seodesics. Prove that the Gaussian curvature of S 
is zero. 

*13. Let K be a connected neighborhood of a point /? of a surface S t and assume that 
the parallel transport between any two points of V does not depend on the curve 
joining these two points. Prove that the Gaussian curvature of Vh zero. 

14. Let S be an oriented regular surface and let a; / — > S be a curve parametrized 
by arc length. At the point p = CL{s) consider the three unit vectors (the Darboux 
trihedron) T(s) — N(s) ― the normal vector to 5 at p, V{s) = N(s) A T(s). 
Show that 

^ = 0 + aV + bN, 

__ 『 n I Jr 

i — ~ U1 ^ u_r 

ck + o, 

where a = a{s), b = b(s), c = c (>)， s e I, The above formulas are the ana¬ 
logues of Frenet’s formulas for the trihedron T, V, N. To establish the geomet¬ 
rical meaning of the coefficients, prove that 

a. c = —(dN/ds, K); conclude from this that tx(/) c ： 5 is a line of curvature if 
and only if c = 0 (c is called the geodesic / 從沿 of OC; cf. Exercise 19, Sec. 
3 - 2 ). 
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b. b is the normal curvature of a(7) cz S at p, 

c. a is the geodesic curvature of cc(I) a S at p. 

15. Let p 0 be a pole of a unit sphere S 2 and q, r be two points on the corresponding 
equator in such a way that the meridians p 0 q and p 0 r make an angle 9 at p 0 . 
Consider a unit vector v tangent to the meridian p G q at n 0 , and take the parallel 
transport of v along the closed curve made up by the meridian p 0 q, the parallel 
qr, and the meridian rp 0 (Fig. 4-21). 



a. Determine the angle of the final position of v with v. 

b. Do the same thing when the points p, q instead of being on the equator are 
taken on a parallel of colatitude w fcf ‘ Examole 1). 

a. / \ ' m. y 

*16. Let be a point of an oriented surface S and assume that there is a neighborhood 
of in 5 all points of which are parabolic. Prove that the (unique) asymptotic 
curve through i? is an open segment of a straight line. Give an example to show 
that the condition of having a neighborhood of parabolic points is essential. 

17. Let ot: I — > be a curve parametrized by arc length ^ with nonzero curvature. 
Consider the parametrized surface (Sec. 2-3) 

x(s, v) = oc(s) + vb{s) y s e I, —e < v < e, e > 0, 

where b is the binormal vector of CL. Prove that if € is small. x(I x (e)') — S 
is a regular surface over which a(7) is a geodesic (thus, every curve is a geodesic 
on the surface generated by its binormals). 

*18. Consider a geodesic which starts at a point p in the upper part (z > 0) of a 
hyperboloid of revolution x 2 + 少 2 — 2 2 ;1 and makes an angle 9 with the 
parallel passing through p in such a way that cos 6 ~ \ jr, where r is the distance 
from p to the z axis. Show that by following the geodesic in the direction of 
decreasing parallels, it approaches asymptotically the parallel x 2 + 7 2 = 1, 
2 = 0 (Fig. 4-22). 

*19. Show that when the differential equations (4) of the geodesics are referred to 
the arc length then the second equation of (4) is, except for the coordinate 
curves, a consequence of the first equation of (4) - 
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*20. Let Tbe a torus of revolution which we shall assume to be parametrized by (cf. 
Example 6, Sec. 2-2) 

x(w, v) = ((r cos u + a) cos v, (r cos w + a) sin v, r sin u). 

Prove that 

a. If a geodesic is tangent to the parallel u = n/2, then it is entirely contained 
in the region of T given by 


«<寻 

2 — — 2 


b. A geodesic that intersects the parallel u = 0 under an angle 6 (0 < 9 < njl) 
also intersects the parallel u = %\f 


cos 6 < 


(Z — T 

a + r 


21. Surfaces of LiouviUe are those surfaces for which it is possible to obtain a system 
of local coordinates x(u, v) such that the coefficients of the first fundamental 
form are written in the form 


E ^ G = U V f F — 0, 

where U — U(u) is a function of u alone and V = V(v) is a function of v alone. 
Observe that the surfaces of Liouville generalize the surfaces of revolution and 
prove that (cf. Example 5) 

a. The geodesics of a surface of Liouville may be obtained by primitivation in 
the form 
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' 一 du 一 _ 丄 f dv 

jsJXJ — c isjv^-c Cu 

where c and q are constants that depend on the initial conditions. 

b. If 0, 0 < 0 < n/2, is the angle which a geodesic makes with the curve 
v = const., then 


U sin 2 B — V cos 2 6 = const. 


(Notice that this is the analogue of Clairaufs relation for the surfaces of 
Liouville.) 


22. Let S 2 = (Cx. v. z\ e= R 2 :x 2 + v 2 + z 2 — 11 and let d p S 2 . For each niece- 

t. \ ? ✓ 一 ^ J ••- ^ — - - 一 — •- - JT •--- 

wise regular parametrized curve OC: [0,/] ― > S 1 with a(0) a(/) = p, let 
P a : T P (S 2 ) — > T P (S 2 ) be the map which assigns to each v g T p (S 2 ) its parallel 
transport along oc back to p. By Prop. 1, P* is an isometry. Prove that for every 
rotations R of T P (S) there exists an a such that R = P % . 

23. Show that the isometries of the unit sphere 


S 2 = {(x, y, z) e i ? 3 ； x 2 + j 2 + z 2 = 1} 


are the restrictions to S 2 of the linear orthogonal transformations of i? 3 . 


4 - 5 . The Gduss~Soniwt Theorem 
and Its Applications 

In this section, we shall present the Gauss-Bonnet theorem and some of its 
consequences. The geometry involved in this theorem is fairly simple, and the 
difficulty of its proof lies in certain topological facts. These facts will be 
presented without proofs. 

The Gauss-Bonnet theorem is probably the deepest theorem in the differ¬ 
ential geometry of surfaces. A first version of this theorem was presented by 
Gauss in a famous paper [I] and deals with geodesic triangles on surfaces 
(that is, triangles whose sides are arcs of geodesics). Roughly speaking, it 
asserts that the excess over % of the sum of the interior angles (p Xy <p 2i (p^ of a 
geodesic triangle T is equal to the integral of the Gaussian curvature K over 
T\ that is (Fig. 4-23), 

3 i* t* 

(pi — 7T = I ( K do. 
t=i J Jt 

For instance, if K = 0, we obtain that Yurt ^ 
theorem of high school geometry to surfaces of zero curvature. Also, if 
K= we obtain that ^ (p t — n — area (T) > 0. Thus, on a unit sphere, the 
sum of the interior angles of any geodesic triangle is greater than n, and the 
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excess over n is exactly the area of T. Similarly, on the pseudosphere (Exercise 
6 , Sec. 3-3) the sum of the interior angles of any geodesic triangle is smaller 
than n (Fig. 4-24). 

The extension of the theorem to a region bounded by a nongeodesic 
simple curve (see Eq. (1) below) is due to O. Bonnet. To extend it even further, 
say, to compact surfaces, some topological considerations will come into 
play. Actually, one of the most important features of the Gauss-Bonnet 
theorem is that it provides a remarkable relation between the topology of a 
compact surface and the integral of its curvature (see Corollary 2 below). 



We shall now begin the details of a local version of the Gauss-Bonnet 
theorem. We need a few definitions. 

Let oc: [0,^ be a continuous map from the closed interval [0,/] 
into the regular surface S, We say that a is a simple, closed，piecewise regular ， 
parametrized curve if 

1 . a(P) = a(/). 
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2 . ti ^ t 2 , t l ,t 1 e [0, /), implies that a(^) ^ a(? 2 ). 

3. There exists a subdivision 

0 — <c ^ <c * ■ ■ <c. t k <c. t k+l = /, 

of [0，/] such that a is differentiable and regular in each [/；, ? /+1 ], 

i — 0,. . ., k. 

Intuitively, this means that a is a dosed curve (condition 1) without self- 
intersections (condition 2), which fails to have a well-defined tangent line 
only at a finite number of points (condition 3). 

The points a(^), i = Q, … ， k, are called the vertices of a and the traces 
a([r, /, +1 ]) are called the regular arcs of a. It is usual to call the trace a([0, /]) 
of a a closed piecewise regular curve. 

By the condition of regularity, for each vertex «(/,-) there exist the limit 
from the left, i.e., for t < t t 

lim ⑺二 ot'O,. — 0) 古0， 

and the limit from the right, i.e., for t > t iy 

lim a\t) = aXti + 0) 关 0 . 

Assume now that 5" is oriented and let [ 0, |, 0 < 1| < ^, be the smallest 
determination of the angle from oc'a. — 0) to + 0). If \0 ( \^ n, we give 

fi cicrtl nf* nt (n f (f, — Ci\ 丄⑴ AA Tlnic tficit if 

V/ ^ v* w a t yv/v ^ v y j w J vy y j -i. f j • 丄 a ▲農 u aaa wviAu vxaci. v a 欠 

the vertex a(^) is not a “cusp” (Fig. 4-25)，the sign of is given by the 
orientation of S. The signed angle 0^ —n < ft < n t is called the external 

xvm r^f jrt 4- x r a# (4\ 

un^ic ： au tuw v w twA 

In the case that the vertex a(0 is a cusp, that is, 1 6 t | — n, we choose the 
sign of 8i as follows. By the condition of regularity, we can see that there 
exists a number t > 0 such that the determinant (oc,(’, 一 e), oc'ft + e), N) 



Figure 4-25 
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n d 


oc(fi) 



'7T 



Figure 4-26. The sign of the external angle in the case of a cusp. 


does not change sign for ali 0 < 6 < e f . We give the sign of this determi¬ 
nant (Fig. 4-26). 

Let x : U a R 2 — > »Sbe a parametrization compatible with the orientation 
of S. Assume further that U is homeomorphic to an open disk in the plane. 

Let a: [0,/]—x(C7) cz S be a simple closed，piecewise regular, para¬ 
metrized curve, with vertices oc(，,）and external angles d u i = 0, .k. 

Let (p^. [t 0 ? J+1 ] —及 be differentiable functions which measure at each 
t e [t t , / I+1 ] the positive angle from x u to oc’ ⑺ (cf. Lemma 1 ， Sec. 4-4). 

The first topological fact that we shall present without proof is the follow- 
ing. 


THEOREM (of Turning Tangents). With the above notation 


S ( 史 ifc+l) — 供 iOJ) + S 乂 = 士 2 兀， 

0 X— 0 

where the sign plus or minus depends on the orientation of a. 


The theorem states that the total variation of the angle of the tangent 


vector to a with a given direction plus the “jumps” at the vertices is equal to 

• 


An elegant proof of this theorem has been given by H. Hopf ，Compositio 
Math. 2 (1935) ， 50—62. For the case where a has no vertices, Hopf’s proof can 
fniinH in S-7 ^Thpnr^m nf this ： hnnV 

▼ Avr A-niVr A - 真具 V A. -A .J ■>, yj t 

Before stating the local version of the Gauss-Bonnet theorem we still 
need some terminology. 

X o -Ht -a \ t • 色 3^ y—— i t-i t ^ t-% _ 色广 I a v\ a^ 

l ? ut ； an ^unaw^. 丄 jv ^ — l ? ^umuii ^丄 a 

set with its boundary) is called a simple region if is homeomorphic to a disk 
and the boundary dR of R is the trace of a simple, closed, piecewise regular, 
parametrized curve a: I — > S. We say then that a is positively oriented if 
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for each a(t) y belonging to a regular arc，the positive orthogonal basis 
{ot’ ⑺， h{t)} satisfies the condition that h{t) “points toward” 及 ； more precisely, 
for any curve /—> R with ^(0) — a{t) and 多 ’(0) 古 ^(t), we have that 
> 0. Intuitively, this means that if one is walking on the curve 
a in the positive direction and with one’s head pointing to then the region 
R remains to the left (Fig. 4-27). It can be shown that one of the two 
possible orientations of a makes it positively oriented. 


N 



Now let x: U cz R 2 ^ 5 be a parametrization of S compatible with its 
orientation and let R cz x(C/) be a bounded region of S. If/is a differentiable 
function on S, then it is easily seen that the integral 


广 广 _ 

I m vWeg 

J (R) 


—F 2 du dv 


does not depend on the parametrization x, chosen in the class of orientation 
of x. (The proof is the same as in the definition of area; cf. Sec. 2-5.) This 
integral has, therefore, a geometrical meaning and is called the integral off 
over the region R. It is usual to denote it by 


f f / da. 


J Jr 


With these definitions, we now state the 


GAUSS-BONNET THEOREM (Local). Let x: U — S be an orthogonal 
parametrization {that is, F =0 )， of an oriented surface S, where U c= R 2 is 
homeomorphic to an open disk and x is compatible with the orientation of S. 
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Let R cz x(U) be a simple region ofS and lei a: l ― > S be such that = a (I). 
Assume that a is positively oriented，parametrized by arc length s, and let 
a(s 0 ),. . . ， a(s k ) and 0。， . . . ， be, respectively^ the vertices and the external 
angles of a. Then 

S [ 11 k/s)ds + [f K do* + 2 A 二 2 兀， ⑴ 

i— 0 ^ s ； J J R i = 0 

where k g (s) is the geodesic curvature of the regular arcs of a and K is the 
Gaussian curvature ofS. 

Remark. The restriction that the region R be contained in the image set 
of an orthogonal parametrization is needed only to simplify the proof. As 
we shall see later (Corollary 1 of the global Gauss-Bonnet theorem) the 
above result stfjff hofds for any simpjfe region of a regular surface. This is 
quite plausible, since Eq. (1) does not involve in any way a particular para- 

m^trizatmrt t 

-^ i 鼻 ▲ _ I 


Proof. Let u — u(s),v= v(s) be the expression of a in the parametriza- 

tivu a. uy uaiijig 丄 lup* u n，navw 

k ^27wK- E ^}^ 

where (p t — (pf/) is a differentiable function which measures the positive 
angle from x M to a'C?) in ^ J+1 ]. By integrating the above expression in 
every interval s i+1 ] and adding up the results, 



Now we use the Gauss-Green theorem in the uv plane which states the 
following : If P(u, v) and Q{u, v) are differentiable functions in a simple region 
A a R 2 f the boundary of which is given by u = u(s) t v = v(s), then 



tlf the truth of this assertion is assumed, applications 2 and 6 given below can be pre 
sented now. 
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It follows that 



k g (s) ds = 

J Si 




u 


+ s 


i=0 




•/ Si 



ds. 


r rum me oa.uss iurmum 丄 ur r = u (ui. Mci\;ise i, oeu. ^-j), we kiiuw uiai 


-HR) 


l(^=) 

i \2^/EG/ v 


( 泰 ) W—IL " 祕 




— •(* Kda, 

J 」及 


On the other hand, by the theorem of turning tangents, 


S I ds = ^ (^Pt(s i+1 ) — %■('•)) 

i =0 J St CIS i=o 

= ±27r — 2 9i ， 

i = 0 

Since the curve a is positively oriented, the sign should be plus, as can 
easily be seen in the particular case of the circle in a plane. 

By putting these facts together, we obtain 

k rsui 广广 k 

S J k g {s) ds + ^ da + g 6 t In. Q.E.D. 

A. -a ^*W • ^ ^<wl *L« d^. 1 W • n 4 ▲ 1% f M A tj ^ 心 1% 

ociuic guin^ imu a ^iwai vcjl&iuijl ui liic vj a uaa -i uicuxcm ? wc 

would like to show how the techniques used in the proof of this theorem may 
also be used to give an interpretation of the Gaussian curvature in terms of 
parallelism. 

To do that, let x: U ― > be an orthogonal parametrization at a point 
p G S y and let R a x(U) be a simple region without vertices, containing p 
in its interior. Let a : [0, /] ― ^ x(£7) be a curve parametrized by arc length *y 
such that the trace of a is the boundary of R. Let vv 0 be a unit vector tangent 
to S at a(0) and let w(j), .s 1 e [0, /], be the parallel transport of w。along a 
(Fig. 4-28). By using Prop. 3 of Sec. 4-4 and the Gauss-Green theorem in the 
iw plane, we obtain 



\m ds 

一 ds _ 


r l i r ^ rhA 

— I ^_ IG ~ — E ~ \ ds 

- J 0 2JEG \ u ds ^ds\ aS 



dep 

ds 
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= 办 + 〆 /)- 〆 ())， 

where (p — (p{s) is a differentiable determination of the angle from x u to w(j). 
It follows that g>(l) — ^(0) = Aq> is given by 

- ff Kda. (2) 

J J R 

Now, Ag> does not depend on the choice of w 0 , and it follows from the 
expression above that does not depend on the choice of a(0) either. By 
taking the limit (in the sense of Prop. 2, Sec. 3-3) 


lim 

R->P 


Acp 

取) 


= K{p\ 


where 及 ） denotes the area of the region R, we obtain the desired interpreta¬ 
tion of K. 

To globalize the Gauss-Bonnet theorem，we need further topological 
preliminaries. 

Let <S be a regular surface. A region 7? c 5* is said to be regular if R is 
compact and its boundary dR is the finite union of (simple) closed piecewise 
reeular curves which do not intersect fthe reeion in Fie. 4.29(a) is regular. 

W \ \ J 一 

but that in Fig. 4-29(b) is not). For convenience, we shall consider a compact 
surface as a regular region，the boundary of which is empty. 

A simple region which has only three vertices with external angles a ( ^ 0, 
/ = 1, 2, 3, is called a triangle. 

A triangulation of a regular region R cz S is a. finite family 3 of triangles 

4 l nA 冰 

± if i = if ... f &UL/11 Liiiu 

1. U?=1 T t = R. 

2. If T t n Tj ^ (p, then T t n Tj is either a common edge of T\ and T) 
or a common vertex of and T } . 

Given a triangulation 3 of a regular region R cz S of sl surface S, we shall 
denote by Fthe number of triangles (faces), by E the number of sides (edges), 
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Figure 4-29 


and by V the number of vertices of the triangulation. The number 

F — E + V = x 

is called the Euler-Poincare characteristic of the triangulation. 

The following propositions are presented without proofs. An exposition 
of these facts may be found, for instance, in L. Ahlfors and L. Sario, Riemann 
Surfaces ， Princeton University Press, Princeton, N.J., I960, Chap, 1. 

PROPOSITION 1. Every regular region of a regular surface admits a 
triangulation. 

PROPOSITION 2. Let S be an oriented surface and {x a }，oc e A, 0 
family of parametrizations compatible with the orientation of S. Let R cz S 
be a regular region of S. Then there is a triangulation ^ of K such that every 
triangle T e 3 & contained in some coordinate neighborhood of the family 
{x B }. Furthermore, if the boundary of every triangle of 3 is positively oriented, 
adjacent triangles determine opposite orientations in the common edge (Fig. 
4 - 30 ). ' "" 



Figure 4-30 

PROPOSITION 3. TfR cz S is a regular region of a surface S, the Euler- 
Poincare characteristic does not depend on the triangulation of R. It is con- 

't ^ jO KjTJ + A yl 4 n ■/ ¥ All \ 

t/iC/ C5 IU It Uy 
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The latter proposition shows that the Euler-Poincare characteristic is a 
topological invariant of the regular region R. For the sake of the applications 
of the Gauss-Bonnet theorem, we shall mention the important fact that this 
invariant allows a topological classification of the compact surfaces in R 3 . 

It should be observed that a direct computation shows that the Euler- 
Poincare characteristic of the sphere is 2, that of the torus (sphere with one 
“handle ”； see Fig. 4-31) is zero, that of the double torus (sphere with two 


Sphere X = 2 



Sphere with one handle X = 0 Sphere with two handles X = -2 





xiciiiaie^ is —— z, tuiu, m genertu, uitu cu me torus (spnere wun n nmiuiesj is 

一 2(/i — 1). 

The following proposition shows that this list exhausts all compact 
surfaces in R 3 . 


PROPOSITION 4. Let S c R 3 be a compact connected surface; then one 

-ri ft ▲ 4 ^ 1^, M J M J -d — «屢 ^ 

u, 一厶 3 . . , j — ^ii, _ * * * u^urntu uy me s^uivr~jr uiriturt: 


tn^ vuiut^ 


^jr 

U J 

characteristic ^(S). Furthermore, if S' c R 3 is another compact surface and 
/(S) — /(S'), then S is homeomorphic to S'. 

In other words, every compact connected surface S cz R 3 is homeomor¬ 
phic to a sphere with a certain number g of handles. The number 


g 


2 - X(S) 
~2 


i n 办 / *1 a t n >-v^ 

lb vanLuc geviwj \ji o* 

Finally, let 7? c be a regular region of an oriented surface S and let 3 
be a triangulation of R such that every triangle T s e 3, ）= 1， . . • ，允 ， is 
contained in a coordinate neighborhood x/LQ of a family of parametriza- 
tions fx a ], oc g A, compatible with the orientation of S. Let /be a differen¬ 
tiable function on S. The following proposition shows that it makes sense to 
talk about the integral of / over the region R, 
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PROPOSITION 5. With the above notation, the sum 







f(Uj，Vj VEjGj - F? dUj d Vj 


does not depend on the triangulation 3 or on the family {xj} of parametriza- 
tions of S. 

Thi« sum a opnmptriral m^anino anr! iq rallpH fh/y ifitpcrrnl 

* w V A A *PV V y V A A V ^ v ， W V AAA V A V AAA V *pV 息息 ^ V ^ %> f $> VW W ^ f WV 

of f over the regular region R. It is usually denoted by 


r r … 

JJ/ 伽 . 

We are now in a position to state and prove the 

GLOBAL GAUSS-BONNET THEOREM. Let R c= S & a regular 
region of an oriented surface and let C u . . . , C Q be the closed ， simple, piecewise 
regular curves which form the boundary of R. Suppose that each is 
positively oriented and let 0 1? . . . , 0 P be the set of all external angles of the 
curves Q ， … ， C n . Then 

S f k g (s) ds + f f K dc7 + 2 0! =- 27 t/(R), 

i= 1 J C* 」 J R 1=1 

where s denotes the arc length of Q, and the integral over means the sum of 
integrals in every regular arc of Q. 

Proof, Consider a triangulation 3 of the region R such that every triangle 
Tj is contained in a coordinate neighborhood of a family of orthogonal 
parametrizations compatible with the orientation of S. Such a triangulation 
exists by Prop. 2. Furthermore, if the boundary of every triangle of 3 is 
positively oriented, we obtain ODDOsite orientations in the edees which are 

■i ■ ■* X- -i- i_> - 

common to adjacent triangles (Fig. 4-32). 

By applying to every triangle the local Gauss-Bonnet theorem and adding 
up the results we obtain, using Prop. 5 and the fact that each “interior” 
side is described twice in opposite orientations, 

r r r 

欠 g (s ) 沿十 Ka<j 十 ^ u jk = mt\ 

i ^ Ci ^ ^ R j t k — 

where F denotes the number of triangles of 3, and 0, M , 0；^ 0^ are the external 

- j ^" j ^ j w 

angles of the triangle T r 

We shall now introduce the interior angles of the triangle T” given by 
9jk = 孔 — ❹ jk, Thus. 
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2 ^ S ^ — S ^ ^ — 2 <Pj^ 

D j t k j t k y ( /c 

We shall use the following notation : 

E e = number of external edges of 3 ， 

E t — number of internal edges of 3 ， 

V e — number of external vertices of 3, 
Vi = number of internal vertices of 3. 


Since the curves C t - are closed, E e — V e , Furthermore, it is easy to show by 
induction that 


and therefore that 


3/ 1 = 2E t + E e 


= 2nEi -\-7iE e ~J^ <p jk . 

J > k j,k 


We observe now that the external vertices may be either vertices of some curve 
C t or vertices introduced by the triangulation. We set V e = V ec + V et , 

， "t^ A T * a A. _ 1 土 _ __ __ i_ * _ _ i 1 "* J 嚐 t V t ^ _ 

v ec is me numucr ui veiLices oi me curves c. ana v et is the number of 
external vertices of the triangulation which are not vertices of some curve Q. 
Since the sum of angles around each internal vertex is In, we obtain 

= + %E e — 2nV t — 7 iV et — 


By adding nE e to and subtracting it from the expression above and taking 
into consideration that E e = V ei we conclude that 

'E = ^nEi + 2nE e — 2%V i — nV e — nV et — nV ec + 2 A 

Jt k j 

= 2nE — 2tt K + 2 

I 
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By putting things together, we finally obtain 

I I I K d<j ^ Q l = 2ti(^F — £" + K) 

i~l J Ci 」」 R 1=1 

= 2nx(R)- Q.E.D. 

Since the Euler-Poincare characteristic of a simple region is clearly 1, 
we obtain (cf. Remark 1) 

COROLLARY 1. If R is a simple region ofS, then 

XI f 1 k g (s) ds + f f K dcr + 2 0i = 2%. 

i — 0 ^ Sj J J R i—0 

Rv takincr into annnnnt thp fant that a rnmnact snrfarp mav hp nonsirlprRrl 

j v ■琴里 言 ▼ 言 a a a ，— w 言 w » — — » 言 w ^ 息 ▲ a • m ^ ^ ^ 'w • 

as a region with empty boundary, we obtain 

COROLLARY 2* Let S he an orientable compact surface; then 

JJ s Kda -2?rx(S). 

Corollary 2 is most striking. We have only to think af all possible shapes 
of a surface homeomorphic to a sphere to find it very surprising that in each 
case the curvature function distributes itself ia such a way that the “total 
curvature，” i.e., JJ K da, is the same for all cases. 

We shall present some applications of the Gauss-Bonnet theorem below. 
For these applications (and for the exercises at the end of the section)，it is 
convenient to assume a basic fact of the topology of the plane (the Jordan 

JL mi 各 、 

curve theorem) which we shall use in the following form: Every piecewise 
regular curve in the plane {thus without self-intersections) is the boundary of a 

s:ifym1p rooi.nn _ 

，• • w 琴 ， * 

1. A compact surface of positive curvature is homeomorphic to a sphere. 
The Euler-Poincare characteristic of such a surface is positive and the 

sphere is the only compact surface of R 3 which satisfies this condition. 

2, Let S be an orientable surface of negative or zero curvature. Then two 

•/ */ t—? 

geodesics y t and y 2 which start from a point p e S cannot meet again at a 
point q e S in such a way that the traces of y 1 and y 2 constitute the boundary 
of a simple region K of S. 

Assume that the contrary is true. By the Gauss-Bonnet theorem (R is 
simple) 

jj^K da+ 6,-^ 02 = 271, 
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where 6 X and 6 Z are the external angles of the region R, Since the geodesics 
y l and y 2 cannot be mutually tangent, we have 仏 < 兀 ， f = 1 ， 2. On the other 
hand, K<0, whence the contradiction. 

When = 9 2 — 0, the traces of the geodesics y x and y 2 constitute a 
simple closed geodesic of S (that is, a closed regular curve which is a geodesic). 
It follows that on a surface of zero or negative curvature, there exists no 
simple closed geodesic which is a boundary of a simple region of S. 

3. Let S be a surface homeomorphic to a cylinder with Gaussian curvature 
K < 0. Then S has at most one simple closed geodesic, 

Sunnose that S contains one simnle closed geodesic T. Bv aonlication 2, 

.-龙-上 -- 丄 ■- 

and since there is a homeomorphism of S with a plane P minus one point 
q e P t 史 (r) is the boundary of a simple region of P containing q. 

Assume now that S contains another simple closed geodesic r: We claim 
that r' does not intersect T. Otherwise, the arcs of <p(T) and 炉 （ P) between 
two “consecutive” intersection points, r x and r 2 > would be the boundary of a 

J 1 A. a. /V , 八 ” 1 -1 1 , 八内 + , / n A A XV 1 fT >1 ^ ^ \ T 1 八 O TA O 1 1 

&J111JJ1C rcgiuu ， ^uiili aujwtmg appiiwauun ^see 丨 ^5* ±^y ciu\jy^ aigu- 



ment. foCTl is again the boundary of a simole region R of P containing q, 

J f \~ y w m 

the interior of which is homeomorphic to a cylinder. Thus ， /(i?) = 0. On the 
other hand, by the Gauss-Bonnet theorem, 


f f Kda = 2nx(A) 

which is a contradiction, since K <0. 



4. If there exist two simple closed geodesics T i and r 2 on a compact surface 
S of positive curvature, then T t and T 2 intersect. 

By application 1, S is homeomorphic to a sphere. If r i ai\d r 2 do not 
intersect, then the set formed by T t and r 2 is the boundary of a region R, 
the Euler-Poincar6 characteristic of which is /(i?) = 0. By the Gauss-Bonnet 
theorem, 
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which is a contradiction, since K> Q. 

S, We shall prove the following result, due to Jacobi : Lei a : I — > R _ 3 be 
a closed, regular, parametrized curve with nonzero curvature. Assume that the 
curve described by the normal vector n(s) in the unit sphere S 2 (the normal 
indicatrix) is simple. Then n(I) divides S 2 in two regions with equal areas. 

We may assume that a is parametrized by arc length. Let s denote the arc 
length of the curve n = n{s) on S 2 . The geodesic curvature k g of is 

k g = (fiy n A 

where the dots denote differentiation with respect to s. Since 


n 


dnds 
ds ds 


(—kt - 价 ) 兔 ’ 


« = (—kt — Tb )^； + i—k't — - (k : 


T 


>(S) 


and 


IS) 

f / 


k 2 ^ r 2> 


we obtain 


/ a - **\ ds / / ? 7 / ds \ ^ x i I i ? \ 

K g \ n /\ ^ n ? ^ ~ 、”，几严 1 、一 — k t ) 


x r k — kz f ds 

厂 2 丄 — 

t v [ y 


d 


/7c 


I ， 1 ⑽ 

\ * v / WLi 


Thus, by applying the Gauss-Bonnet theorem to one of the regions R 

hnnnHf^H Kv rt(T\ nnH lisina flip fart tTiat K \ wp> nKtnin 

V — 墨 * »■ ■ W J W V J *PV •息 V ▲•息 A A V »» » ** VA V 一 • - -- -* ， T T V "K/f W 1 W ▲ |L 人 


2 兀二 Kda + \ ic g ds = da = area of R. 

J r J dR Jr 

Since the area of S 2 is 4n, the result follows. 

6 . Let r be a geodesic triangle (that is, the sides of T are geodesics) in an 
oriented surface S. Let 9 U 0 2 , 0 3 be the external angles of T and let <p r = 
7z — 0 U g> 2 = 7i — 0 2 , <P 3 ~ n ~ 6 3 be its interior angles. By the Gauss- 
Bonnet theorem, 

[[ K dc + ^ 9i == 2n. 

v T 1 
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Thus ， 

ff Kdc = 2n — 乞 (7t — (p!) 二 —n + 乞中 i ， 

J J T i — 1 i = 1 

It follo ws that the sum of the interior angles, i of a geodesic triangle 

is 


1. Equal to n u K ~ 0. 

2. Greater than 7 c if ^ > 0. 

3. Smaller than ^ if A" < 0. 

Furthermore, the difference H <Pi — 兀 (the excess of T) is given pre¬ 
cisely by j*J K d(r • IS K 辛 Q on T ， this is the area of the image N(T) of T by 

the Gauss map iV: S — S 1 (cf. Eq. (12) ， Sec. 3-3). This was the form in which 
Gauss himself stated his theorem : The excess of a geodesic triangle T is 
equal to the area of its spherical image N(T). 

The above fact is related to a historical controversy about the possibility 
of proving Euclid’s fifth axiom (the axiom of the parallels), from which it 
follows that the sum of the interior angles of any triangle is equal to 7 C. By 
considering the geodesics as straight lines, it is possible to show that the 
surfaces of constant negative curvature constitute a (local) model of a geome¬ 
try where Euclid’s axioms hold, except for the fifth and the axiom which 
guarantees the possibility of extending straight lines indefinitely. Actually, 
Hilbert showed that there does not exist in R 3 a surface of constant negative 
curvature, the geodesics of which can be extended indefinitely (the pseudo¬ 
sphere of Exercise 6, Sec. 3-3, has an edge of singular points). Therefore, the 
surfaces of R 3 with constant negative Gaussian curvature do not yield a 
model to test the independence of the fifth axiom alone. However, by using 
the notion of abstract surface, it is possible to bypass this inconvenience and 
to build a model of geometry where all of Euclid’s axioms but the fifth are 
valid. This axiom is, therefore, independent of the others. 

In Secs. 5-10 and 5-11, we shall prove the result of Hilbert just quoted and 

shall the morl^l of a nrm^nHiVlfian P^OTnfitrv 

7. Vector fields on surfaces.^ Let v be a differentiable vector field on an 
oriented surface S. We say that /7 e <S is a singular point of v if v{p) = 0. 
The singular point p is isolated if there exists a neighborhood V of pm S such 
that v has no singular points in V other than p. 

To each isolated singular point of a vector field v, we shall associate an 


fThis application requires the material of Sec. 3-4. If omitted, then Exercises 6-9 of this 
section should also be omitted. 
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integer, the index of v, defined as follows. Let x: U — ^ be an orthogonal 
parametrization sdp = x(0, 0) compatible with the orientation of S y and let 
a: [0, /] 一 5 be a simple ， closed, piecewise regular parametrized curve such 
that a([0, /]) c x(?7) is the boundary of a simple region R containing p as its 
only singular point. Let v = 汐 (0, / e [0, /]，be the restriction of v along a, 
and Jet <p = (p{t) be some differentiable determination of the angle from x u 
to v(t), given by Lemma 1 of Sec. 4-4 (which can easily be extended to piece- 
wise regular curves). Since a is closed, there is an integer / defined by 


2nl — g>(l) 



I is called the index of v at p. 

We must show that this definition is independent of the choices made, 
the first one being the parametrization x. Let w 0 e T x(0} (S) and let w(t) be the 
parallel transport of w 0 along a. Let \f/{t) be a differentiable determination of 
the angle from x„ to w(0- Then, as we have seen in the interpretation of K in 
terms of parallel transport (cf. Eq. (2)), 


y/(l) - y/(0) = 

By subtracting the above relations, we obtain 


j*j* K do — 2 冗 / = (\f/ — (p)(J) — — 史 X0) = — (p) (3) 

Since y/ — (p does not depend on x u ， the index / is independent of the parame¬ 
trization x. 

The proof that the index does not depend on the choice of a is more 
technical (although rather intuitive) and we shall only sketch it. 

Let a 0 and ai be two curves as in the definition of index and let us show 
that the index of v is the same for both curves. We first suppose that the traces 
of a 0 and do not intersect. Then there is a homeomorphism of the regior 
bounded by the traces of a 0 and aj onto a region of the plane bounded by twc 
concentric circles C 0 and C x (a ring). Since we can obtain a family of concen¬ 
tric circles C t which depend continuously on t and deform C 0 into C u we 
obtain a family of curves cc n which depend continuously on t and deform 
a 0 into aj (Fig. 4-34). Denote by I t the index of v computed with the curve 
a r . Now, since the index is an integral, I t depends continuously ont 9 t e [0, 1]. 
Being an integer. I t is constant under this deformation, and L = L. as we 
wished. If the traces of a 0 and intersect, we choose a curve sufficiently 
small so that its trace has no intersection with both oc 0 and oc! and then apply 
the previous result. 
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It should be noticed that the definition of index can still be applied when 
p is not a singular point of v. It turns out ， however, that the index is then 
zero. This follows from the fact that, since / does not depend on x in we can 
choose x u to be v itself; thus, (p{t) — 0. 

In Fig. 4-35 we show some examples of indices of vector fields in the xy 
plane which have (0, 0) as a singular point. The curves that appear in the 
drawings are the trajectories of the vector fields. 


v = (x,y) v - (~x,y) v = {x-y) v = (x 2 -y 2 ,-2xy) 

/ = 1 / = l / 二 —1 / = -2 



Figure 4-35 


Now, let S c= R 3 be an oriented, compact surface and v a differentiable 
vector field with only isolated singular points. We remark that they are finite 
in number. Otherwise, by compactness (cf. Sec. 2-7, Property 1), they have a 

mini puiiii wiii^n is a injiiisuictLcu puim. lcl [A a j uc a iauiii_y vji 

orthogonal parametrizations compatible with the orientation of S. Let 3 be 
a triangulation of S such that 

1. Every triangle T e 3 is contained in some coordinate neighbor¬ 
hood of the family {x a }. 

2. Every r e 3 contains at most one singular point. 

3. The boundary of every 7" e 3 contains no singular points and is 
positively oriented. 

If we apply Eq. (1) to every triangle T g 3, sum up the results，and take 
into account that the edge of each T e 3 appears twice with opposite orienta¬ 
tions, we obtain 
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ff Kda - i ； /, ^ 0, 

J J S 1 

where /, is the index of the singular point p 0 i = l, . . . , k. Joining this with 
the Gauss-Bonnet theorem (cf. Corollary 2), we finally arrive at 

2 4 — Kda = /⑹. 

mJ s 

Thus, we have proved the following: 

POINCARE J S THEOREM. The sum of the indices of a differentiable 
vector field v with isolated singular points on a compact surface S is equal to 
the Euler-Poincari characteristic of S. 

This is a remarkable result. It implies that ^ h does not depend on v 
but only on the topology of S. For instance, in any surface homeomorphic to 
a SDhere. all vector fields with isolated singularities must have the sum of 

X. V W 

their indices equal to 2. In particular, no such surface can have a differentiable 
vector field without singular points. 

EXERCISES 


1. Let 夕 c： R 3 be a regular, compact, orientable surface which is not home¬ 
omorphic to a sphere. Prove that there are points on S where the Gaussian curva¬ 
ture is positive, negative, and zero. 

2. Let 7 1 be a torus of revolution. Describe the image of the Gauss map of T and 
show，without using the Gauss-Bonnet theorem, that 



Compute the Euler-Poincare characteristic of T and check the above result with 
the Gauss-Bonnet theorem. 

3. Let c= i? 3 be a regular surface homeomorphic to a sphere. Let T <= 5 be a 
simple closed geodesic in S, and let A and B be the regions of S which have T as 
a common boundary. Let N: S —~> S 2 be the Gauss map of S. Prove that N(A) 

and N(B) have the same area. 

\ ， 

4 . Compute the Euler-Poincare characteristic of 
a. An ellipsoid. 

*b. The surface S — {(x, y, z) e R 3 ; x 2 - z 6 = 1}. 

5. Let C be a parallel of colatitude (p on an oriented unit sphere S 2 , and let w 0 be 
a unit vector tangent to C at a point p e C (cf. Example 1, Sec. 4-4). Take the 
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parallel transport of w 0 along C and show that its position, after a complete 
turn, makes an angle = 2n{\ — cos (p) with the initial position w 0 . Check 
that 


lim ^ = l = curvature of S 2 , 

where A is the area of the region R of S 2 bounded by C. 

6. Show that TO. 0) is an isolated singular noint and comnute the index at TO. 01 of 

、 * f -■ JL' - - - • X' ' 

the following vector fields in the plane: 

*a. v = (x, y), 

b, v ~ (—a - , y), 

c. v = (x, —y), 

*d. v = {x 2 — y 2 , ~2xy). 
e. v = (jf 3 — 3xy 2 , y 3 — 3x 2 y), 

7. Can it happen that the index of a singular point is zero ? If so, give an example. 

8. Prove that an orientable compact surface S c R 3 has a differentiable vector field 
without singular points if and only if S is homeomorphic to a torus. 

9. Let C be a regular closed curve on a sphere S\ Let v be a differentiable vector 
field on S 2 such that the trajectories of v are never tangent to C. Prove that each 
of the two regions determined by C contains at least one singular point of v. 


4-6. The Exponential Map. 

Geodesic Polar Coordinates 

In this section we shall introduce some special coordinate systems with an 
eye toward their geometric applications. The natural way of introducing such 
coordinates is by means of the exponential map，which we shall now describe. 

As we learned in Sec. 4-4, Prop. 5, given a point p of a regular surface S 
and a nonzero vector v e T p (S) there exists a unique parametrized geodesic 
y: (—6, e) —> S, with 〆(})=/? and y'(0) = a To indicate the dependence of 
this geodesic on the vector v, it is convenient to denote it by y(t t v) = y. 

LEMMA 1. If the geodesic y(t ， v) is defined for t e (—e, e), then the 
pendenic. v(t. ^ vV 1 g R. ^ ^ 0. is defined for t e (—eik, eil). and 

q - - - — ^ \ ~ ^ m w 7 ~ w /,• • _ ? - ^ - ■ \ •/ i y ^ 

y{t, Av) = v). 

Proof, Let a: (—e/X, e/X) ^ S be a parametrized curve defined by 
a(0 = y(Xt). Then ot(0) = y(0), 乂⑼ =A/ ⑼， and, by the linearity of D (cf. 
Eq. (1) ， Sec. 4-2 )， 
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If follows that a is a geodesic with initial conditions y(0), 和 '(0)， and by 
uniqueness 

Oc(t) = y(t 9 Xv) = y ( 又 f ， v) Q.E.D. 

Intuitively, Lemma I means that since the speed of a geodesic is constant, 
we can go over its trace within a prescribed time by adjusting our speed 
appropriately. 

We shall now introduce the following notation. If v = T P (S), v ^ 0, is 
such that y(| v ], v/\ v[) y(l, v) is defined, we set 

cxp p (v) = y(l ， v) and exp^(0) ^ p. 

Geometrically, the construction corresponds to laying off (if possible) 
a length equal to along the geodesic that passes through p in the direction 
of v; the point of S thus obtained is denoted by exp» (Fig, 4-36). 



Figure 4-36 Figure 4-37 


For example, exp 0 (v) is defined on the unit sphere S 2 for every v e T p (S 2 ). 
The points of the circles of radii n ， 3n ， … ， (2n + \)n are mapped into the 
point q, the antipodal point of p. The points of the circles of radii 2 兀， 
An, ... ， 2nn are mapped back into p. 

On the other hand，on the regular surface C formed by the one-sheeted 
cone minus the vertex, exp» is not defined for a vector v e T p (C) in the 

Hirprtinn nf thp mpridian that pnnn^r,t<i n tn v^rt^v whf^n i 7? 1 ^ and ^ 

• •mr 'vr • ▲ -m. v a. a 'V 為為各 a. a ，■ 參 ^ mr v mr t V -A- v < ■ ， t i I V I ^ ■雇 ，■ w 

is the distance from p to the vertex (Fig. 4-37). 

If, in the example of the sphere, we remove from S 2 the antipodal point 

f in rl a-R n r\-rs lx y a + -rv'P rt rl i TT 7 ( C*2\ tn o 

\JL LI 丄 Hi J 丄 ； 3 U.V111XVVI. V11J.J 111 Lliw VA CL VI.1 JJV VI Jt J VI 丄 CiUiUJ /t 

and center in the origin. 

The important point is that exp^ is always defined and differentiable in 
some neighborhood of p. 
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PROPOSITION 1. Given p e S there exists an e > 0 such that exp p is 
defined and differentiable in the interior B tf of a disk of radius € o/T p (S), with 
center in the origin. 

Proof, It is clear that for every direction of T P (S) it is possible，by Lemma 
1, to take v sufficiently small so that the interval of definition of y{t, v) con¬ 
tains l, and thus v) = exp» is defined. To show that this reduction can 
be made uniformly in all directions, we need the theorem of the dependence 
of a geodesic on its initial conditions (see Sec. 4-7) in the following form: 
Given p e S there exist numbers f j > 0, e 2 > 0 and a differentiable map 

y ： (- € 2 , e 2 ) x —S 

such that, for v g B 。， v 0, t e (— e 2 , e 2 ), the curve y(t, v) is the geodesic 
ofS with y(0, p) = p y 〆(() ， v) = v ， and for v = 0 ， y(t ， 0) = p. 

From this statement and Lemma 1, our assertion follows. In fact, since 
v(t. is defined for \ t\ < €.. \ v[ < f,. we obtain, bv settine k — eJ2 in 

J I ~ id ^ 1 I A f ^ C •/ - “f 

Lemma 1, that y(t, (e 2 /2)v) is defined for \t \ <2, \ v\ < e x . Therefore, by 
taking a disk B e c T P (S), with center at the origin and radius e < e 1 e 2 l2 ) 
we have that y(l, w) = exp^ w, w e B € , is defined. The differentiability of 
exp^ in B f follows from the differentiability of y. Q.E.D. 


An important complement to this result is the following: 

PROPOSITION 2. exp v \ cz T P (S) — > S is a diffeomorphism in a 
neighborhood U c of the origin 0 o/T n (S). 

Proof. We shall show that the differential d(cxp p ) is nonsingular at 
0 e T P (S). To do this, we identify the space of tangent vectors to T P (S) at 
0 with T P (S) itself. Consider the curve a(() v ^ T P (S). It is obvious 
that a(0) = 0 and a'0) v. The curve (exp^, o a)(/) = exp》 ㈣ has at f = 0 
the tangent vector 

― (exp^(^)) = ■^(y(A v )) — v - 

Ctl f — 0 / = 0 

It follows that 

(d exp p ) 0 (v) = v 9 

which shows that d exp^, is nonsingular at 0. By applying the inverse function 
theorem (cf. Prop. 3, Sec. 2-4)，we complete the proof of the proposition. 

Q.E.D. 


It is convenient to call F c a normal neighborhood of e S if F is the 
image V = exp 》 (C/) of a neighborhood U of the origin of T P (S) restricted to 
which exp 及 is a diffeomorphism. 
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Since the exponential map at e S is a difFeomorphism on U, it may be 
used to introduce coordinates in V. Among the coordinate systems thus 

innuuuucu, uic inu&i u&uai aic 

1. The normal coordinates which correspond to a system of rectan- 

/ 1 ri i n + rt n -i -n +!■■% a +n”rrA”+ n ” a r T^ ( C 、 

^uia.i m j^iant ± p\y> j* 

2. The geodesic polar coordinates which correspond to polar coordi¬ 
nates in the tangent plane T P (S) (Fig. 4-38). 



We shall first study the normal coordinates, which are obtained by 
choosing in the plane T P (S), p ^ S t two orthogonal unit vectors e x and e % . 
Since exp^ : C/ ^ F c *S is a diffeomorphism, it satisfies the conditions for a 
parametrization in p.lfq e V, then^ — exp p (w), where w = ue x -\ - ve 2 ^ U, 
and we say that ^ has coordinates (u, v). It is clear that the normal coordinates 
thus obtained depend on the choice of e,. e，. 

▲ A ^ ^ 

In a system of normal coordinates centered in p, the geodesics that pass 
through p are the images by exp^ of the lines u ~ at, v = bt which pass 

tTirnuph flip nricrin nf T Ohs^rvp akn that at n nopfFiri^ntq of the 

—n ， -->■ — a. m. —v m 息 _m. p ^ ^ m ，，丨 V V A. A V to， — J-*~ — —^ ^ — — • ，一 • ^ — 

fundamental form in such a system are given by E(p) = G(p) : =1 ，你 ）=0 ‘ 

Now we shall proceed to the geodesic polar coordinates. Choose in the 
plane T]XS) ， j? e S, a system of polar coordinates (/? ， 0 )， where p is the polar 
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radius and 9,0 < 9 < 2n, is the polar angle, the pole of which is the origin 

厂 r 1 t a ‘1^ rt + 4*1^ a /*x1 rt r\ ■••/'I -i rt + a n i +1^ a t rt a r% «• a «« ^ : 

'ul j. p\i^j. vt LiiaL tii^ puiai wuiuii 丄 atco 11 丄 lii^ ai^ iiul u^micu m 

the closed half-line / which corresponds to 0 = 0. Set exp 及 (/) = L. Since 
exp ^, : U — l ― > F — L is still a diffeomorphism, we may parametrize the 
puiiJLb ui y — ju uy me couiumiiceb yp, t7)，wmun are caneu geoaesic poiar 
coordinates. 

We shall use the following terminology. The images by exp/ t/ — K of 
circles in U centered in 0 will be called geodesic circles of V, and the images 
of expp of the lines through 0 will be called radial geodesics of V. In V — L 
these are the curves p = const, and 0 = const” respectively. 

We shall now determine the coefficients of the first fundamental form in a 
system of geodesic polar coordinates. 

PROPOSITION 3. Let x: U — / — ^ V — L be a system of geodesic 
polar coordinates (p, 9). Then the coefficients E = E(p, 0), F = F(p, 0), and 
G = G(/?, Q) of the first fundamental form satisfy the conditions 

E = 1 ， F = 0, lim G = 0 ， lim (^ / G) p = 1. 

p-*0 p-^0 

Proof. By definition of the exponential map, p measures the arc length 
along the curve 9 — const. It follows immediately that E = 1. 

By introducing in the differential equation of a geodesic (Eq. (4) ， Sec. 4-4) 
the fact that 9 = const, is a geodesic，we conclude that T 2 U =0. By using the 
first of the relations (2) of Sec. 4-3 that define the Christoffel symbols, we 
obtain 

By introducing this relation in the second of the equations (2) of Sec. 4-3, we 

W A. ' , 

conclude that F p = 0, and, therefore, F(p, ff) does not depend on p. 

For each ^ e F, we shall denote by a(o0 the geodesic circle that passes 
through q, where a e [0, In] (if q = p, a(a) is the constant curve a(<r) = p). 
We shall denote by y(^), where s is the arc length of y, the radial geodesic that 
passes through q. With this notation we may write 

= 馐 尝 〉. 

The coefficient F{p, 0) is not defined at p. However, if we fix the radial 
geodesic 9 = const” the second member of the above equation is defined for 
every point of this geodesic. Since at p, a(cr) = p, that is, doc/da — 0, we 
obtain 

lim F(p, 9) = lim (g, g) = 0. 

Together with the fact that F does not depend on p, this implies that F = 0. 
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To prove the last assertion of the proposition, we choose a system of 
normal coordinates (u, v) in p in such a way that the change of coordinates is 
given by 

w = /? cos 6, v = psin 6, 矣 0 ， 0 < 9 < 2n t 

1 1 一^ .. 1 * ^ j. 

uy rcufcmmg umi 

J EG — F 1 = JEG - F 2 

dip ， 6 、 

where d{u,v)jd{p, 6) is the Jacobian of the change of coordinates and 
E ， F,G ，are the coefficients of the first fundamental form in the normal 
coordinates (w, v), we have 


v^" = P-JEg - F 2 y /? 弇 0. (1) 

Since Sit p f E — G ~ l, F = 0 (the normal coordinates are defined at p )， we 
conclude that 

lixn G — 0 9 11111(^ G) p = 1, 

/>-*0 >0 

which concludes the proof of the proposition. Q.E.D. 

Remark 1. The geometric meaning of the fact that F = 0 is that in a 
normal neighborhood the family of geodesic circles is orthogonal to the 
family of radial geodesics. This fact is known as the Gauss lemma. 

We shall now present some geometrical applications of the geodesic 
polar coordinates. 

First, we shall study the surfaces of constant Gaussian curvature. Since in 
a polar system E = 1 and F 二 0, the Gaussian curvature K can be written 

K— - (V G . 


This expression may be considered as the differential equation which 
V G (/?, 6) should satisfy if we want the surface to have (in the coordinate 
neighborhood in question) curvature K(p } 0). If K is constant, the above 
expression, or ， equivalently, 

U~G) PP + KjG -0, (2) 

is a linear differential equation of second order with constant coefficients. 

T a #*i 11 «• rx w 9/^. 

vv c anaii piuvc 

THEOREM (Minding). Any two regular surfaces with the same constant 
Gaussian curvature are locally isometric. More precisely, let S 1? S 2 be two 
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regular surfaces with the same constant curvature K. Choose points pj e S 15 
p 2 e S 2 , and orthonormal basis {e 1? e 2 } e Tp^SJ, {f 1} f 2 } g T P2 (S 2 ). Then 
there exist neighborhoods N x of p 1; V 2 of p 2 and an isometry y / : Yi ― > V 2 such 
that d^(ei) = fi, dy(e 2 ) = f 2 . 

Proof, Let us first consider Eq. (2) and study separately the cases (1) 
^ - 0, (2) ^ > 0, _ ⑶ K<0. — 

1. If K ~0, {^/G) pp = 0. Thus, (a/ G) p = g(9), where g{6) is a function 
of 9. Since 

Km {a/G) p = 1, 

p^O 

we conclude that (^/^G) p = 1. Therefore, J~G = p + f(9) t where f(0) is 
a function of 0. Since 

/(0) = lim JW -0, 

we finally have, in this case, 

E = l, F ~ 0, G(/?, 6) — p 2 , 

2. If K > 0 } the general solution of Eq. (2) is given by 

= A(9) cos(^/Kp) + B(0) sinCs/X /?)， 

where A(0) and B(0) are functions of 9. That this expression is a solution 

of Eq. (2) is easily verified by differentiatio|i. 

Since lim ^/G = 0, we obtain A(0) = 0. Thus, 

0 

U~G) P - B(6)^ cosi^/Kp), 
and since lim 二 1， we conclude that 



Therefore, in this case, 

E 二 1 ， F = 0, G = ~ sin 2 ( /S / Kp). 

K 

3, Finally, if 尺 < 0， the general solution of Eq. (2) is 
J~G = A{e) coshU^Kp) + B(0) sinh(v^/?). 
By using the initial conditions, we verify that in this case 

E= L F = 0, G = sinhW 二 Tjp). 

_ 人 ' ' • r 
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We are now prepared to prove Minding’s theorem. Let V x and V 2 be 
normal neighborhoods of p 1 and p ly respectively. Let <p be the linear isometry 
of T P XS { ) onto T P2 (S 2 ) given by (p{e x ) =/ l5 (p{e 2 ) =/ 2 . Take a polar coordi¬ 
nate system {p, 0) in 7^(5^) with axis / and set L i — expA(/) ， L 2 = 
exp^ ( 沪 (/)). Let ^: Ft —> F 2 be defined by 

y/ = cxp P2 o tp o exp。. 

A\ ^ 1 n i rt + %f ^ i n +1*% a '••rt t t -i ， nrt+^t*** r 

tt t ^lami mat 屮 id tn^ i^^|uxicia 丄丄 

In fact, the restriction ^ of ^ to V x — L x maps a polar coordinate 
neighborhood with coordinates (/?, 0) centered in p x into a polar coordinate 
neighborhood with coordinates (p ， ff) centered in p 2 . By the above study of 
Eq. (2)，the coefficients of the first fundamental forms at corresponding points 
are equal. By Prop. 1 of Sec. 4-2, y/ is an isometry. By continuity, y/ still 
preserves inner products at points of L { and thus is an isometry. It is imme¬ 
diate to check that dy/{e l ) = f u dy/(e 2 ) — / 2 , and this concludes the proof. 

Q.E.D. 

Remark 2. In the case that K is not constant but maintains its sign，the 
expression ,^/G K = ~{\/G) pp has a nice intuitive meaning. Consider the 
arc length L{p) of the curve p = const, between two close geodesics 0 = 6 0 
and 0 ^6 X \ 

L(p) = C l VWpTO) d9. 

J e Q 

Assume that 尺 < 0. Since 

lim WG) P = 1 and W~G) PP ^ -Kj~G > 0, 

p -^0 

the function L(p) behaves as in Fig. 4-39(a). This means that L(p) increases 
with p; that is, as p increases, the geodesics 0 = Q 0 and 6 = 9 { get farther 
and farther apart (of course, we must remain in the coordinate neighborhood 
in question). 

On the other hand, if 火 > 0, L(p) behaves as in Fig. 4-39(b). The geodesics 




Figure 4-39. Spreading of dose geodesies in a normal neighborhood. 
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Q = Q q and 9 6^ may (case I) or may not (case II) come closer together 

^ 4^4 V «■ 1 It 1 4^ rt ^rn. 4 /"l 4^. Jm. rt 'Ia 广 1 U U ^ « * AS u _ ^ u u ___ ■ ~7 »^h 

ai tci a wciia 丄 u vaiut ui p, anu un& ucpcnua un uic vjau&bian ^ui viliuie. jt ui 

instance, in the case of a sphere two geodesics which leave from a pole start 
coming closer together after the equator (Fig. 4-40). 



In Chap. 5 (Secs. 5-4 and 5-5) we shall come back to this subject and shall 
make this observation more precise. 


Another application of the geodesic polar coordinates consists of a 
geometrical interpretation of the Gaussian curvature K. 

To do this, we first observe that the expression of K in geodesic polar 
coordinates {p ， 0 )，with center p e S, is given by 


and therefore 



~7g^~ 


d\jG) 

dp 2 


= -KWG\ - K P UG). 


Thus, recalling that 


we obtain 


lim tsj G = 0, 

p—0 


-K(p) = lim 

p —^0 


(?yg 

dp 3 


On the other hand, by defining ,J G and its successive derivatives with 
respect to /? at by its limit values (cf. Eq. (1))，we may write 
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、 = VG(0, 0) + p{jG\{Q, 9) + ^GUO, 9) 

+ fJev'G U(0, d) + R(p, 9) 

where 

lim ^^) = 0 , 

"o P 3 

uniformly in 9. By substituting in the above expression the values already 
known, we obtain 

e)^p- ^K(p) + R. 


With this value for v^"，we compute the arc length L of a geodesic circle 
of radius p = r : 


where 


271 —e 

L =■ lim 


0 J 0+f 


G (r, 6) dd = 2nr — 


^K(p) + R u 


It follows that 


lim — 0. 

r-0 r 5 

K{p) = \\m — l7ir ~ L , 
- >o n r 3 


which gives an intrinsic interpretation of K(p) in terms of the radius r of a 
geodesic circle SJn) around n and the arc lengths L and 2nr of S (P^\ and 

4^7 - - - j - - -- - - -— — _ _ -• 甲 - / _ j - 

exp" 1 ^,.(/?)), respectively. 

An interpretation of K(p) involving the area of the region bounded by 
S r (p) is easily obtained by the above process (see Exercise 3). 


As a last application of the geodesic polar coordinates，we shall study 

«;nmp minimal nrrvn^rti^c nf o-pnHpcirc A fnnHam^ntal nrnn^rtv rvf a crpr^rlpcir ： 

is the fact that, locally, it minimizes arc length. More precisely, we have 

PROPOSITION 4* Let p be a point on a surface S, Then, there exists a 
neighborhoods cr So/p such that if y: l — >W is a parametrized geodesic with 
K0) ~ — jp ， y(U)= =q, tj e I, and a:[0, t t ] S is a parametrized regular curve 
joining p to q, we have 


l y <l 


where / a denotes the length of the curve a. Moreover, if l y — / a , then the trace 
of a coincides with the trace of a between p and q. 
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Proof. Let F be a normal neighborhood of p, and let W be the closed 
region bounded by a geodesic circle of radius r contained in V. Let (p, be 
geodesic polar coordinates inW — L centered in p such that q G L. 

Suppose first that a((0, ^)) cz , — L ，and set a(0 (p(t), 9{t)), 

Observe initially that 

v(〆) 2 十 G{d f f > vW ， 

and equality holds if and only if = 0; that is, 0 = const. Therefore, the 
length l a (e) of a between e and — e satisfies 

Ue ) 二 + G(e f rdt> Jp Vipfdt 

J p' dt = ly — 2e, 

and equality holds if and only if 0 = const, and p' > 0. By making 6 一 0 
in the expression above, we obtain that / a > l y and that equality holds if and 
only if a is the radial geodesic 8 = const, with a parametrization p — /?(?)， 
where n r (f\ 0. Tt frtllrtw*; that if / — I tlipn tVip frar.pc rif /v. anH v hpfw^An 

■ 广 y **■ — . 1| V 息息 W W » W i 1 ▲ J. WL 丄 ^ WA. A 'W*' ^ SJ V ITT ^ A, A 

p and q coincide. 

Suppose now that a((0, ^)) intersects L, and assume that this occurs for 

fi r*C+ tim n 十 C r\TT m ^ I 'Vs ark J +1 ^办 /-V'no 1 1 4 

lx 丄 i 丄丄 w ^uy 3 27* i urn ，uy tmpnviuua aiguiJLi^iit, e a ly u^lvy^^ju t q 

and / 2 , and / a = l y implies that the traces of a and y coincide. Since a([0, ?J) 
and L are compact, there exists a f > / 2 such that either a(f) is the last point 
where a((0, ^)) intersects L or a([t, ^]) c L (Fig. 4-41). In any case, applying 
the above case, the conclusions of the proposition follow. 




Figure 4-41 Figure 4-42 

Suppose finally that a([0,is not entirely contained in W. Let 
t 0 e [0, rj be the first value for which cc(t 0 ) = x belongs to the boundary 
of W. Let y be the radial geodesic px and let a be the restriction of the curve 
a to the interval [0, f。]. It is clear then that l a > / g (see Fig. 4-42). 

By the previous argument, 4 ^ 4- Since ^ is a point in the interior of W, 
l f > / r We conclude that 4 > l Y , which ends the proof. Q.E.D. 
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Remark 3. For simplicity, we have proved the proposition for regular 
curves. However, it still holds for piecewise regular curves (cf. Def. 7, Sec. 
4-4); the proof is entirely analogous and will be left as an exercise. 

Remark 4. The proof also shows that the converse of the last assertion of 

1— A. B *^T w , i"h - — 1 _ 4 ▼ T ，4 ^ 

l^rop. *+ nuius uuc. xauwevcr, uiis> uuiivcisc uuca ihji gciiciimz-c iu piecewise 

reeular curves. 

*w# 

I _ "Lfc a 4^-44 AT T4 -»，#■« -44 #-v 一 ， + , #-v 1/1 y^V ^ + -*4t 1 A /*xT^ rt 7 1 T T /I y*V 1 T T-*^ T J + rt A XT #1 T*V^ '*^"1 rt 

1 lie ]J1C Viuua piWpuaiLlUII la LIKJL Cl UL. S1IU WII Lilt； ^ACtULipit 

of the sphere. Two nonantipodal points of a sphere may be connected by two 
meridians of unequal lengths and only the smaller one satisfies the conclu¬ 
sions of the proposition. In other words, a geodesic, if sufficiently extended, 
may not be the shortest path between its end points. The following proposi¬ 
tion shows, however, that when a regular curve is the shortest path between 
any two of its points, this curve is necessarily a geodesic. 


PROPOSITION 5. Let a: I — > S be a regular parametrized curve with a 
parameter proportional to arc length. Suppose that the arc length of a between 
any two points t, t G I, is smaller than or equal to the arc length of any regular 
parametrized curve joining a(t) to a(r). Then a is a geodesic. 

Proof. Let e / be an arbitrary point of / and let W be the neighbor¬ 
hood of a{t Q ) = p given by Prop. 4. Let q = a(^) g W. From the case of 
equality in Prop. 4, it follows that a is a geodesic in (^ 0 , t x ). Otherwise a 
would have, between t 0 and t u a length greater than the radial geodesic 
joining a(‘，。）to a(^i), a contradiction to the hypothesis. Since a is regular，we 
have, by continuity, that a still is a geodesic in t 0 . Q.E.D. 


EXERCISES 

1* Prove that on a surface of constant curvature the geodesic circles have constant 
geodesic curvature. 

2. Show that the equations of the geodesics in geodesic polar coordinates (E 1, 

r ~ ai\^ givtu uy 

P f, - ^G p (dv = o 

r + 备 〆 沒 ’ + j 眷 ( 即 = o. 

_ ，一 a K -里 _ . - if 'v 里 _ ^ j_. 

j. ii 77 is a. puini ui d regular suriace piuve uiai 


w 、 r \2nr 2 — A 
K(p) - lim—- 

r— 0 JL 


■ 4 
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where K(p) is the Gaussian curvature of 5 at p,r is the radius of a geodesic circle 
S r (p) centered in p y and A is the area of the region bounded by S r (p). 

4. Show that in a system of normal coordinates centered in p, all the Christoffel 
symbols are zero at p ‘ 

5. For which of the pair of surfaces given below does there exist a local isometry ? 

a. Torus of revolution and cone. 

b. Cone and sphere. 

V* HFiiG CUX\X vyilliu^l * 

6. Let 5 be a surface，let p be a point of 5, and let S : (p) be a geodesic circle around 
p, sufficiently small to be contained in a normal neighborhood. Let r and s be 
two points of S^p)^ and C be an arc of S'p) between r and 5 . Consider the 
curve exp p ! (C) c T P (S). Prove that 5^(/?) can be chosen sufficiently small so 
that 

a. If X > 0, then /(exp^(C)) > /(C)，where /( ) denotes the arc length of the 
corresponding curve. 

b. If K< 0, then l(cxp p HC)) < 1(C). 

7. Let (p, 0) be a system of geodesic polar coordinates (E — 1 ， 尸 = 0) on a surface, 
and let y{p{s), 9(s)) be a geodesic that makes an angle tp(s) with the curves 
6 — const. For definiteness, the curves 6 — const, are oriented in the sense of 
increasing p's and <p is measured from 6 = const, to y in the orientation given by 
the parametrization (/?, Q). Show that 

g + W-G)/4 = 0. 


*8. (Gauss Theorem on the Sum of the Internal Angles of a “Small” Geodesic Tri¬ 
angle.) Let A be a geodesic triangle (that is, its sides are segments of geodesics) 
on a surface Assume that A is sufficiently small to be contained in a normal 
iicignoomooa oi sumc oi ns vertices, nuve aireuuy wunoui using me 
Gauss-Bonnet theorem) that 


r r 

I -wr * j 

J J A aA 


A 


/ 3 \ 

二 [以) 



where K is the Gaussian curvature of S, and 0 < OC; < tt ， 〆 =1, 2, 3, are the 
internal angles of the triangle A. 

9. (A Local Isoperimetric Inequality for Geodesic Circles.) Let p ^ S and let S r (p) 
be a geodesic circle of center p and radius r. Let L be the arc length of S r {p) and 
A be the area of the region bounded by S r (p). Prove that 

4nA -L 2 = n 2 r A K(p) + R, 
where K(p) is the Gaussian curvature of *S at ^ and 
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Thus, if K{p) > 0 (or < 0) and r is small, A%A — L 2 > 0 (or < 0). (Compare 
the isoperimetric inequality of Sec. 1-7.) 

10. Let 5 be a connected surface and let (p.y/: S — > S be two isometries of S. 
Assume that there exists a point p 巳 S such that (p(p) = y/{p) and d(p p {v) 
= d\j/ p {v) for all v e T P (S). Prove that (p{q) = y/(q) for all g e S. 

11. (Free Mobility of Small Geodesic Triangles.) Let S be a surface of constant 
Gaussian curvature. Choose points pup\ e S and let K, V be normal neigh¬ 
borhoods of p u respectively. Choose geodesic triangles p l , p 3 in V 

(geodesic means that the sides Pxp%, PzP\ are geodesic arcs) and p’u P r i ， P 、 
in V 1 in such a way that 


KPuPi) = Kp'uPi), 


KPlyPz) = P'3 、， 


U 


n \ 


yu 


Kps i Pi) 


(here / denotes the length of a geodesic arc). Show that there exists an isometry 
Qi V ― > y f which maps the first triangle onto the second. (This is the local ver¬ 
sion, for surfaces of constant curvature, of the theorem of high school geometry 
that any two triangles in the plane with equal corresponding sides are con¬ 
gruent.) 

12. A diffeomorphism (p: S x ― > S 2 is said to be a geodesic mapping if for every 
geodesic C c S x of 5*1, the regular curve (p{C) c ： S 2 is a geodesic of S 2 . If C/is a 
neighborhood of p e S iy then (p\ U ― > S 2 is said to be a local geodesic map¬ 
ping in p if there exists a neighborhood V of (p{p) in S 2 such that (p: U — V is 
a geodesic mapping. 

a. Show that if 5i — > S 2 is both a geodesic and a conformal mapping, then 
^ is a similarity .， that is, 

<v t w) p = kid(p p (v\ d(p p {w)y, p ^ S u v,w ^ T^Si), 
where k is constant. 

b. Let S 2 = {(x } y, z) g R 3 ; x 2 + y 2 + z 2 = 1} be the unit sphere, 5*" 
={(^, y, z) e S 2 ; z < 0} be its lower hemisphere, and P be the plane 
z —1. Prove that the map (central projection) (p\ S~ ― > P which takes a 
point p ^ S~ Xo the intersection of P with the line that connects p to the cen¬ 
ter of S 1 is a geodesic mapping. 

*c. Show that a surface of constant curvature admits a local geodesic mapping 
into the plane for every p e S. 

13. (Beltrami’s Theorem.) In Exercise 12, part c, it was shown that a surface S of 
constant curvature K admits a local geodesic mapping in the plane for every 

e 5*. To prove the converse (Beltrami’s theorem ) — If a regular connected sur¬ 
face S admits for every p e S <3 local geodesic mapping into the plane’ then S has 
constant curvature, the following assertions should be proved : 
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a. If v = v(u) is a geodesic, in a coordinate neighborhood of a surface para¬ 
metrized by (u, v), which does not coincide with u = const., then 


d 2 v 


r 


22 


g) 3 + (2ri 2 -n 2 )S) 2 + (r! 1 -2r? 2 ) 


dv 

du 


r 


*b. If S admits a local geodesic mapping (p : V — > i? 2 of a neighborhood Kof a 
point p e S into the plane R\ then it is possible to parametrize the neigh¬ 
borhood V by (u, v) in such a way that 

rm = 0 ， rh = 2rh ， ru = 2rh. 

*c. If there exists a geodesic mapping of a neighborhood V of p e S into a 
plane, then the curvature KinV satisfies the relations 


KE = ThTh - {ThX (a) 

KF = TliTh ~ (Th) v (b) 

kg = r\2r\2-(T\ 2 ) v (c) 

KF = rhr\ 2 ~(T\z) u {d) 


Tf fhprp ： <^Yictc n apriHpftir rrmnnintr nf a n^iaKKr>rhr>r>H 1/ nf n cz S! intn a 

■ — -**•■■■ V A4 V A. Y V V Y V 1 ■ 啤 上 〆 I〆• W J, \ ^ U ▲▲蠱 w A. Ij ▲ A J| W 

plane, then the curvature K in K is constant. 

e. Use the above, and a standard argument of connectedness, to prove Belt- 

^ + •*>% 
laun a LiiCUlCIIl. 

14. (The Holonomy Group.) Let 5 be a regular surface and p g S. For each piece- 
wise regular parametrized curve a ： [0,/] — > S with a(0) = a(/) = p, let 
P a : T P (S) — ^ T P (S) be the map which assigns to each w e T P (S) its parallel trans¬ 
port along a back to p. By Prop. 1 of Sec. 4-4, P a is a linear isometry of T P (S). 
If fi : [l, /] is another piecewise regular parametrized curve with = fi(I) = p, 

define the curve p o a ： [0, / + /’] —~> S by running successively first a ana then 
P ; that is, 。 a^) = oc^) if s e [0, /]， and 。 a^) — fi(s) if ^ e [/, /"]. 

a. Consider the set 


H P (S) = [P a : T P (S) -> T P (S); all a joining/7 top}, 

where Of is piecewise regular. Define in this set the operation o p a 

that is, Pp o p a is the usual composition of performing first P a and then P^. 

Prove that, with this operation, H P (S) is a group (actually，a subgroup of the 

prnnn nf linear icnmp.tnV^ nf is rail pH thp hnJnnnmv p-rnun nf .V 

atp. 

b. Show that the holonomy group at any point of a surface with K = 0 reduces 
to the identity. 

c. Prove that if S is connected, the holonomy groups H 人 S) and H q (S) at two 
arbitrary points p, q e S are isomorphic. Thus, we can talk about the 
(abstract) holonomy group of a surface. 
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d. Prove that the holonomy group of a sphere is isomorphic to the group of 
2x2 rotation matrices (cf. Exercise 22, Sec. 4-4). 


4-7. Further Properties of Geodesics; 

j « m • 一 一, _ 一 _ _ 4* 

convex i\ieignoornooas t 


In this section we shall show how certain facts on geodesics (in particular, 
Prop. 5 of Sec. 4-4) follow from the general theorem of existence ， uniqueness, 
and dependence on the initial condition of vector fields. 

The geodesics in a parametrization x(u, v) are given by the system 

〆 + + 2ri 2 wv + ruvy = o, 

， + TUuy + 2T\ 2 u f v f + TUvy = 0, 


where the are functions of the local coordinates u and v. By setting 
u f = ^ and v r — tf, we may write the above system in the general form 


f = f\(u ， v, I ”)， 
ti f = F^(u. v. n\ 

I * ， mt f l ， (2) 

U f = F 3 (u ， v ， ln), 

= F 4 (u ， v，& 

where F 3 (u, v y ^ rj) = ^ FAu ， v 乂， rf) = rj. 

It is convenient to use the following notation: (u, will denote a 

point of R 4 which will be thought of as the cartesian product R" 1 = R 2 X K 2 ； 
(u, v) will denote a point of the first factor and (《，//) a point of the second 
factor. 

The system (2) is equivalent to a vector field in an open set of R 4 which 
is defined in a way entirely analogous to vector fields in R 2 (cf. Sec. 3-4). The 
theorem of existence and uniqueness of trajectories (Theorem 1 ， Sec. 3 一 4) 
still holds in this case (actually, the theorem holds for R n ; cf. S. Lang, Analy¬ 
sis I, Addison-Wesley, Reading, Mass., 1968, pp, 383-386) and is stated as 
follows : 

Given the system (2) in an open set U c: R 4 and given a point 

(u 0 , v 0 , 《 0 , ?/ 0 ) e U 

there exists a unique trajectory a : (—e, e) of Eq. (2), with 

a(0) - (u 0 , v 0 , "o). 

卞 This section may be omitted on a first reading. Propositions 1 and 2 (the statements of 
which can be understood without reading the section) are, however, used in Chap. 5. 
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To apply this result to a regular surface S, we should observe that, given 
a parametrization x(u, r) in e of coordinate neighborhood V 9 the set 
of pairs (q, v), q g V, v g T g (S), may be identified to an open set V x J^ 2 = 
U a R 4 . For that, we identify each 7^(^), q e V, with R 2 by means of the 
basis (x us x v }. Whenever we speak about differentiability and continuity in 
the set of pairs (q, v) we mean the differentiability and continuity induced by 
this identification. 

Assuming the above theorem, the proof of Prop. 5 of Sec. 4-4 is trivial. 
Indeed, the equations of the geodesics in the parametrization x(u t v) in 
p g S yield a system of the form (2) in U cz The fundamental theorem 
implies then that given a point a = (u n , e F and a nonzero tangent vector 
v = (f 0 , tjo) g T g (S) there exists a unique parametrized geodesic 

y — TT 。 OC: ( _€ 9 f) — ^ V 

in V (where n(q, v) = q is the projection V x R 2 ― > V). 

The theorem of the dependence on the initial conditions for the vector 
field defined by Eq. (2) is also important. It is essentially the same as that for 
the vector fields of R 2 : Given a point p = (u 0 , v 0 , f 0 , ^ 0 ) e U, there exist a 
neighborhood Y — X V 2 o/ p {where Y l is a neighborhood of (u 0 , v 0 ) and 
V 2 is a neighborhood of (f 0 , ^ 0 )), an open interval I, and a differentiable 
mapping a : I X Vjt X V 2 ― > U such that, fixed (u, v, f, tf) = (q, v) e V, 

intn a(i, q, v), l t 丄 ， w ine u ujtciury uj puy^iri^ mr uu^rt v,q, v 

To apply this statement to a regular surface S, we introduce a parametri¬ 
zation in p e S, with coordinate neighborhood V, and identify, as above, 
the set of pairs (q, v), q e V, v e 7^(5), with V x R 2 . Taking as the initiai 
condition the pair (p, 0 ), we obtain an interval (— 6 2 , f 2 )，a neighborhood 
V x c: V of p in S, a. neighborhood V 2 of the origin in R 2 , and a differentiable 
map 

y ： (—e 2 , e 2 ) x V 1 x V 2 -^ V 

such that if (q, v) g X V ly v ^ 0, the curve 

t y(t, q, v), t G (—6 2 , e 2 ), 

is the geodesic of S satisfying y(0, q, v) = q, 5 /( 0 , r) = % and if w = 0, this 
curve reduces to the point q. Here y = 71 ^ cc, where 7i(q, v) = q is the projec¬ 
tion U = V x R 2 — > V and a is the map given above. 

Back in the surface, the set V x X K 2 is of the form 

{(q, v),p e V u v e V q (0) c ： r/5 1 )}， 

T/ / f\\ Jam 八 rt m a : 八 一 1 !% 八八 J y*% -f* +l-fc A y-vt*< ■* f "T^ { r t TIC 1 'f* YT 7a 1*0 n ++M 

W1ICIC V g\y) UClIULCa <X ntlgliuuiliuuu UI LHC wilful HI j J . 丄丄丄 u ), 丄丄 wi 
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y to (— e 2t e 2 ) x {p} x V 2> we can choose {/?} x V 2 — B €l c: T P (S), and 
obtain 

THEOREM 1. Given p G S there exist numbers q > 0, > 0 and a 

differentiable map 

y - (— 6 * 2 , 62 ) X B fl — ^ S, c: T P (S) 

such that for v G B fl ，v 古 0 , t e {— € ly € 2 ) the curve t ― > y(t, v) is the 
geodesic ofS with y( 0 , v) = p, y'( 0 , v) = v, and for v = 0 , y(t ， 0 ) = p. 

This result was used in the proof of Prop. 1 of Sec. 4-6. 

The above theorem corresponds to the case where p is fixed. To handle the 
general case，let us denote by B r (q) the domain bounded by a (small) geodesic 
circle of radius r and center q, and by B r (q) the union of B r (q) with its bound¬ 
ary. _ _ 

Let 6 > 0 be such that B f (p) ^ V x . Let 反 c ： VJO) be the largest 
open disk in the set V q (0) formed by the union of V q (0) with its limit points ， 
and set — inf 8{q),q g B e (p). Clearly, q > 0. Thus, the set 

^ = {{q, v);q G B € {p\ v G B €t (0) c: 7 ； (5)} 
is contained in V, X Vn. and we obtain 

& 〆 

THEOREM la. Given p G S, there exist positive numbers e, e 1? e 2 and a 
differentiable map 

y: (—f 2 , € 2 ) x ^ — ^ S ， 

where 

^ - {(q, v);q e B f (p), v e B fl (0) c= T q (S)}, 
such that y(t ， q ， 0 ) = q ， and for y the curve 

t — ^ r(t, q, v), t g (-e 2 , e 2 ) 
is the geodesic of S with y(0, q, v) = q,〆(() ， q, v) = v. 

Let us apply Theorem la to obtain the following refinement of the exist¬ 
ence of normal geodesics. 

PROPOSITION 1. Given p G S there exist a neighborhood W of p in S 
and a number J > 0 such that for every q e W, exp q is a diffeomorphism on 
B/ 0 ) c Tq(S) and exp q (B 5 (0)) ] W; that is, W is a normal neighborhood 
of all its points. 
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Proof. Let K be a coordinate neighborhood of p. Let e, e 2 and 
y' (—6 2 , e 2 ) X ^ — ^ V be as in Theorem la. By choosing < e 2 , we can 
make sure that, for (n 7 A *11 pvn = v(\q)\ n wpII Thnc 

-- - ■ —— ---j v — / — 冒 - 5 4 Q^\~ / / V.| W 1 ? *2 5 w J ■* »>-» T T « ▲ ▲▲ ^ 

we can define a differentiable map q>: ^ — > V 乂 V by 

rn(q, v) = (q, exp q (v)V 

We first show that d(p is nonsingular at (p, 0). For that, we investigate 
how (p transforms the curves in ^ given by 

t ― >(P ， tw), t 0), 

where w e T P (S) and a(0 is a curve in S with a(0) = p. Observe that the 
tangent vectors of these curves at / = 0 are (0, w) and (ot'(0) ，0 ) ， respectively. 
Thus. 

J 

^(ao)(0, w) = ~^(p ， exp/wO ( 。 = (0, w )， 

咖 ( 久 o)( a (0) ，0 ) = -^(oc(0) ex Pa(o(0)) ^ — ( a (0) ， a,(0 ))， 

and d(p (p 0) takes linearly independent vectors into linearly independent vec¬ 
tors. Hence, d(p ip Q) is nonsingular. 

It follows that we can apply the inverse function theorem, and conclude 
the existence of a neighborhood V of (p, 0) in TX such that (p maps "U diffeo- 
morphically onto a neighborhood of (p ， p) in V X V. Let U a B € {p) and 
J > 0 be such that 

V = {(q, v)G^;qGU,VG B,(0) a T q (S)}. 

Finally, let W c: C/ be a neighborhood of p such that W X W cz q>(V). 

We claim that S and W thus obtained satisfy the statement of the theorem. 

In farf sinr.p m ic a Hifrpnmnrnhicm in T) pyn a HifTpnmnrnhiQm in 

息 a ■ w a •mr 一 mr < v ▲ ▲ & m. m. m. ^ m. ^ ，— 息 ， a ▲ a a ▲ a a ▲ ▲ a ^^ 乂， 

q G W. Furthermore, if ^ e W, then 

N 7 广 0 、、 一 '\ f /i\ N/ JA/ 

rvivj ^sy^jj 一 J /、 rr ， 

and, by definition of tp, exp q (B^(0)) zj W. Q.E.D. 

Remark L From the previous proposition, it follows that given two 
points q u q 2 G W there exists a unique geodesic y of length less than 6 
joining q x and q 2 . Furthermore, the proof also shows that y “depends differ- 
entiably” on 七 and q 2 in the following sense : Given (q u q 2 ) g W X W, a. 
unique v e T qi (S) is determined (precisely, the v given by (fT l (q u q 2 ) ― (q u v)) 
which depends differentiabiy on (q l9 q z ) and is such that 〆 (()）= 队 
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One of the applications of the previous result consists of proving that a 
curve which locally minimizes arc length cannot be “broken.” More precisely, 
we have 


PROPOSITION 2. Let oc : I — S be a parametrized, piecewise regular 
curve such that in each regular arc the parameter is proportional to the arc 
length. Suppose that the arc length between any two of its points is smaller 
than or equal to the arc length of any parametrized regular curve joining these 
points. Then a is a geodesic; in particular, a is regular everywhere. 

Proof, Let 0 = < ^ < • * • < t k <t k+l = / be a subdivision of [0, /] 

=/ in such a way that a [ i = 0, . . . , k 9 is regular. By Prop. 5 of 

Sec. 4-6, a is geodesic at the points of {t 0 To prove that a is geo¬ 

desic in consider the neighborhood W, given by Prop. 1， of Let 
q x •= a{ti — e),q 2 = a(f i * + 6), e > 0 , be two points of and let y be the 
radial geodesic of joining q x to q 2 (Fig. 4-43). By Prop. 4 of Sec. 

tut; i^guxai vui J ' i\y^j uiLwm 丄 if j cui^ 

q ± . Together with the hypothesis of the proposition, this implies tha: 

l(y) = /(a). Thus, again by Prop. 4 of Sec. 4-6, the traces of y and a 
coincide. Therefore, a is geodesic in which ends the proof. Q.E.D. 




Figure 4-44 


In Example 6 of Sec. 4-4 we have used the following fact: A geodesic 
y(t) of a surface of revolution cannot be asymptotic to a parallel P 0 which is not 
itself a geodesic. As a further application of Prop. 1, we shall sketch a proof 
of this fact (the details can be filled in as an exercise). 

Assume the contrary to the above statement, and let /? be a point in the 
parallel P Q . Let W and 6 be the neighborhood and the number given by 
Prop. 1 , and let q e P 0 C\ W, q 幸 p. Because y(t) is asymptotic to P 0 , the 
point ^ is a limit of points y ⑹， where — ^ oo, and the tangents of y at t t 
converge to the tangent of P Q at p. By Remark 1， the geodesic ?(0 with length 
smaller than 5 joining pioq must be tangent to P 0 at p. By Ciairaut’s relation 
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(cf. Example 5, Sec. 4-4)，a small arc of y{t) around p will be in the region of 

W where v(£\ Tt fnllows that suffinientlv nintip tn n tfiprp i «； a nair nf 

• ‘ w w i -V V 息 ▲ w !"■!— — » — j ▲ -^r 'V %r ， V ▲土 車 -■• A. J, 

points in W joined by two geodesics of length smaller than d (see Fig. 4-44). 
This is a contradiction and proves our claim. 

One natural question about Prop, 1 is whether the geodesic of length less 
than 3 which joins two points q u q 2 of W is contained in W. If this is the 
case for everv oair of ooints in JV. we sav that W is convex. 

mt X 丄 / mi -..- 

We say that a parametrized geodesic joining two points is minimal if its 
length is smaller than or equal to that of any other parametrized piecewise 

rpcrnlar nnrvp ininincr twn nnintc 

"■ 軍 r ， vw •*. vw m. t ^ ▲ a 息 • a 息 v ，， t a a ▲ v . 

When W is convex, we have by Prop. 4 (see also Remark 3) of Sec. 4-6 
that the geodesic y joining q x e W to q 2 e W is minimal. Thus, in this case, 
we may say that any two points of W are joined by a unique minimal geodesic 
in W. In general, however, W is not convex. 

We shall now prove that W can be so chosen that it becomes convex. The 

Cl uciai pUlUL LUC piUUl 15 iiic lUUUWIllg piupUMLIUXlj WIllWl lt> lllLCiCSLIllg 

in its own right. As usual, we denote by B r (p) the interior of the region bound¬ 
ed by a geodesic circle S r (p) of radius r and center p. 

PROPOSITION 3. For each point p e S there exists a positive number 
€ with the following property: If a geodesic y(t) is tangent to the geodesic circle 
S r (p )，r < e, at y(0) ， then，for t 0 small, y(t) is outside B r (p) (Fig. 4-45). 



Proof. Let W be the neighborhood of p given by Prop. 1. For each pair 
(q, v), q e W,v e T P (S), |^| = 1, consider the geodesic y(t, q, v) and set, 
for a fixed pair (q^ v) (Fig. 4-46 )， 

exp^ 1 y(t, q, v) = w ⑺， 

F{t ， q ， v) = \u(t)\ 2 =F(t). 

Thus, for a fixed (q, v), F(t) is the square of the distance of the point 
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u(t) 



y(t, q, v) to p. Clearly, F{t, q, v) is differentiable. Observe that F(/, /?, v)= 
\vt\ 2 . 

Now denote by the set 

= {{q, v\q eW,v e T g (S),\v\^ 1 }, 
and define a function Q : ^U 1 — ^ R by 

fife v ) = -^72 - 


Since 尸 is differentiable, Q is continuous. Furthermore, since 


anH (n 

we obtain 


= 2〈 w (/)，"'(0〉， 

j~ = 2 〈 " ⑺ ， u\t)y + 2(u\t), u\t)\ 


u f {t) = v, u f \t) = 0, 


Q(p, v) = 2\v p — 2 > 0 for all v e T p (S), | v | = 1. 

It follows, by continuity, that there exists a neighborhood V ^ W such 
that Q(q ， v) > 0 for allg e F and v e T g (S) with | v | = 1. Let e > 0 be such 
that BJj>) c V. We claim that this € satisfies the statement of the proposition. 

In fact，let r < 6 and let y{t, q, v) be a geodesic tangent to S r (p) at y(0)= 
q. By introducing geodesic polar coordinates around p ， we see that 
(u(0\ wY0)> - 0 (see Fig. 4-47). Thus, dF/dt(0) = 0. Since F(0, g, v) ^ r\ 
and (d 2 F/dt z )(0) > 0, we have that F(t) > r 1 for r ^ 0 small; hence, y{t) is 
outside B r {p). Q.E.D. 
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Figure 4-47 


We can now prove 


PROPOSITION 4 (Existence of Convex Neighborhoods). For each point 
p e S there exists a number c > 0 such that B c (p) is convex; that is, any two 
points of B c (p) can be joined by a unique minimal geodesic in B c (p). 

Proof. Let € be given as in Prop. 3. Choose § and Win Prop. 1 in such a 
way that 3 < 6/2. Choose c < S and such that B c (p) a W. We shall prove 
that B c (p) is convex. 

Let q u q 2 e B c {p) and let y : I ― > S be the geodesic with length less that 
3 < €)2 joining q i to q % . y{I) is clearly contained in B e (p\ and we want to 
prove that y(I) is contained in B c (p)- Assume the contrary. Then there is a 
point m e B e {p) where the maximum distance v of y{I) to p is attained 
(Fig. 4-48). In a neighborhood of m,the points of y(/) will be in B r (p)* But this 
contadicts Prop. 3. Q.E.D. 



EXERCISES 

*1. Let y and w be differentiable vector fields on an open set U c S. Let p e S and 
let a ： I — > (7 be a curve such that a(0)= 凡《⑼ = y. Denote by P att : 
T a (o)(S) T ait) (S) the parallel transport along a from 06(0) to a(/), t g I. Prove 
that 
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(D y w)(p) = ^(P^( w (ccm ， 

where the second member is the velocity vector of the curve in 

7^(5*) at r = 0. (Thus, the notion of covariant derivative can be derived from the 
notion of parallel transport.) 

2. a. Show that the covariant derivative has the following properties. Let v, w, and 
y be differentiable vector fields in (7 c= S,f: U ― > be a differentiable func¬ 

tion in S,y(f) be the derivative of /in the direction of y (cf. Exercise 7, Sec. 
3-4)，and A, // be real numbers. Then 

1. D y {Xv + fxw) - lD y (v) + MD y (w); D ky+ftv (w) = kD y (w) + j^D v (w), 

2. D y (fv) = y{f)v +//)/”)； D fy (v) =/D». 

3. y{(v, w}) = <£^，+ <> ， D y w}. 

4. D Xy x u = D Xj x vy where x(m, v) is a parametrization of S. 

*b. Show that property 3 is equivalent to the fact that the parallel transport along 
a given piecewise regular parametrized curve a ： I ― > S joining two points 
e 5 is an isometry between T P {S) and T q (S). Show that property 4 is 
equivalent to the symmetry of the lower indices of the Christoffel symbols. 

*c. Let D(i7) be the space of (differentiable) vector fields in U cz S and let 
D :V x (where we denote D(y,v) = D y (v)) be a map satisfying properties 

1-4. Verify that D y {v) coincides with the covariant derivative of the text. (In 
general, a D satisfying properties 1 and 2 is called a connection in U. The point 
of the exercise is to prove that on a surface with a given scalar product there 
exists a unique connection with the additional properties 3 and 4). 

*3. Let oc ： I = [0, l] ― > 5 be a simple, parametrized, regular curve. Consider a unit 
vector field v(t) along a, with v(t)y — 0 and a mapping x: Rx I ― >S given 
by 

x(j, t) = exp a(f) 0(0), s e R.t e I. 

a. Show that x is differentiable in a neighborhood of / in i? x I and that dx is 
nonsingular in (0, /), t ^ L 

b. Show that there exists 6 > 0 such that x is one-to-one in the rectangle t g I, 
|^| < €. 

c. Show that in the open set t e (0, /)，| s | < e，x is a parametrization of S, the 
coordinate neighborhood of which contains a((0, /)). The coordinates thus 
obtained are called geodesic coordinates (or Fermi’s coordinates) of basis a. 
Show that in such a system F ~ 0, E ~ 1. Moreover, if a is a geodesic para¬ 
metrized by the arc length ， G(0, r) = 1 and G s (0, t) = 0. 

d. Establish the following analogue of the Gauss lemma (Remark 1 after Prop. 3. 

Sec. 4-6). Let a : I — 5 be a regular parametrized curve and let y r (^) 5 ^ g /, be 
a family of geodesics parametrized by arc length s and given by; y ; (0) = a(n. 
{y;(0) ， CL\t)} is a positive orthogonal basis. Then, for a fixed s, sufficient 1> 
small, the curve t —> t e /, intersects all y t orthogonally (such curves 

are called geodesic parallels). 
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4. The energy £ of a curve a : [a, b] — ^ S is defined by 

£(a) - \ b W{t)\^dt. 

J a 


*a. Show that (/(a)) 2 < (Z? — d)E{ix) and that equality holds if and only if t is 
proportional to the arc length, 

b. Conclude from part a that if y : [a, b] — ^ *Sisa minimal geodesic with y{a) = p, 
y{u) 二 q，then for any curve (X: [«, o] ― a, joining p to q, we have 
E{y) < £(a) and equality holds if and only if a is a minimal geodesic. 

5. Let y : [0, /] — > 5 be a simple geodesic, parametrized by arc length，and denote by 
u and v the Fermi coordinates in a neighborhood of y([0, /]) which is given as 
u = 0 (cf. Exercise 3). Let u = y(v, t) be a family of curves depending on a param¬ 
eter t, 一 € < t < e ， such that y is differentiable and 

y(0, 0 = y ⑼ =A y{U t) = y{l) = < 7 , y(v, 0) - y(v) = 0. 

Such a family is called a variation of y keeping the end points p and q fixed. Let 
E{t) be the energy of the curve y(v t t) (cf. Exercise 4); that is, 


rl 


E{t) 




t )) dv. 


*a_ Show that 


E\0) - 0, 


2 


五 "(0)= 



Kff 2 \ dv, 


where "(v) = dyjdt\ t=0 , K = K(v) is the Gaussian curvature along y, and ' 
denotes the derivative with respect to t (the above formulas are called the 
first and second variations, respectively, of the energy of y; a more complete 
treatment of these formulas, including the case where y is not simple, will be 
given in Sec. 5-4). 

b. Conclude from part a that if ^ < 0, then any simple geodesic y : [0, /] ― ^ S is 

minimal rplntivplv tn thp riirvpq cnffinipritlv rlnQp tn V anH ininincr tn v(l\. 

6 . Let S be the cone z = k^Jx 2 + y 1 , k > (x, y) ^ (0, 0), and let V cz R 2 bQ the 

open set of R 2 given in polar coordinates by0<p<co^0<6< 2nn sin ^ 
wnere uuitin p — k anu n is liic icugcsi mtcgci suiu uuil ^uri mu }j 、 yyi. 
Example 3, Sec. 4-2). Let 9 ) : V — > S be the map 

/ / D \ / Q \ \ 

(pip, 0) = [p sin P cos p sin P sin cos 外 


jam. ~ 1 a. w wj^. ^ 4 r> 1 1 蛐 ^ **ir t 

a, jtiuvc ： mat p a lLPcai lauiiicu^. 
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*b. Let q e S. Assume that p < tt/ 6 and let k be the largest integer such that 
Ink sin <n. Prove that there exist at least k geodesics that leaving from q 
return to q. Show that these geodesics are broken at q and that, therefore, none 
of them is a closed geodesic (Fig. 4-49). 


z 



X 


Figure 4-49 

*c. Under the conditions of part b，prove that there are exactly k such geodesics. 

7. Let a : I ― ^ i? 3 be a parametrized regular curve. For each tel, let P{t) c= R 2 be 
a plane through CC(t) which contains CC\t). When the unit normal vector N(t) of 
P(t) is a differentiable function of t and N\t) 矣 0，， g /， we say that the map 
t — > N{t)} is a differentiable family of tangent planes. Given such a family, 

we determine a parametrized surface (cf. Def. 2, Sec. 2-3) by 

,. 、一 . 、， N(t) A N f (t) 
x 、 r ， v) = a ⑴十 v '. 

The parametrized surface x is called the envelope of the family {a(r), N(t)} 
(cf. Example 4, Sec. 3-5). 

a. Let S be an oriented surface and let y: / — ► 5 be a geodesic parametrized by 
arc length with k(s) ^ 0 and r(.y) s g I. Let N(s) be the unit normal 
vector of S along y. Prove that the envelope of the family of tangent planes 
{yO) ， WCy)} is regular in a neighborhood of y, has Gaussian curvature K ~ 0, 
and is tangent to S along y. {Thus, we have obtained a surface locally isometric 
to the plane which contains y as a geodesic.) 

b. Let a ： I —> R 3 be a curve parametrized by arc length with k(s) ^ 0 and 
r(s) ^ 0,s e I, and let {aCv)，«(^)} be the family of its rectifying planes. Prove 
that the envelope of this family is regular in a neighborhood of 06, has Gaussian 
curvature K 三 0, and contains 06 as a geodesic. {Thus, every curve is a geodesic 
in the envelope of its rectifying planes; since this envelope is locally isometric to 
the plane，this justifies the name rectifying plane.) 




wm a0^ ••身 ^ „ -一一 . X JL L — 
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Fundamental Theorems of the 
Local Theory of Curves and Surfaces 


In this appendix we shall show how the fundamental theorems of existence 
and uniqueness of curves and surfaces (Secs. 1-5 and 4-2) may be obtained 
from theorems on differential equations. 


Proof of the Fundamental Theorem of the Local Theory of Curves (cf. state¬ 
ment in Sec. 1-5). The starting point is to observe that Frenet’s equations 


dt __ i 
l~s = kn ， 


dn 

ds 



db 

ds 


=rn 




may be considered as a differential system in / X R 9 , 


ds 


=J\(s, 匕， … ，匕） 


ds 


Ms. f 1； 


匕） 


S B I, 


y ^ \ 


where m) = ，， (f 4 U 6 ) 二 《 U 8 , f 9 )= 办， andy；, / = 1 ， … ， 9, 
are linear functions (with coefficients that depend on s) of the coordinates 
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In general, a differential system of type (la) cannot be associated to a 
“steady” vector field (as in Sec. 3-4). At any rate, a theorem of existence and 
uniqueness holds in the following form : 

Given initial conditions e 1 ， (€ 1 ) 0 , . . . ， (<f 9 ) 0 , there exist an open interval 
J 二 I containing s 0 and a unique differentiable mapping a: J — ^ R 9 , with 

a(s 。） =(( 《 1 ) 0 ，.. _ ， （ Do) and oc (s) = (fi,.. • ， f 9 )， 

where each f i? i = 1, . . . , 9, is calculated in (s, a(s)) e J x R 9 . Furthermore, 
if the system is linear, J = I (cf. S. Lang, Analysis I, Addison-Wesley, 
Reading, Mass., 1968, pp. 383-386). 

It follows that given an orthonormal, positively oriented trihedron 
{/ 0J n Q , b 0 ] in R 2 and a value e /, there exists a family of trihedrons 
n(s), 厶 Cj )}，s e T, with f(>。）= r 0 , n(s Q ) =- n 0 , b(s Q ) = b Q . 

We shall first show that the family {^(^), b(s)} thus obtained remains 

orthonormal for every e /. In fact, by using the system (1) to express the 
derivatives relative to s of the six quantities 

<J, n\ ◊，△>， (n, b}, <J ， t\ <n, n), (b, b} 

as functions of these same quantities, we obtain the system of differential 
equations 

n) = k<n, n) k<t, t} - t <，， Z >>， 

— b} = k(n, by + r<r, n} f 

uS 

基 (n ， b)> = ~k(t, b} — x(b, by + x(n, fi), 

ty = 2k(j 、 

= —2k(n, t) — 2<n ， b }， 

■^(b, b} = 2r<b, n}. 

It is easily checked that 

〈6 / I 〉三0， by = 0, 〈/ I ， Z ?〉 三0， 

t 1 = l,n 2 = 1 , b 2 = 1 , 

is a solution of the above system with initial conditions 0, 0, 0, 1 ， 1 ， 1. By 
uniqueness, the family { ，⑻， n(s), b(s)} is orthonormal for every s e I, as we 
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From the family {r(.y), n(s )， 办 (X)} it is possible to obtain a curve by setting 

a(,y) = J t(s) ds, s g I, 

where by the integral of a vector we understand the vector function obtained 
by integrating each component. It is clear that = K s ) and that a"Cy)= 
kn. Therefore, k(s) is the curvature of a at Moreover, since 

a"\s) = k'n + kn’ = k’n — kh — kxb, 

the torsion of a will be given by (cf. Exercise 3, Sec. 1-5) 

<a 7 A cc r, , cc ,,r y A kn, {—k 2 t + k r n — krb)} _ 

F = F T, 


a is, therefore, the required curve. 

We still have to show that a is unique up to translations and rotations of 
R 3 . Let a: / ― > R 3 be another curve with k(s) = k(s) and f^) == t(j), s e /, 
and let {7 0 , n 0 , 厶 0 } be the Frenet trihedron of a at It is clear that by a 
translation A and a rotation p it is possible to make the trihedron {7 0 , n Qi b 0 } 
coincide with the trihedron {/ 0 , n Q , Zj 0 } (both trihedrons are positive). By 
applying the uniqueness part of the above theorem on differential equations, 
we obtain the desired result. Q.E.D. 

Proof of the Fundamental Theorem of the Local Theory of Surfaces (cf. state¬ 
ment in Sec. 4-3) ‘ The idea of the proof is the same as the one above; that 
is，we search for a family of trihedrons {x H , x v , N}, depending on u and v, 
which satisfies the system 

TT^ 1 _ _ r 7 — r . H T 

^uu = 1 十 1 十 eiy, 

x uv — + r? 2 X y + = x vut 

x vv = r! 2 x K + Tl 2 x v + gN, (2) 

N u = i x « ~h a 21 x „， 

N v 二 d 1 2^u "l - 

where the coefficients a iP f, 7 = 1,2, are obtained from E, F, (7, e ， f，g 
as if it were on a surface. 

The above equations define a system of partial differential equations in 
V x R 9 , 


{ Q 9 )v =/ l 5( W ， 幻，亡1，… ，D， 


(2a) 
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where f fa) = x w , rj -= (<^ 4 , ^ 5 , f 6 ) = x v , ( = (<^ 7 , f 8 , f 9 ) = iV, 

and/i = 1, … ， 15, are linear functions of the coordinates = 1 ， …，9 , 
with coefficients that depend on u and v. 

In contrast to what happens with ordinary differential equations, a system 
of type (2a) is not integrable, in general. For the case in question, the condi- 

士 -i Jf-V t t i-1a H -*a ub 4 - ^ 1^. <-k._>_ w 4 ^ j-> r~\, /I 1 Jf-V y-^ y-v ^ A 1 1 jmm. —■» 

Liuiib wmwi guaiiiiiLCC me cai&lcii^c unu U1H4UCHC3& u_i a nj^iai suiuliuii, iui 

given initial conditions, are 

y ： — p r — r 

^uv '~" S vu^ ’fuv f lvu^ ^uv ^svu* 

A proof of this assertion is found in J. Stoker, Differential Geometry, Wiley- 
Interscience, New York ， 1969, Appendix B. 

As we have seen in Sec. 4-3, the conditions of integrability are equivalent 
to the equations of Gauss and Mainardi-Codazzi，which are，by hypothesis, 
satisfied. Therefore, the system (2a) is integrable. 

Let {<f, rj, Q be a solution of (2a) defined in a neighborhood of (u Q , v 0 ) e F. 
with the initial conditions ^(u 0y v 0 ) = ^ 0 , i](u 0i v 0 ) = r} 0 , ^(u 0 , v 0 ) = ^ 0 . 
Clearly, it is possible to choose the initial conditions in such a way that 

<»o ~ Vq), 

?/o ~ G(J 4 q ， Vq )， 

《 0 , ” 0 〉 = ^0)5 

Co ^ u 

Ko> = <"0, Co> = o. 

With the given solution we form a new system, 

x u = €， 

x v =fj ， 

which is clearly integrable，since = r} u . Let x: P — 7? 3 be a solution of 
(4)，defined in a neighborhood V of (u Qy Vq), with x(“ 0 , w 0 ) = p Q G R 3 . We 
shall show that by contracting V and interchanging v and u y if necessan 
is ths rmuirprl curfarp 

-、 墨爲 ▼ -■ w •"- 麗 . a —- m 

We shall first show that the family {<J, rj, Q, which is a solution of (2a). 
has the following property. For every (u, v) where the solution is defined, we 
have 


(3) 


(4 


( 2 = E, 

rj 2 = G, 

<6 7]} = F (5) 

C 2 = 1 ， 

《， C> = 0/， 0 = 0 . 
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Indeed, by using (2) to express the partial derivatives of 

f 2 ， n \ C 2 ， <“>， 《， D ， <”， C > 

as functions of these same 6 quantities, we obtain a system of 12 partial 
differential equations: 

(i 2 X = ff ， …， 

( i 2 X = 々 2 , ...，<//， D ), 

⑹ 

<Jb Ov = 方 12(f 2 , 々 2 , ... ， <// ， CO. 

Since (6) was obtained from (2a)，it is clear (and may be checked directly) 
that (6) is integrable and that 

f = 上， 

tj 2 — G, 

<7, O = 尸， 

C 2 = h 

(t. ^ - (n. A = 0 

is a solution of (6)，with the initial conditions (3). By uniqueness, we obtain 
our claim. 

It follows that 

I x u A xJ 2 = x u 2 xj — <x„, x v } 2 = EG — F 2 > 0. 

Therefore, if x: V — > R 3 is given by 

\(u, v) = (x(u t v), y{u, v\ z(u, v)\ (u, v) e V, 

one of the components of x a 八 x w ，say d(x, y)jd{u, v), is different from zero 
in (u 0 , v 0 ). Therefore, we may invert the system formed by the two first com¬ 
ponent functions of x, in a neighborhood 17 cz V of (u 0 , v 0 ), to obtain a 
map F(x, y) = (w, v). By restricting x to U, the mapping x : U — R 3 is one- 
to-one, and its inverse x _1 = F 。 n (where % is the projection of R 3 on the xy 
plane) is continuous. Therefore, x: U — 3 is a differentiable homeomor- 
phism with x u A x v 0; hence, x(U) [ 及 3 is a regular surface. 

From (5) it follows immediately that E, F, G are the coefficients of the 
first fundamental form of x(C/) and that ^ is a unit vector normal to the 
surface. Interchanging v and u, if necessary, we obtain 
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From this, the coefficients of the second fundamental form of x(w, v) 
are computed by (2), yielding 


d x ««〉 = e ， 〈 ( ， x uv >=f ， 〈 ( ， x vv y == 

which shows that those coefficients are e, /, g and concludes the first part of 
the proof. 

It remains to show that if U is connected, x is unique up to translations 

and rotations of R 3 . To do this, let x: U — > 7? 3 be another regular surface 

■ 

with E = E } F = F 9 G = G,e= e,f = f 7 and g = g. Since the first and 
second fundamental forms are equal, it is possible to bring the trihedron 

K 以 0, v o\ 及 Oo, V Q )} 

into coincidence with the trihedron 

{x u (w 0 , v 0 ), x,(w 0 , v Q \ N(u 0y v 0 )} 

by means of a translation A and a rotation p. 

The system (la) is satisfied by the two solutions. 


^ = x v ， 〔二 N .， 

^ n = 〔二 N. 

Since both solutions coincide in (w 0 , v 0 ), we have by uniqueness that 

— x v = x vi iV = iV, (7) 

in a neighborhood of (u 0 , v 0 ). On the other hand, the subset of U where (7) 
holds is, by continuity, closed. Since U is connected, (7) holds for every 
(u, v) E U. 

From the first two equations of (7) and the fact that U is connected, we 
conclude that 


x(w, v) = x(u, v) + C, 


where Cis a constant vector. Since x(w 0 , v Q )=^ x(z/ 0 , v 0 ) y we have that (7 = 0, 
which completes the proof of the theorem. Q.E.D. 
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Differential Geometry 


5-1. Introduction 

The goal of this chapter is to provide an introduction to global differential 
geometry. We have already met global theorems (the characterization of 

kumpttn uticuiciuic buiict^cs iu oc^. 厶 -/ tuiu uic vju.ubb-r>uinicu Liieuiem in 

Sec. 4-5 are some examples). However, they were more or less encountered 
in passing, our main task being to lay the foundations of the local theory of 
regular surfaces in R 3 . Now, with that out of the way, we can start a more 
systematic study of global properties. 

Global differential geometry deals with the relations between local and 
global (in general, topological) properties of curves and surfaces. We tried to 
minimize the requirements from topology by restricting ourselves to subsets 
of euclidean spaces. Only the most elementary properties of connected and 
compact subsets of euclidean spaces were used. For completeness, this 
material is presented with proofs in an appendix to Chap. 5. 

In using this chapter, the reader can make a number of choices, and with 
this in mind, we shall now present a brief section-by-section description of 
the chapter. At the end of this introduction, a dependence table of the 
various sections will be given. 

In Sec. 5-2 we shall prove that the sphere is rigid; that is, if a connected, 
compact, regular surface 5* cz 7? 3 is isometric to a sphere, then 5* is a sphere. 
Except as a motivation for Sec. 5-3, this section is not used in the book. 

In Sec. 5-3 we shall introduce the notion of a complete surface as a 
natural setting for global theorems. We shall prove the basic Hopf-Rinow 
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theorem, which asserts the existence of a minimal geodesic joining any two 
points of a complete surface. 

In Sec. 5-4 we shall derive the formulas for the first and second variations 
of arc length. As an application, we shall prove Bonnet’s theorem: A com¬ 
plete surface with Gaussian curvature positive and bounded away from zero 

is 

In Sec. 5-5 we shall introduce the important notion of a Jacobi field along 
a geodesic y which measures how rapidly the geodesics near y pull away 
from y. We snail prove that if the Gaussian curvature of a complete surface 
S is nonpositive, then exp/ T P (S) ― > 5 is a local diffeomorphism. 

This raises the question of finding conditions for a local diffeomorphism 
to be a global diffeomorphism, which motivates the introduction of covering 
spaces in Sec. 5-6. Part A of Sec. 5-6 is entirely independent of the previous 
sections. In Part B we shall prove two theorems due to -Hadamard: (1) If S 
is complete and simply connected and the Gaussian curvature of S is non¬ 
positive, then S is diffeomorphic to a plane. (2) If S is compact and has 
positive Gaussian curvature, then the Gauss map iV: — *S 2 is a diffeomor¬ 
phism; in particular, S is diffeomorphic to a sphere. 

In Sec. 5-7 we shall present some global theorems for curves. This section 
depends only on Part A of Sec. 5-6. 

In Sec. 5-8 we shall prove that a complete surface in R 3 with vanishing 
Gaussian curvature is either a plane or a cylinder. 

Tn wp cTiqII nrrtvp tTiP TarnKi tti^nrpm * A arr 

▲ JkA V • ^ ^ V T 上， l r V ViA V k-fV VV V ^ 1 丄丄 1 4 A. M. ^ A V 

is minimal relative to neighboring curves with the same end points if and 
only if such an arc contains no conjugate points. 

T« C 1A r,U 11 « 一 + 八 4 11 八 a a 4^ rt rt n a 

±ii ww aiiciii iuut^u.u^w Liiw ui auaua^t olujlcih clukx tAtttra 

to such surfaces the intrinsic geometry of Chap. 4. Except for the Exercises, 
this section is entirely independent of the previous sections. At the end of 
the section, we shall mention possible further generalizations, such as differ¬ 
entiable manifolds and Riemannian manifolds. 

In Sec. 5-11 we shall prove Hilbert’s theorem, which implies that there 
exists no complete regular surface in R 3 with constant negative Gaussian 
curvature. 

In the accompanying diagram we present a dependence table of the 
sections of this chapter. For instance, for Sec. 5-11 one needs Secs. 5-3, 5~4. 
5-5, 5-6, and 5-10; for Sec. 5-7, one needs Part A of Sec. 5-6; for Sec. 5-8 one 
needs Secs. 5-3, 5-4, and 5-5 and Part A of Sec. 5-6. 
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5,2, The Rigidity of the Sphere 

It is perhaps convenient to begin with a typical, although simple, example of 
a global theorem. We choose the rigidity of the sphere. 

We shall prove that the sphere is rigid in the following sense. Let 
史 ： S 〜 > S be an isometry of a sphere S c= 及 3 onto a regular surface 
S = (piX) ^ R 3 . Then is a sphere. Intuitively, this means that it is not 
possible to deform a sphere made of a flexible but inelastic material. 
Actually, we shall prove the following theorem. 

THEOREM I. Let S be a compact, connected, regular surface with con¬ 
stant Gaussian curvature K. Then S is a sphere. 

The rigidity of the sphere follows immediately from Theorem 1. In fact, 
let 炉 ： S S be an isometry of a sphere S onto S. Then ^(S) = S has con¬ 
stant curvature, since the curvature is invariant under isometries. Further¬ 
more, 史 (Z) = S is compact and connected as a continuous image of the 
compact and connected set S (appendix to Chap. 5, Props. 6 and 12). It 
follows from Theorem 2 that 5 is a sphere. 

The first proof of Theorem 1 is due to H. Liebmann (1899). The proof we 
shall present here is a modification by S. S. Chern of a proof given by D. 
Hilbert (S. S. Chern, “Some New Characterizations of the Euclidean 
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Sphere，” Duke Math. J. 12 (1945), 270-290; and D. Hilbert ，Grundlagen der 
Geometrie, 3rd ed. ， Leipzig, 1909, Appendix 5). 

Remark 1. It should be noticed that there are surfaces homeomorphic 
to a sphere which are not rigid. An example is given in Fig. 5-1. We replace 
the plane region P of the surface S in Fig. 5-1 by a “bump” inwards so that 
the resulting surface 5*’ is still regular. The surface S n formed with the 
“symmetric bump” is isometric to S\ but there is no linear orthogonal 
transformation that takes S' into S"• Thus, S f is not rigid. 



We recall the following convention. We choose the principal curvatures 
k 1 and k 2 so that k x {q) > k 2 (q) for every ^ e In this way we obtain k x 
and k 2 as continuous functions in S which are differentiable except, perhaps, 
at the umbilical points = k 2 ) of S. 

The proof of Theorem 1 is based on the following local lemma，for which 
we shall use the Mainardi-Codazzi equations (Sec. 4-3). 

LEMMA 1. Let S be a regular surface and p g S a point of S satisfying 
the following conditions: 

1. K(p) '^ > 0 9 thcit is^ the (j dussi(Xvt ciifvcttUKs ift p is positwe. 

2. p is simultaneously a point of local maximum for the function ki an 

a point of local minimum for the function k 2 (kj > k 2 ). 

Then p is an umbilical point of S. 

"D u* T tic o r*r* n a -i r> 八 + ^ 11 W-i 1 1 /^%-t -rt + ^ 八 n 

J f WJ • LtO ClOO Lillie LI 丄 CIL jy XO CL1X UliiLUJUUl CU1U. KJULlXLll CL 

tradiction. 

If p is not an umbilical point of S, it is possible to parametrize a neighbor¬ 
hood of p by coordinates (w, v) so that the coordinate lines are lines of 
curvature (Sec. 3-4). In this situation, F = / = 0, and the principal curvatures 
are given by ejE, g/G. Since the point p is not umbilical, we may assume, by 
interchanging u and v if necessary, that in a neighborhood of p 
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k \ = " 2 = 音 （1) 

In the coordinate system thus obtained, the Mainardi-Codazzi equations are 
written as (Sec. 4-3, Eqs . ⑺ and (7a)) 


e v ~ + 々 2 )， 

(2) 

Su — + D. 

(3) 

By differentiating the first equation of (1) with respect to v 
we obtain 

and using Eq. (2 )， 

E(k'\ = ,(—+ 灸 2). 

(4) 

tYl tin 厂 1 1 ■flTar 众 +1 rr /I m o f vv-r'i 广 1、 tt f + 八 i > o 

u\±i\xxu.lij j kjj ix 丄 vi 凰糞 yL j witu nopm " o-uu. 

using Eq. (3), 

G(k 2 、 u = - 允 2). 

(5) 

On the other hand, when F = 0, the Gauss formula for K reduces to 
(Sec. 4-3, Exercise 1) 

K 2JEG 1 (y 五 G) v + l v 五 G )j ， 


hence, 


— 2KEG — E vv + (/„„ + ME V + NG U , 

⑹ 


where M = M(u. v) and N = N(u. v) are functions of (u. the exoressions 
of which are immaterial for the proof. The same remark applies to M, N, 
M, and N, to be introduced below. 

From Eqs. (4) and (5) we obtain expressions for E v and G u which, after 
being differentiated and introduced in Eq. (6)，yield 

▲ _ ■ ■ ■ > ■* v /\ T > « v 、 ^ ^ ， s 

-ZKEU = - f 二 k ^k 2 ) uu + 十 零 2 )“ 

hence, 

—d k 2 )KEG - ~2E{k,) vv + 2G(k 2 ) uu + M{h,\ + N(k 2 ) u . ( 7 ) 

Since K > 0 and k t > k 2 at p, the first member of Eq. (7) is strictly nega- 
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tive at p. Since k : reaches a local maximum at p and k z reaches a local mini¬ 
mum at p, we have 

= 0 ， {k 2 )u = o, {k x ) vv < 0, (k 2 ) uu > 0 

at p. However, this implies that the second member of Eq. (7) is positive or 
zero, which is a contradiction. This concludes the proof of Lemma 1. Q.E.D. 

il anuuiu uc uuacx vcu ui^l uu ^uiuiaui^Liuu aiibca in me piuui n wc 

assume that k x has a local minimum and k 2 has a local maximum at p. Actu¬ 
ally, such a situation may happen on a surface of positive curvature without 
p being an umbilical point, as shown in the following example. 

Example 1. Let 5 be a surface of revolution given by (cf. Sec. 3-3, Exam¬ 
ple 4) 

x — cp{v) cos u, y = (p(v) sin u, z = y/(v), 0 < u < 2n 9 

where 

(p(v) = C cos v, C > 1, 

y/(v) = J /s/\ — C z sin 2 v dv, ^(0) = 0. 

We take \ v\ < sin' ! (I/C), so that y/{v) is denned. 

By using expressions already known (Sec. 3-3, Example 4), we obtain 

E — C 1 cos 2 v. 

—〆 

F = 0, 

(7=1 ， 

e 二 一 C cos v(a/1 — C 2 sin 2 v), 

/ = 0， 

C cos v . 

^ a/ l — C 2 sin 2 v ? 

hence, 

k - e - Vl - C 2 sin 2 v_ k _ g — Ccosv 

杧 1 — -£T — 厂 一“ -， K 2 — — — 7 T -川 」 

^ v w m y —— yin** v 

Therefore, S has curvature K = k x k 2 = 1 >0， positive and constant (cf. 
Exercise 7, Sec. 3-3). 

It is easily seen that k x > k 2 everywhere in S, since C > 1. Therefore, S 
has no umbilical points. Furthermore, since k x = —(1/C) for v = 0, and 
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C 2 ~sin 2 ^ 
C cos v 



for p 矣 0, 


we conclude that k t reaches a minimum (and therefore k 2 reaches a maxi¬ 
mum, since K = \) bX the points of the parallel v = 0. 

Incidentally, this example shows that the assumption of compactness in 
Theorem 1 is essential, since the surface S (see Fig. 5-2) has constant positive 
curvature but is not a sphere. 



Figure 5-2 


In the proof of Theorem 1 we shall use the following fact, which we 
establish as a lemma. 

LEMMA 2. A regular compact surface S c= R 3 has at least one elliptic 
point. 

Proof. Since S is compact, S is bounded. Therefore, there are spheres of 
R 3 , centered in a fixed point O e R\ such that S is contained in the interior 
of the region bounded by any of them. Consider the set of all such spheres. 
Let r be the infimum of their radii and let S c 灭 3 be a sphere of radius r 

丄 

centered in O. It is clear that S and have at least one common point, say p. 
The tangent plane to X at has only the common point p with S, in a neigh¬ 
borhood of p. Therefore, S and S are tangent at p. By observing the normal 
sections at p, it is easy to conclude that any normal curvature of S a.t p is 
greater than or equal to the corresponding curvature of E at p. Therefore, 
K s {p) > > 0, and p is an elliptic point, as we wished. Q.E.D. 

Proof of Theorem 1. Since 5* is compact，there is an elliptic point, by 

T A ♦vi *v\ O 'D -i ■» /I /-fc -t 八八 分 r* + ri 1 1^1 O 

mil 丄 ilia 厶 * unctuoL i\. ^^uouatiL, ±\. 〆 m 

By compactness, the continuous function k t on S reaches a maximum at 
a point p ^ S (appendix to Chap. 5, Prop. 13). Since K = k l k 1 is a positive 
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constant, k 2 is a decreasing function of and, therefore, it reaches a mini¬ 
mum at p. It follows from Lemma 1 that p is an umbilical point; that is, 

Now let q be any given point of S. Since we assumed k^{q)~> k 2 (q), 
we have that 

k x {p) > k,{q) > k 2 (q) > k 2 (p) = k x {p). 

Therefore, k x {q) ― k 2 {q) for every q e S. 

It follows that all the points of S are umbilical points and, by Prop. 5 
of Sec. 3-2, S is contained in a sphere or a plane. Since 欠 > 0， S is con- 

+ i o ^ Dtt r r C 1 i £? r*1 a/I in V r* i ^ i c o r 1 ^ m 11 o r* 

itx a, opi 丄 XJy u 10 ii 丄 ciiiu oa 星 m u jlo 认 

surface, S is open in S. Since S is connected and S is open and closed in S ， 
5* = S (appendix to Chap, 5 ， Prop. 5). 

Therefore, the surface 5 is a sphere. Q.E.D. 

Observe that in the proof of Theorem 1 the assumption that K = k 1 k 2 
is constant is uscti only to guartintee that fc 2 is decreasing function of* k~, 
The same conclusion follows if we assume that the mean curvature H — 
\{k x + k 2 ) is constant. This allows us to state 

THEOREM la. Let S be a regular, compact，and connected surface with 
Gaussian curvature K > 0 and mean curvature H constant. Then S is a sphere. 

The proof is entirely analogous to that of Theorem 1. Actually, the 
argument applies whenever k 2 = f{k x ), where /is a decreasing function of 
k x . More precisely, we have 


THEOREM lb. Let S be a regular, compact，and connected surface of 
positive Gaussian curvature. If there exists a relation — ffk^ in S, where f 

■■- \ a y - 

is a decreasing function o/k t , k t > k 2 , then S is a sphere. 

Remark 2. The compact, connected surfaces in R 3 for which the Gaussian 
curvature 尺 > 0 are called ovaloids. Therefore Theorem la may be stated as 
follows : An ovaloid of constant mean curvature is a sphere. 

On the other hand, it is a simple consequence of the Gauss-Bonnet theo- 

〆 丄 ▲ 

rem that an ovaloid is homeomorphic to a sphere (cf. Sec. 4-5, application 1). 
H. Hopf proved that Theorem la still holds with the following (stronger) 
statement: A regular surface of constant mean curvature that is homemorphic 
to a sphere is a sphere. A theorem due to A. Alexandroff extends this result 
further by replacing the condition of being homeomorphic to a sphere by 
compactness: A regular, compact，and connected surface of constant mean 
curvature is a sphere. 

An exposition of the above-mentioned results can be found in Hopf [11]. 
^References are listed at tlic end of tlic book.) 
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Remark 3, The rigidity of the sphere may be obtained as a consequence 
of a general theorem of rigidity on ovaloids. This theorem, due to Cohn- 
Vossen, states the following : Two isometric ovaloids differ by an orthogonal 
linear transformation of R^. A proof.of this result may be found in Chern [10]. 

Theorem 1 is a typical result of global differential geometry, that is, 
information on local entities (in this case, the curvature) together with weak 
global hypotheses (in this case, compactness and connectedness) imply strong 
restrictions on the entire surface (in this case, being a sphere). Observe that 
the only effect of the connectedness is to prevent the occurrence of two or 
more spheres in the conclusion of Theorem 1. On the other hand, the hypoth¬ 
esis of compactness is essential in several ways, one of its functions being to 
ensure that we obtain an entire sphere and not a surface contained in a 
sphere. 


EXERCISES 

1. Let 5 c i? 3 be a compact regular surface and fix a point g R 3 , p 0 ♦ S. Let 
d: S — ^ R be the differentiable function defined by d(q) = 士 | 分 — p 0 1 2 , q e S. 
Since S is compact, there exists q 0 b S such that d(q 0 ) > d{q) for all q g S. 
Prove that 分 o is an elliptic point of S (this gives another proof of Lemma 1). 

2. Let 5 c i? 3 be a regular surface with Gaussian curvature K> 0 and without 
umbilical points. Prove that there exists no point on S where if is a maximum and 
^ is a minimum. 

3. {Kazdan- Warner's Remark.) Let 匚及 3 be an extended compact surface of revo¬ 
lution (cf. Remark 4, Sec. 2-3) obtained by rotating the curve 

a(>) = (0, (p{s\ y/(s)\ 

parametrized by arc length s e [0, /], about the z axis. Here 供 (0) = (p{l) = 0 
and (p{s) > 0 for all s e [0, /]. The regularity of S at the poles implies further 
that (p\0) = 1, (p f {l) = — 1 (cf. Exercise 10, Sec. 2-3). We also know that the 
Gaussian curvature of S is given by K = —(p ,f {s)j(p{s) (cf. Example 4, Sec. 3-3). 

*a. Prove that 

ds = 0, = 1. 

Jo 

b. Conclude from part a that there exists no compact {extended) surface of revolu¬ 
tion in R 3 with monotonic increasing curvature. 

The following exercise outlines a proof of Hopf’s theorem: A regular surface 
with constant mean curvature which is homeomorphic to a sphere is a sphere (cf. 
Remark 2). Hopf’s main idea has been used over and over again in recent work. 

1 lie l^quiica ciciiiciii£ti> un lun^iiuna ui ^uiii]jica vanciL^i^. 
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4. Let U ^ R 3 be an open connected subset of R 2 and let x : U — ^ 5 be an isother¬ 
mal parametrization (i.e., E = G, F = 0; cf. Sec. 4-2) of a regular surface S. We 
identify R 2 with the complex plane C by setting u ^ iv = C, («, v) e R 1 ， ( e (C 。 
C is called the complex parameter corresponding to x. Let (j )： x(U) — ► CD be the 
complex-valued function given by 

0(0 — v) = e 2^ — 01 + 

where e ， f，g are the coefficients of the second fundamental form of S. 

a. Show that the Mainardi-Codazzi equations (cf. Sec. 4-3) can be written, in the 
isothermal parametrization x, as 

( 宁 ) u +fv = EH U> i~^) v -fu = ~EH v 

and conclude that the mean curvature of x(?7) c 5 is constant if and only 
if 0 is an analytic function of C (i.e., (0i) u = (0i) y = —( 02 )«). 

b. Define the “complex derivative" 

5 „ 1(5 d\ 

dC 2 \du dv) 

and prove that 0(0 — — 2 〈 x c ，where by x^，for instance, we mean the 
vector with complex coordinates 

/ dx dy dz\ 

Xz = \w k m 

c. Let/: i/c CD — ^ F c (C be a one-to-one complex function given by/(w + iv) 
=x iy = r\. Show that (x, y) are isothermal parameters on S (i.e.，^ is a 
complex parameter on S) if and only if/is analytic and fXQ) ^ 0, C e U. Let 
y — x o /- 1 be the corresponding parametrization and define \j/{ri )= 
— 2 〈 y ”， N n }. Show that on x(t/) n y{V), 

0(0 = _)( 窘 ) 2 ‘ （*) 

d. Let 5 2 be the unit sphere of R 3 . Use the stereographic projection (cf. Exercise 
16, Sec. 2-2) from the poles TV = (0, 0, 1) and S = (0, 0, —1) to cover S 2 by 
the coordinate neighborhoods of two (isothermal) complex parameters, ^ and 
fj ，with (OS) = 0 and t](N) = 0, in such a way that in the intersection W of 
these coordinate neighborhoods (the sphere minus the two poles) t] = C _1 - 
Assume that there exists on each coordinate neighborhood analytic functions 
妒 ( 0 ， such that (*) holds in W. Use Liouville’s theorem to prove that 
(p(0 = 0 (hence ， y/(tj) = 0). 
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e. Let *S c i? 3 be a regular surface with constant mean curvature homeomorphic 
to a sphere. Assume that there exists a conformal diffeomorphism (p: S ― > S 2 
of S onto the unit sphere S 2 (this is a consequence of the uniformization theo- 
rem for Riemann surfaces and will be assumed here). Let C and fj be the com¬ 
plex parameters corresponding under 0 to the parameters C and /; of 5 2 given 

— — — — » . 飞 . — — * — 

in part d. By part a, the function 0(0 = ((e — g)/2) — if is analytic. The 
similar function y/{fj) is also analytic, and by part c they are related by (*)• 
Use part d to show that 0 (【） 三 0 (hence, = 0). Conclude that S is made 
up of umbilical points and hence is a sphere. This proves Hopf’s theorem. 

5-3. Complete Surfaces. 

Theorem of Hopf-Rinow 

All the surfaces to be considered from now on will be regular and connected, 
except when otherwise stated. 

The considerations at the end of Sec. 5-1 have shown that in order to 
obtain global theorems we require, besides the connectedness, some global 
hypothesis to ensure that the surface cannot be “extended” further as a 
regular surface. It is clear that the compactness serves this purpose. How¬ 
ever, it would be useful to have a hypothesis weaker than compactness which 
could still have the same effect. That would allow us to expect global theorems 
in a more general situation than that of compactness. 

A more precise formulation of the concept that a surface cannot be 
extended is given in the following definition. 

DEFINITION 1. A regular (connected) surface S is said to be extendable 
if there exists a regular (connected) surface S such that S cz S as a proper 
subset. If there exists no such S, S said to be nonextendable. 

Unfortunately, the class of nonextendable surfaces is much too large to 
allow interesting results. A more adequate hypothesis is given by 

DEFINITION 2. A regular surface S is said to be complete when for every 
point p e S, any parametrized geodesic y : [0, e) — > S of S, starting from 
p = y(0), may be extended into a parametrized geodesic y: R — > S, defined 
on the entire line R. 

In other words, S is complete when for every p E S the mapping exp p : 
Tp(S) — > S (^Scc. 4-6) is defined for every v £ T P (S). 

We shall prove later (Prop. 1) that every complete surface is nonextend- 
able and that there exist nonextendable surfaces which are not complete 
fExamole 1\ Therefore, the hypothesis of completeness is stronger than that 

\ a . y ， w 丄 丄 w 
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of nonextendability. Furthermore, we shall prove (Prop. 5) that every closed 
surface in i? 3 is complete; that is, the hypothesis of completeness is weaker 
than that of compactness. 

The object of this section is to prove that given two points p, q ^ S of 2 l 
complete surface S there exists a geodesic joining p to q which is minimal 
(that is，its length is smaller than or equal to that of any other curve joining 
p to q). This fundamental result was first proved by Hopf and Rinow (H. 
Hopf, W. Rinow, “t)ber den Begriff der vollstandigen differentialgeometri- 
schen FIachen, ), Comm. Math. Helv. 3 (1931)，209-225). This theorem is the 
main reason the complete surfaces are more adequate for differential geome¬ 
try than the nonextendable ones. ' 

Let us now look at some examples. The plane is clearly a complete sur¬ 
face. The cone minus the vertex is a noncomplete surface, since by extending 
a generator (which is a geodesic) sufficiently we reach the vertex, which does 
not belong to the surface. A sphere is a complete surface, since its para¬ 
metrized geodesics (the traces of which are the great circles of the sphere) 
may be defined for every real value. The cylinder is also a complete surface 
since its geodesics are circles, lines, and helices, which are defined for all real 
values. 

On the other hand, a surface S — {;?} obtained by removing a point p 
from a complete surface S is not complete. In fact, a geodesic y of should 
pass through p. By taking a point g，nearby p on y (Fig. 5-3)，there exists a 
parametrized geodesic of 5 — {/?} that starts from q and cannot be extended 
through p (this argument will be given in detail in Prop. 1). Thus, a sphere 
minus a point and a cylinder minus a point are not complete surfaces. 



PROPOSITION 1. A complete surface S is nonextendable. 


Proof. Let us assume that S is extendable and obtain a contradiction. To 
say that S is extendable means that there exists a regular (connected) surface 
S with S cz S. Since 5 is a regular surface, S is open in S. The boundary 
(appendix to Chap. 5, Def. 4) Bd ^ of S in *5 is nonempty; otherwise S = 
S U (S — S) would be the union of two disjoint open sets 5^ and § ~ S, 
which contradicts the connectedness of S (appendix to Chap. 5, Def. 10). 
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Therefore, there exists a point p s Bd S, and since S is open in 5, ^ 5. 

Let K c ： 5 be a neighborhood of p in S such that every q g V may be 

juiiicu. ikj p vy a. unique gcuucsiu in o ^oee:. h-u, nup. a), omcc p t= r>u o, 

some q Q ^ V belongs to S. Let y: [0, 1] —> 5 be a geodesic of S, with y(0) 
=p and f(l) = q 0 . It is clear that a : [0, e) ― ^ S, given by a(0 : = y(l - t), is 
a geodesic of S, with a(0) = g 0 , the extension of which to the line R would 
pass through p for t ~ \ (Fig. 5-4). Since p 丰 S, this geodesic cannot be 
extended, which contradicts the hypothesis of completeness and concludes 
the proof. Q.E.D. 




The converse of Prop. 1 is false, as shown in the following example. 

Example 1. When we remove the vertex from the one-sheeted cone 
given by 

2 = V + y\ (x, y) e R 2 , 

we obtain a regular surface S. S is not complete since the generators cannot 
be extended for every value of the arc length without reaching the vertex. 

Let us show that S is nonextendable by assuming that S S, where 
S ^ S is ei regular surface, and by obtaining a contradiction. The argument 
consists of showing that the boundary of S in 5 reduces to the vertex p 0 and 
that there exists a neighborhood 皮 of /?。in f such that W — [p 0 ] cz S, But 
this contradicts the fact that the cone (vertex /? 0 included) is not a regular 
surface in (Sec. 2-2, Example 5). 

First, we observe that the only geodesic of S, starting from a point p e S. 
that cannot be extended for every value of the parameter is the meridian 
(generator) that passes through p (see Fig. 5-5), This fact may easily be seen 
by using, for example，Clairaut’s relation (Sec. 4-4, Example 5) and will be 
left as an exercise (Exercise 2). 
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Now let g Bd where Bd S denotes the boundary of ^ in 5 (as we 
have seen in Prop. 1, Bd 5 9 ^ 0). Since S is an open set in S, p ^ S. Let V 
be a neighborhood of in 5 such that every point of V may be joined to p by 
a unique geodesic of S in V, Since p e Bd S, there exists q e V C\ S. Let 
v be a geodesic of S ioinine n to a. Because S is an onen set in S. v agrees 

f m / ± J . 丄 ^ » W 

with a geodesic y of S in a neighborhood of q. Let 77 0 be the first point of y 
that does not belong to S. By the initial observation, y is a meridian and p 0 

ic flip v^rtf^Y nf RnrtTiprmnrp n_ = n. nthprwi sp thprp would a neiah- 

♦ I ■(/ v T A V v f & • a, V ▲ V U /-*■ ， V* ‘ T r * v 1 r v 巍 v w w •息 

borhood of p that does not contain p 0 . By repeating the argument for that 
neighborhood, we obtain a vertex different from p 0 , which is a contradiction. 
It follows that Bd iS reduces to tlis vertex Pq * . 

Now let W be a neighborhood of /? 0 in 5 such that any two points of W 
may be joined by a geodesic of S (Sec. 4-7，Prop, 1). We shall prove that 
W — {/? 0 } c： S. In fact, the points of y belong to S. On the other hand，a 
point r g JV which does not belong to y of to its extension may be joined to 
a point t of y, t ^ p 0 , t e W, by a geodesic a, different from y (see Fig. 5-6). 
By the initial observation, every point of a, in particular r, belongs to S. 
Finally，the points of the extension of y, except p 0 , also belong to S; other¬ 
wise, they would belong to the boundary of S which we have proved to be 
made up only of p 0 . 



Figure 5-6 


In this way, our assertions are completely proved. Thus, 5 is nonextend- 

aKIp anrl flip PYfimnlp ic 

For what follows，it is convenient to introduce a notion of distance 
between two points of S which depends only on the intrinsic geometry of S 
and not on the way S is immersed in R 3 (cf. Remark 1， Sec. 4-2). Observe 
that, since S a R 3 , it is possible to define a distance between two points of 

f ^ WW T W« V a. ■ 44 ^^5 ^ . 誓 w *W r 1 a mU •A 
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depends on the second fundamental form，and, thus, it is not adequate for 
the purposes of this chapter. 

We need some preliminaries. 

A continuous mapping a : [a, b] — ^ 5" of a closed interval [a, ft] c= 7? of 

lino J? Vi ^ c i > T* , fVfc i r> n ri i a o i frya i* 

l 丄丄 v/ iim -iv vy 丄 nv/ li 上 v kJ uw cl yuf u^tri^Li Kktoc ^ijj cf _ 

entiable curve joining a(a) to a(b) if there exists a partition of [a, b] by points 

… <t k <t k+1 — b such that a is differentiable in 

-t l j A 7 - TPi 1_ aL t/-.\ A A 

lt i9 Q+ij，t = u，• • • ， /t. 丄 lit: iciigm tya) ui a ucimcu db 

k rti + i 

/(a) = 2 la' ⑺ I 也 

i =0 - 1 ti 

PROPOSITION 2. Given two points p, q G S o/ a regular {connected) 
surface S, there exists a parametried piecewise differentiable curve joining p 
to q. 


Proof : Since S is connected, there exists a continuous curve a : [a, b] — S 
with a(a) = p, ct(b) — q. Let t e [a, b] and let J t be an open interval in 
[a, Zj], containing t, such that a(/ r ) is contained in a coordinate neighborhood 
of a(0- The union \J I n t ^ [a, b], covers [a, b] and, by compactness, a finite 
number /【，.••，/„ still covers [a, b]. Therefore, it is possible to decompose 
I by points a = t 0 < t { < ••- < t k < t k+l ^ b in such a way that [t h ^. + 1 ] 
is contained in some /,. i = 1. n. Thus. a(7,.is contained in a 

j j i/ 〆 * \ t ^ 

coordinate neighborhood. 

Since p = a(? 0 ) and a(^) lie in a same coordinate neighborhood x(C/) 
c= S 9 it is possible to join them by a differentiable curve, namely, the image 
by x of a differentiable curve in U 〔 R 2 joining x -1 (a(f。)）to x _1 (a(?i)). By 
this process, we join a(^) to a(， t+1 )， / = 0, . . ., A：, by a differentiable curve. 

TTl^ i n o c a mi ■flfja-nia-f-i + i n 1^1 ia <r>n ii ” i ” rr n n (+ \ nn/"l rt f \ 

X XllO gl WO 认 pimVY 上 OV Vi 丄丄 1\^1 VliLiCtL / 丄 V/ kLii V V， J p ^\ l 0j 以 1 丄认 y 女 +U ， 

and concludes the proof of the proposition. Q.E.D. 


Now let p，q 6 S be two points of a regular surface S. We denote by 
0 L p>q a parametrized, piecewise differentiable curve joining p to q and by 
/(a^^) its length. Proposition 2 shows that the set of all such 0 L Pjq is not empty. 
Thus, we can set the following : 

DEFINITION 3. The (intrinsic) distance d(p, q) from the point p e S 
to the point q e S is the number 

d(P ， q) = infH 

where the inf is taken over all piecewise differentiable curves joining p to q. 

PROPOSITION 3. The distance d defined above has the following prop¬ 
erties, 
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1. d(p, q) = d(q，p), 

2. dfn. a) -4- dfa. r) > dfn. r\ 

\ 丄 7 丄 / i \ '±7 / - VX ： / J ✓ 

3. d(p, q) > 0, 

4. d(p, q) ^ 0 // and only if p = q, 

where p, q, r are arbitrary points ofS. 

Proof. Property 1 is immediate, since each parametrized curve 

a : [a, b] S, 

with a (a) = p, cc(b) = q y gives rise to a parametrized curve a : [a, b] ^ S, 
defined by dt(t) ^ oc(a — t b). It is clear that a(a) = q, dt(b) = p, 
and l(a Piq )=《U ’ 

Property 2 follows from the fact that when A and B are sets of real num¬ 
bers and A ^ B then inf A > inf B. 

Property 3 follows from the fact that the infimum of positive numbers is 
positive or zero. 

Let us now prove property 4. Let p = a. Then, bv taking the constant 

i A. V M. _i r » 

curve a : [a, b] S, given by a(0 = p, t e [a, b], we get /(a) = 0; hence, 
d(p，q) 0. 

To prove that d(p，q) = 0 implies that ^ we proceed as follows. Let 
us assume that d(p，q) 二 inf l(<x Psq ) ^ 0 and p 幸 q. Let F be a neighborhood 
of p in S, with q 丰 V， and such that every point of V may be joined to p by 

o t n T/^ T D ( T/^ ja Vvt r n ant ^ 

认 u 丄 ijquv 丄 w m r , r ypj v — r l/v liiv rvgivyxi Kjy cl 

circle of radius r, centered in /?, and contained in V. By definition of infimum, 
given e > 0, 0 < e < there exists a parametrized, piecewise differentiable 
curve a : [a, b] — > S joining p to q and with /(a) < e. Since a([a， b]) is con¬ 
nected and q ^ B r , there exists a point t 0 g fa, b] such that cc(t Q ) belongs to 
the boundary of B r {p). It follows that /(a) > r > e, which is a contradiction. 
Therefore, p and this concludes the proof of the proposition. Q.E.D. 

COROLLARY. | d(p } r) — d(r, q) | < d(p, q). 

It suffices to observe that 

d{p, r) < d(p, q) + d(q 9 r), 
d{r, q) < air, p) + d(p, q); 

hence, 

~d{p, q) < d(p, r) - d(r, q) < d(p, q). 

PROPOSITION 4. If we let p 0 G S a point of S, then the function 
f: S — R given by f(p) = d(p 0) p), p E S, is continuous on S. 

Proof. We have to show that for each p ^ S, given 6 > 0 ; there exists 
^ > 0 such that if q g B s (p) n S, where B s (p) c: R 3 is an open ball of R 3 

nf^ntprprl at n pmH of raHin<: /S tTipn I f(n\ — ffn^ \ = \ d( u 、 一 d(n^. a\\ f. 
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Let € r € be such that the exponential m3.p exp p —— Tp^S''^ ^ S is 3. 

difFeomorphism in the disk 足 ,(0) <= T P (S), where 0 is the origin of T P (S), 
and set exp ( 足 '(0)) = K Clearly, V is an open set in S; hence, there exists 
an open ball B s (p) in R 3 such that B s (p) n ^ K. Thus, if g e B s (p) n 5, 

I d(p ot p) - d(p 09 q) I < d(p, q)<€ f < €, 
wniuii tumpicics me pruui. 

Remark 1. The readers with an elementary knowledge of topology will 

y*\^- m a 4* l_) ♦• 八 y*v w-m rt 4- rt ■f 1 * » •§ jJ • \. / D y^-i v va n\ 冬 1^ 八 ri 參 * »i 】 , «« 八 

tixat x iujj* anu wa mai uxt iuiiuliuii w * u 八 u — ^ jv gi^ lii^ mi u^iuu^ 

of a metric space. On the other hand, as a subset of a metric space, S cz R 3 
has an induced metric d. It is an important fact that these two metrics deter¬ 
mine the same topology, that is, the same family of open sets in S. This 
follows from the fact that exp^ ，: U a T P (S) — ^ is a local diffeomorphism, 
and its proof is analogous to that of Prop. 4. 

Having finished the preliminaries, we may now make the following 
observation. 

PROPOSITION 5. A closed surface S cr R 3 is complete, 

j-h v-h ^ X rt + At* r f\ 户、 八 jrl rt O -t /"W M y~~ 

± f uuj . /• [u 5 c ) — r o ut ct paiamtnu. vi u ， y\yj —— jy 亡 u ， 

which we may assume, without loss of generality, to be parametrized by arc 
length. We need to show that it is possible to extend y to a geodesic y: R — ^ S, 
defined on the entire line R. Observe first that when f(j 0 ) ， s。6 a ，is defined, 
then, by the theorem of existence and uniqueness of geodesics (Sec. 4-4, 
Prop. 5)，it is possible to extend y to a neighborhood of in 凡 Therefore, 
the set of all s g R where y is defined is open in R. If we can prove that this 
set is closed in R (which is connected), it will be possible to define y for all 
of R, and the proof will be completed. 

Let us assume that, y is defined for s and let us show that y is defined 
for 5 = s Q , Consider a sequence ⑷一 ^ *y 0 , with s n < s Qf n = i, 2,.... 

We shall first prove that the sequence {?(*?„)} converges in S. In fact, given 
6 > 0, there exists n 0 such that if n, m > n 0i then 1— ^ | < e. Denote by 
d the distance in R 3 , and observe that if p, q g S ，then d(p, q) < d(p, q). 
Thus, 

d{%s n \ y(s m )) < d(y(s n \ f(s m )) < | ^ - ^ ] < 6, 

where the second inequality comes from the definition of d and the fact that 
I 〜一 I is equal to the arc length of the curve y between s n and s m . It follows 
that {y( 5 „)} is a Cauchy sequence in R 3 ; hence, it converges to a pointy g R 3 
rannpnHiv tn P/han S Prrtn 4 、 Slinnp ： n is a limit nnint of (vf.? M and S is 

closed, q ^ S, which proves our assertion. 
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Now let W and 3 be the neighborhood of q and the number given by 

jTiujj, i ui otu. / . j^ci /K^m) ^ rv us ^ puu 丄 auwn mat \ *> w — *s m \ ^ i /， 

and let y be the unique geodesic with l(y) < S joining y(s n ) to 7 ( 5 ^). Clearly ， 
y agrees with y. Since exp ?(Jn) is a diffeomorphism in B s (0i) and exp f(j?i) (^(0)) 
〕 w\ y extends y beyond q. Thus, y is denned at s 二 s Q , which completes 
the proof. Q.E.D. 

COROLLARY. A compact surface is complete. 

Remark 2. The converse of Prop. 5 does not hold. For instance, a right 

V T 7Jlfc. 本 A. V V 7 ▲ *L« ^ A a A T 1 <氣錢 本 A- -t d-a J 1 T T 

^yimuci CICkLCU UVCI cl piclllC klUVC lllcll IU a CclMiy 

to be complete but not closed (Fig. 5-7). 



Figure 5-7. A closed noncom- 
plete surface. 



We say that a geodesic y joining two points p, q g S is minimal if its 
length l{y) is smaller than or equal to the length of any piecewise regular 
curve joining p to q (cf. Sec. 4-7). This is equivalent to saying that l(y)= 
d(p，q), since, given a piecewise differentiable curve a joining p to q, we can 
find a piecewise regular curve joining p to q that is shorter (or at least not 
longer) than a. The proof of the last assertion is left as an exercise. 

Observe that a minimal geodesic may not exist, as shown in the following 
example. 

Let S 2 — {/?} be the surface formed by the sphere S 1 minus the point 
p e S 2 , By taking, on the meridian that passes through p, two points p x 
and p 2 , symmetric relative to p and sufficiently near to p f we see that there 
exists no minimal geodesic joining to /? 2 in the surface S z — [p] (see Fig. 
5-8). 

On tne other hand, there may exist an infinite number of minimal geodes' 
ics joining two points of a surface, as happens, for example, with two anti' 
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podal points of a sphere; all the meridians that join these antipodal points 
are minimal geodesics. 

The main result of this section is that in a complete surface there always 
exists a minimal geodesic joining two given points. 

THEOREM (Hopf-Rinow). Let S be a complete surface. Given two points 
p，q g S ，there exists a minimal geodesic joining p to q. 

Proof. Let r ^ d{p, q) be the distance between the points p and q. Let 
^s(O) g T P (S) be a disk of radius 6, centered in the origin 0 of the tangent 
plane T P {S) and contained in a neighborhood U c= T P (S) of 0, where cxp p is 
a diffeomorphism. Let B s (p) = exp p (B s (0)). Observe that the boundary 
Bd B s (p) = S is compact since it is the continuous image of the compact set 
Bd 久⑼ c= T P (S). 

If x e the Oxacticm d{x, -q) teaches, a minitmta at a poiat 

x 0 of the compact set S. The point x 0 may be written as 

= expj(^y )， j v I 二 1， w e ^7(^*)* 

Let y be the geodesic parametrized by arc length, given by (see Fig. 5-9) 

y(s) = exp/sv). 



Figure 5-9 


Since S is complete, y is defined for every s g 凡 In particular, y is defined 
in the interval [0, r]. If we show that y(r) = q, then y must be a geodesic 
joining p to q which is minimal，since i{y) = r = d{p 9 q), and this will con¬ 
clude the proof. 

To prove this, we shall show that if s g [3, /•]，then 

Ay( s \4) = r — s. ⑴ 

Equation (1) implies, for s = r, that y(/-) = q, as desired. 

To prove Eq. (1), we shall first show that it holds for s = S. Now the set 
^ g [d, r]; where Eq. (1) holds} is clearly closed in [0, r]. Next we 

SilUW UitlL 1 丄 t= yi clliu Tj U1C11 X ： 4, yi) do — 厂 t/ ? vvxi^iu U 〆 V 

and d f is sufficiently small. It follows that A = [^, r] and that Eq. (1) will 
be proved. 

We shall now show that Eq. (i) holds for s 口 In fact, since every curve 
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joining p to q intersects 2, we have，denoting by x an arbitrary point of S ， 
d{p, q) = inf l(a p , g ) = inf {inf I(cc PfX ) + inf I(oc x J} 

a a a 

^ inf (d(p, x) + d(x, q)) = inf (d -[- d(x, q)) 

XEZ 

=d d(x 0 , q). 

Hence, 

d(y(d), q) = r — d, 

which is Eq. (1) for s ~ 3^ 

Now we shall show that if Eq. (1) holds for g [d, r], then，for > 0 
and sufficiently small, it holds for s 0 + S f . 

Let B 6 {0) be a disk in the tangent plane T y(So) (S), centered in the origin 
0 of this tangent plane and contained in a neigliborhood U\ where exp Mso) 
is a diffeormophism. Let B s {y(s 0 )) = exp H50 ； l 及⑼ and S' = Bd (式 
If ^ g E r , the continuous function d(x r , q) reaches a minimum at x’ 0 g S’ 
(see Fig. 5-10). Then, as previously, 

d(y(s n \ q) = inf Wd) ， x’）+ d(x\ q)} 

V V ■ S V f ' - ' 

x f ei: f 

~ d r -V d(x 0f q). 

Since Eq. (1) holds in j。，we have that d(y(s 0 ) } q) r — 5 0 . Therefore, 

d(x 0i q) ^ r — s 0 — (2) 

Furthermore, since 

d(v, x n ) > d(jy'cf) — d(Q，xW 

, > & • 表 〆 r 

we obtain from Eq. (2) 

d(p, x’ 0 ) >r-(r~ So)-^^ = s 0 + 8\ 











Figure 5-10 
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Observe now that the curve that goes from p to y(,y 0 ) through y and from 
7 (,y 0 ) to x 0 through a geodesic radius of ^(y(^ 0 )) has length exactly equal to 
s 0 + Since d(p, x 0 ) > ,y 0 + d r , this curve, which joins p to x 0 , has mini¬ 
mal length. It follows (Sec. 4-6 ， Prop. 2) that it is a geodesic, and hence 
regular in all its points. Therefore, it should coincide with y; hence, x'。= 
+ d r )- Thus, Eq. (2) may be written as 

dOO。+ 7) ， 分） = ， 一 0。 + &)， 
which is Eq. (1) for s = s 0 d f . 

This proves our assertion and concludes the proof. Q.E.D. 

COROLLARY 1. Let S be complete. Then for every point p g S the map 
exp p : T P (S) >- S is onto S. 

This is true because if ^ e 5 and d(p, q) = r, then q = exp p rv, where 
v =〆(()）is the tangent vector of a minimal geodesic y parametrized by the 
arc length and joining p to q. 

COROLLARY 2. Let S be complete and bounded in the metric d {that is, 
there exists r > 0 such that d(p, q) < r for every pair p, q g S). Then S is 
compact. 

Proof. By fixing p ^ S, the fact that S is bounded implies the existence 
of a closed ball B a T P (S) of radius r, centered at the origin 0 of the tangent 
plane T P (S), such that exp/5) = exp p (T p (S)). By the fact that exp^ is onto, 
we have S — exp p (T p (S)) — exp p (j8). Since B is compact and exp^, is con¬ 
tinuous, we conclude that S is compact. Q.E.D. 

From now on, the metric notions to be used will refer，except when 
otherwise stated, to the distance d in Def. 3. For instance, the diameter p(S) 
of a surface S is, by definition, 

p{s) = sup d(p，q), 

P>Q^ S 

With this definition, the diameter of a unit sphere S 1 is p(S 2 ) = 7r. 

EXERCISES 

1. Let S cz R 3 be a complete surface and let F c= *S be a nonempty, closed subset 
of S such that the complement — Fis connected. Show that *S — F is a non- 
complete regular surface. 
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2. Let S be the one-sheeted cone of Example 1, Show that, given p g the only 
geodesic of S that passes through p and cannot be extended for every value of 
the parameter is the meridian of S through p. 

3. Let S be the one-sheeted cone of Example 1. Use the isometry of Example 3 of 
Sec. 4-2 to show that any two points e S (see Fig. 5-11) can be joined by a 
mrnirnai geodesic on S. 




Figure 5-11 


4. We say that a sequence [p n ] of points on a regular surface S c R 3 converges to 
a point p Q g S in the (intrinsic) distance d if given 6 > 0 there exists an index 
n 0 such that n>n 0 implies that d(p m p 0 ) < €. Prove that a sequence [p n ] of 
points in S converges in to 户 0 e if and only if [p n ] converges to p 0 as a 
sequence of points in i? 3 (i=e, 5 in the euclidean distance). 

*5. Let c= be a regular surface. A sequence {/?„} of points on *S is a Cauchy 
sequence in the {intrinsic) distance d if given 6 > 0 there exists an index n Q such 
that when n,m>n 0 then d(p m p m ) < e. Prove that S is complete if and only if 
every Cauchy sequence on S converges to a point in S, 

*6. A geodesic y: [0, co) — > *S on a surface *S is a ray issuing from y(0) if it realizes 
the (intrinsic) distance between y(0) and for all ^ e [0, co). Let be a point 
on a complete, noncompact surface S. Prove that S contains a ray issuing from 

7. A divergent curve on 5 is a differentiable map a : [0, oo) — ► S such that for every 
compact subset K cz S there exists a / 0 e (0, co) with cc(t) • K for t > t Q (i.e., 
a “leaves” every compact subset of S). The length of a divergent curve is defined 
as 

lim I a\t) i dt. 

« j o 


Prove that cz i? 3 is complete if and only if the length of every divergent curve 
i« nnhnnnrlp.rl. 
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*8. Let *S_and S be regular surfaces and let 免 ：* S — 5 be a diffeomorphism. Assume 
that S is complete and that a constant c > 0 exists such that 

> cl^idtp p (v)) 

for all p G S and all v e T P (S )，where I and I denote the first fiindamental 
forms of S and S, respectively. Prove that S is complete. 

*9. Let Si c ： i? 3 be a (connected) complete surface and S 2 c= i? 3 be a connected 
surface such that any two points of S 2 can be joined by a unique geodesic. Let 
(p: Si > 5*2 be a local isometry. Prove that <p is a. global isometry. 

*10. Let S cz R 3 be a complete surface. Fix a unit vector v e R, and let h: S — > i^be 
the height function h{p) = </?， v), p e S. We recall that the gradient of h is the 
(tangent) vector field grad h on S defined by 

〈grad h(p), ^} P ~ dh p (w) for all w e T P (S) 

(cf. Exercise 14, Sec. 2-5). Let oc(t) be a trajectory of grad h \ i.e., 0C(t) is a curve on 
S such that CHXt) = grad h(cc(t)). Prove that 

a. I grad h(p) \ < 1 for all p g S. 

u. /\ ucijc^njiy a (/ ; ui giau n is ucmicu iui cm i 八 . 

The following exercise presumes the material of Sec. 3-5, part, B and an ele¬ 
mentary knowledge of functions of complex variables. 

11. {Osserman's Lemma.) Let = {^ e C; | C [ < 1} be the unit disk in the com¬ 
plex plane CC. As usual, we identify CC ^ i ? 2 by ^ — w + iv. Let x : ^ R 3 be 

an isothermal parametrization of a minimal surface c= 7? 3 . This means 

(cf. Sec. 3-5, Part B) that 

< x «’ x «〉 = 〈\， x w 〉， 〈 x a ， x r 〉= 0 

and (the minimality condition) that 


Assume that the unit normal vectors of x(D^ omit a neighborhood of a unit 
sphere. More precisely，assume that for some vector w e R 3 , \w\ = 1, there 
exists an 6 > 0 such that 




and 



> e 2 . 


The goal of the exercise is to prove that x(Z>) is not a complete surface. (This is 
the crucial step in the proof of Osserman，s theorem quoted at the end of Sec. 
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a. Define (p\ D\ — ^ C by 

(p{u, v) = <p(C) = <x H , w} + i<x vt w}. 

Show that the minimality condition implies that <p is analytic. 

b. Define 9: D\ — ► CD by 

0(0 = HO di - r\. 

By part a, 0 is an analytic function. Show that 9(0) = 0 and that the 
condition 0) implies that 化 ( （）古 0. Thus, in a neighborhood of 0, 9 has m 
analytic inverse 0~K Use Liouville's theorem to show that 6~ { cannot be 
analytically extended to all of C. 

c. By part b there is a disk 

and a point r/ 0 , with [^ 0 1 = A, such that 8^ 1 is analytic in D and cannot be 
analytically extended to a neighborhood of ij 0 (Fig. 5-12). Let L be the seg¬ 
ment of D r that joins rj 0 to 0; i.e., L = {trj 0 e C; 0 < / < 1}. Set a — 
6- l (L) and show that the arc length / of x(a) is 

卜 J >/ 2 〈'’ Xw> {® 2 + (SI dt 

/• 1 

< Y V <x K) w > 2 + <x Vi w} 2 \dC\ = Y i^(C)II^Cl 

J cl J a 

n 

=co, 

€ 

Use Exercise 7 to conclude that x(D) is not complete. 



Figure 5-12 
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First anH ^/^nnnH Vnrifitinn 交 

■ ■ ■ m m « ~ - ■ — ■ ■ m m wr W» m m ^ m m m 

of Arc Length; Bonnet’s Theorem 

The goal of this section is to prove that a complete surface S with Gaussian 
curvature K>S>0 is compact (Bonnet’s theorem). 

The crucial point of the proof is to show that if AT > J > 0, a geodesic y 
joining two arbitrary points p, q ^ S and having length l(y) > ^/a/ J is no 
longer minimal; that is, there exists a parametrized curve joining p and q, 
the length of which is smaller than l(y) t 

Once this is proved, it follows that every minimal geodesic has length 
/ < %\J~5 ； thus, S is bounded in the distance d. Since S is complete, S is 
compact (Corollary 2, Sec. 5-3). We remark that, in addition, we obtain an 
estimate for the diameter of S, namely, p(S) < tt/a/ <5 . 

To prove the above point, we need to compare the arc length of a para¬ 
metrized curve with the arc length of “neighboring curves.” For this, we 
shall introduce a number of ideas which are useful in other problems of 
differential geometry. Actually, these ideas are adaptations to the purposes 
of differential geometry of more general concepts found in calculus of varia¬ 
tions. No knowledge of calculus of variations will be assumed. 

In this section, S will denote a regular (not necessarily complete) surface. 

We shall begin by making precise the idea of neighboring curves of a 
given curve. 

DEFINITION 1. Let a : [0, /] ― > S be a regular parametrized curve, where 
the parameter s e [0, /] is the arc length. A variation of a is a differentiable 
map h : [0, /] X (—6, 6) cz R 2 — S such that 

h(s ， 0) = a(s), s e [0, /]• 

For each t g (~~e，the curve h t : [0, /] ― > S ， given by h#) = h(s, t), is 
called a curve of the variation h. A variation h is said to be proper if 

h(0, t) = afO), h(7, t ) 二 a(/l, t g (—e, e). 

Intuitively, a variation of a is a family h t of curves depending differenti- 
ably on a parameter t g (—€, e) and such that /z 0 agrees with a (Fig. 5-13). 
The condition of being proper means that all curves h t have the same initial 
point a(0) and the same end point a(/). 

It is convenient to adopt the following notation. The parametrized curves 
in R 1 given by 

s — ( 汐“。)， 

/ —( 汐。， 0 ， 
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Figure 5-15 


pass through the point p 0 = (s 0 , t 0 ) g R 2 and have (1,0) and (0, 1) as 
tangent vectors at (> 0 , ~). Let//: [0,/] x (—6, e) cz R 1 ^ Shea, differentiable 
map and let p Q g [0, /] x (—e, e). Then dh Po (l, 0) is the tangent vector to 
the curve s — > h(s. at hi and dh” 1、 ic thf* tana^nt vprtnr tn thf* 

--- — 一 — - - • y ^ - • y U / 7 - ■ 一- _ JJ Q \ _ J 一 / i ▲ 1 V %r V ▲ A *r T V %r %r VAi ■» 

curve t — ) - h(s 0 , t) at h(p 0 ). We shall denote 

-ri \ 3/Z / 、 

an Po {^^) = ^{Po), 

dh Po (0 9 1) — ^j{p Q ). 


We recall (cf. Sec. 4-4, Def. 2) that a vector field w along a curve a: /― ^ S 
is a correspondence that assigns to each r e / a vector ^(r) tangent to the 
surface S at oc ⑺ . Thus, dhjds and dhjdt are differentiable tangent vector 
fields along oc. 

It follows that a variation h of a determines a differentiable vector field 
V{s) along a by 


V(s ) - 



和广 rr\ m 

J 亡 [U, l\. 


V is called the variational vector field of /z; we remark that if h is proper, then 

F(0) - V(I) = 0. 

This terminology is justified by the following proposition. 

PROPOSITION 1. If we let Y(s) be a differentiable vector field along 
a parametrized regular curve a : [0, /] ― > S then there exists a variation 
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h: [0, /] X (—6, 6) — > S of d such that Y(s) is the variational vector field of 
h. Furthermore， i/Y(0) = Y (/) = 0, then h can be chosen to be proper. 

Proof. We first show that there exists a <5 > 0 such that if | ?; | < 
v g r a ⑴⑻， then exp a(f) v is well defined for all ^ e [0, /]. In fact, for each 

p t= »(lu, l\) o tunsiucr uic ncigiiuuriiuuu rv p (a. iiurmtu ncigiiDumuuu ui 

all of its points) and the number ^ > 0 given by Prop. 1 of Sec. 4-7. The 
union {J P W P covers a([0, /]) and，by compactness, a finite number of them, 
say, W u . . . , W ni stiil covers a([0, /]). Set d = min {d u . .., <5„), where 6 ( is 
the number corresponding to the neighborhood W 0 i ~ l,.. . f n. It is 
easily seen that 3 satisfies the above condition. 

Now let M = max, e[0 ^ | V{s) \, e < djM, and define 

h{s, t) = exp a(j) rV(s) f s g [0, /], t e {-e, e). 

h is clearly well defined. Furthermore, since 

exp a “) tV(s) =- y(l, a(s), tV(s)), 

where y is the (differentiable) map of Theorem 1 of Sec. 4-7 (i.e., for t ^ 0, 
and V{s) ^ 0, y(\, cc(s), tV(s)) is the geodesic y with initial conditions 
K0) = aO) ， /(0) = : K(^)), h is differentiable. It is immediately checked 
that h(s, 0) = a(s). Finally，the variational vector field of h is given by 

0 ) = dh (s 0) (O i 1)= 丢 ( ex Paw ^( s )) 

= 4〆 1 ， a ⑻， tV{s)) t o = Tt y{u a(i), ㈣ 广广 K ⑺， 
anH it ic nlpar Kv flip Hpfinitinn nf h tliat if V((W = V(l\ = 0 thf*n h i« nrnnp^r 

wn A L J. kj W w 丄， j vn V V ▲▲ A 4 i \r ■*. k ▲丄 VV 1 W -A ▲ r ^ V 》 r \ V ? V A A V ▲▲ ■ r a v ▲ 'w A ■ 

Q.K*D. 

Wp want tn rnrrmarf* thp arn Ifnath nf fv (= hA with tbp arr Ipnfrtli nf h,. 

f J 丨 f ▲ ▲ V v ▲▲▲ ^ m, m 'W 琴 ■ ■ 'W • M. ^ ▲ VV ^ ^ ^ ’，—，•• ，■ — 一 'W 墨墨 - J t 

Thus, we define a function L: (—€, f) ― > R by 

L{t) = ， f) ds, ^ E ( — €, 6). (1) 

The studv of L in a neishborhood of r = 0 will inform us of the “arc length 
behavior，’ of curves neighboring a. 

We need some preliminary lemmas. 

LEMMA 1. The function L defined by Eq. (7) is differentiable in a neigh¬ 
borhood of X — 0; in such a neighborhood, the derivative ofh may be obtained 
by differentiation under the integral sign. 
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Proof. Since a : [0, /] — ^ S is parametrized by arc length, 


dh 

57 


dh_ 

ds 


(^0) 


ii iuuuvn b, oy uuLLipa^Lucs& vji [v, f j 5 uitu uicic cAxsis u ^> u, c^ ^ e, sutil Liiai 


dh 

^ *•* 


{s, t) 


^ 0, 5 G [0, /], I ? I < <J. 


Since the absolute value of a nonzero differentiable function is differentiable ， 
the integrand of Eq. fl) is differentiable for UI < J. By a classical theorem of 

A ' ^ ■ I ■ 

calculus (see R. C. Buck, Advanced Calculus， 1965, p. 120)，we conclude that 
L is differentiable for ]^| < J and that 


m 


Tt 


dh 

ds 


Cm) 


ds. 


Q.E.D, 


Lemmas 2, 3, and 4 below have some independent interest. 


LEMMA 2. Let w ⑴ & a differentiable vector field along the parametrized 
curve a : [a, b] — > S and let f: [a, b] — > R be a differentiable function. Then 

^rmwrt^ = 丄 ^£ w rtv 

dt、‘ w w/ dt 1 dt 

Proof. It suffices to use the fact that the covariant derivative is the tan¬ 
gential component of the usual derivative to conclude that (here ( ) T denotes 
the tangential component of ()) 


jry 

dt 


(»=( K ) 

= f w + f 年. 

dt dt 


T 


dt 


w—— 


aw 
dt, 


T 


Q.E.D. 


LEMMA 3. Let v<t) and w(t) be differentiable vector fields along the 
parametrized curve a: [a, b] — S. Then 


•A 

dt 


<v ⑴， w(t)> = (§,>«) + (v(t)^). 


Proof. Using the remarks of the above proof, we obtain 

4—> = 〈§， W 〉+ 〈”，尝〉 = 〈(孰， * v 〉+ 〈 V ， ( J ) r ) 

/ n.. 、 / r\. t .\ 


Q.E.D. 
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Before stating the next lemma it is convenient to introduce the following 
terminology. Let h : [0, /] x (—e, f) — 5 be a differentiable map. A differ¬ 
entiable vector field along /? is a differentiable map 

V: [0, /] x (-6, e) — >S ^ R 3 

such that V(s, t) g T Ms ' t 、(S) for each (s y t) e [0 ? /] x (—e, e). This generalizes 
the definition of a differentiable vector field along a parametrized curve (Sec. 
4-4, Def. 2). 

For instance, the vector fields {dhjds){s, t) and, (dh/dt)(s, t), introduced 
above, are vector fields along h. 

If we restrict V(s, t) to the curves s = const., t = const., we obtain vector 
fields along curves. In this context, the notation (DV/dt)(s, t) means the 
covariant derivative，at the point (s } t), of the restriction of V(s, t) to the curve 
s — const. 


TFMVTA A T^th- TO 71 v (~ c d 「 R 2 

,■ j. t n t a m, u • n « ^ j /" s ^ i 

Then 


S be a differentiable mapping. 




D 

dt ds 


( s* t\ 


Proof, Let x: ?7 — 5 be a parametrization of S at the point h(s, t)， with 
parameters u, v, and let 

n — v 1 - r 六 2($, 0 

be the expression of h in this parametrization. Under these conditions, when 
(s, t) g h -1 (x(UJ) = JV， the curve h(s, t Q ) may be expressed by 

u — h x (s, t 0 ), v = h 2 (s, t 0 ). 

Since (dh/ds)(s 0l t 0 ) is tangent to the curve h(s } t 0 ) at 5- = s 0 , we have that 

^q) = ~^-( s 0) ^o) x w + ’o) x w. 

as os cm 

By the arbitrariness of (s Q ，g PF，we conclude that 

dh — 丄 dh 2 

57 — W u + W '， 


where we omit the indication of the point ( 5 , t) for simplicity of notation. 
Similarly, 


dh_dh x dh 2 

Tt = 百 “ 十 ~W 
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We shall now compute the covariant derivatives (D/ds)(dh/dt) and 
(Dldt)/(dh/ds) using the expression of the covariant derivative in terms 
of the Christoffel symbols Tf； (Sec. 4-4, Eq. (1)) and obtain the asserted 
equality. For instance, the coefficient of x u in both derivatives is given by 

d 1 h l . dh l dh l dh^ dh 2 dh 2 dh l dh 2 dh 2 
dsdt 11 dt ds 1 * ^ dt ds ^ iZ dt ds 1 … dt ds 

The equality of the coefficientes of x v may be shown in the same way, thus 
concluding the proof. Q.E.D. 

We are now in a position to compute the first derivative of L at ， = 0 
and obtain 


PROPOSITION 2. Let h: [0, /] X (—e, e) be a proper variation of the 
curve a: [0, /] — > S and let V(s) = (dhldt)(s ) 0), s g [0, /]), be the variational 
vector field ofh. Then 

a j v I J A > V <r > V \ « > 

二一 I <A ⑻， y{s)) as, {Z) 

J 0 

where A(s) = (D/ds)(dhjds)(s, 0). 

Proof. If t belongs to the interval (—3, S) given by Lemma 1， then 



By applying Lemmas 3 and 4, we obtain 


/ D dh dh\ / D dh Bh\ 

LV) - 

J / dh J 。 ㉔ 

ds ds 

Since I {dhjds){s, 0) | = 1, we have that 

釋卜 /:<=，》， 

where the integrand is calculated at (& 0)，which is omitted for simplicity of 
notation. 

According to Lemma 3* 

W j 


d /dh dh\ — j D dh dh\ 、 j dh D dh\ 

d^Ws^TtJ^XTsTs'Tt! ! Ws'TsTt! 
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Therefore, 


L'(0)= 


d Idh dh\ , 
TsW 9 Tt) ds 


(Tsts'f^ 


J 


ID dh dh\ , 
\TsHt ) ds ， 


since (dh/dt)(0, 0) — (dh/dt) (/, 0) = 0, due to the fact that the variation is 
proper. By recalling the definitions of and V(s), we may write the last 
expression in the form 


Z/(0) = -{ l <^A(sl V(s)} ds. 
j 0 


Q.E.D. 


Remark 1. The vector A(s) is called the acceleration vector of the curve a, 
and its norm is nothing but the absolute value of the geodesic curvature of a. 
Observe that //(0) depends only on the variational field and not on the 
variation h itself. Expression (2) is usually called the formula for the first 
variation of the arc length of the curve a. 

Remark 2. The condition that h is proper was only used at the end of the 
proof in order to eliminate the terms 

Therefore, if h is not proper, we obtain a formula which is similar to Eq. (2) 
and contains these additional boundary terms. 


An interesting consequence of Prop. 2 is a characterization of the geo¬ 
desics as solutions of a “variational problem.” More precisely, 

PROPOSITION 3. A regular parametrized curve a : [0, /] — ^ S ，where the 

pQ,TG,fYlQtQT S GI [0 ， /J IS the CtfC IcTT^tH Oj' (X ， IS Ct ij'CIVtd Oltly l/'j jOi" CVCTy 

proper variation h: [0, /] x (—e ， 6) — S o/ot ， L' ⑼ = 0. 

Proof. The necessity is trivial since the acceleration vector A(s )= 
(D/ds)(da/ds) of a geodesic a is identically zero. Therefore, Z/(0) = 0 for 
every proper variation. 

Suppose now that 1/(0) = 0 for every proper variation of a and consider 
a vector field V(s) = f(s)A(s) 9 where /: [0, /] —> is a real differentiable 
function, with f(s) > 0, /⑼ =/(/) = 0, and d ⑻ is the acceleration 
vector of a. By constructing a variation corresponding to V(s), we have 
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L’(0) = — f (f(s)A(s) f A(s)} ds 
^ 0 

C yi' x ) j / \ n ■# 八 

=-I j{s)\A{s)ras = u. 

J o 

Therefore, since /(5)|^4(5)| 2 > 0, we obtain 

/WMWI 2 = 0- 

We shaii prove that the above relation implies that A(s) ==G, s e [0, /]. 
In fact, if I ^(^o) I 古 0, e (0, /)，there exists an interval/= (s 0 — 6, 5 0 + 6) 
such that | v 4(5) [ ^ 0 for ^ g /. By choosing / such that f(s 0 ) > 0, we con¬ 
tradict /(5 0 )|^(^ 0 )| =0. Therefore, ⑺丨 =0 when s g (0,/)• By con¬ 
tinuity, d(0) = A(l) = 0 as asserted. 

Since the acceleration vector of a is identically zero, a is geodesic. 

Q.E.D. 


From now on, we shall only consider proper variations of geodesics 
y : [0, /] 一 * S，parametrized by arc length; that is, we assume 1/(0) = 0. To 
simplify the computations, we shall restrict ourselves to orthogonal variations ; 

that is, we shall assume that the variational field satisfies the condition 

， \ / 

<V(sl f(s)> = 0 , 5 e [0, /]. To study the behavior of the function L in a 
neighborhood of 0 we shall compute 

For this computation, we need some lemmas that relate the Gaussian 
curvature to the covariant derivative. 

LEMMA 5. Let x: U ― > S be a parametrizatlon at a point p g S o/ a 
regular surface S, with parameters u, v, and let K be the Gaussian curvature 
ofS. Then 

吴菪 Xu — 芫吴 Xu = K ( Xu A 八 x «. 

Proof. By observing that the covariant derivative is the component of 
the usual derivative in the tangent plane, we have that (Sec. 4-3) 

差 x“ rhx a + n%. 

"Rv annlvincr in flip ahnvf* ihp fnrrrmla fnr flip mvsrinnt Hf*rivativp 

(Sec. 4-4, Eq. (1))，we obtain 

K (而 x„) 二认 i h 九十 1 U1 h 十 1 i 2 i !ijx u 

+ {(r 2 n ) v + n 1 r\ l + Ti 2 rj l }x v . 


We verify, by means of a similar computation, that 
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Therefore, 


盖 (£x u ) = {(n 2 )« + r^rj^ ri 2 r? 2 }x„ 

+ {(n 2 ) w + r? 1 ri 2 + n 2 r? 2 }x ; 


_ D^D 

dv du Xu du dv 1 


{(T\ l ) v -(r\ 2 ) u + 


rm 


— ri 2 r? 2 }x, 


+ {(no, - (rhx + n.ri^ ti 2 t\ x 

-rm-nm 


We now use the expressions of the curvature in terms of Christoffel symbols 
(Sec. 4-3, Eqs. (5) and (5a) and conclude that 


D^D_ _D_D^ 
didu Xu ~dudv %u 


FKx„ + EKx, 


八 IW ， X w /A v — \X W? 

K(x u A x v ) A x„. 


Q.E.D. 


LEMMA 6. Let h: [0, /] x (—e ， e) — ^ S be a differentiable mapping and 
let V(s, t), (s, t) G [0, /] X (—6, e), be a differentiable vector field along h. 
Then 

——V — — — V — K(s t)^ A —^ A V, 
dt ds dsdt {Sil) \ds A dt) A 9 


where K(s, t) is the curvature ofS at the point h(s, t). 

c n r^rvi ! n /、 n 1 A*f 

± f KJXJJ 、 V J Ct OJ^OLVIXI U 丄 W W1 UlllCitVO \Jk U CtA VLllIM. l J CtllU. iVL 

V(s, t) = a(s, t)x u + b(s, t)x v 


be the expression of V(s, t) = Vm this system of coordinates. By Lemma 2, 
we have 

Ts V = Js^ aXu + bXv) 

=fl£x„ + b^x v + |jX„ + 尝 X s - 

Therefore, 


dt ds dt ds dt ds ds dt 


U 


d ^W Xv ^JiTs^^Ji & Xv + ^iTs Xu + JiTs 
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By a similar computation, we obtain a formula for (D/ds)(Dldt)V, which 
is given by interchanging and t in the last expression. It follows that 


DD V 
dt ds 


D^D 
ds dt 


V ^ a {§Ts Xu ^fsm Xf ) 


,/D D D D ' 

°(diTs Xv ~rsdt x \ 


( 3 ) 


To compute (D/dt)(Dlds)x u , we shall take the expression of A, 

= hi(s f t), v ― ^ 2 (^? 0) 
in the parametrization x(u, v) and write 

x w (w, v) ^ t), h 2 (s ， ty) = x u 、 

Since the covariant derivative (D/ds)x u is the projection onto the tangent 
plane of the usual derivative (d/ds)x uf we have 


Ts Xu 


[d 

\ds Xu } 


x 


T 


dh x 
1 ds 



dh 2 ) 
"57 J T 


dh x D . dh 2 D 


where T denotes the Droiection of a vector onto the taneent nlane. 

丄 ^ Jl 


With the same notation, we obtain 


D_D^ 
dt ds 


|i-(w£ Xu + w£ Xu )l 


d 2 h x 

dt ds du Au 




d 2 h 2 D dh x (dh x D D 

V if 


ds 


du 




dh 2 D D 

^ A* I 

\Jl n |/W 



dh 2 (dh i D D dh 2 D D \ 
ds \ dt du dv u dt dv du u ) 


In a similar way, we obtain (D/ds)(D/dt)x u , which is given by interchanging 
s and t in the above expression. It follows that 

— -§h^hi(RR x 

dt ds u ds dt u ~ ds dt \du dv u dv du u ) 

,^1 dh 2 (D D D D \ 

./ n n n n \ 

-^Ktvtu^futv X & 
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where 

\ _ (j dhi dh 2 dh ]\ 

Bv replacing x u for x v in the last expression, we obtain 

D D D D a /D D D D\ 
mTs 、- 系 W Xv = A \dv du^~Tu Tv^y 

By introducing the above expression in Eq. (3) and using Lemma 5， we 
conclude that 


= a △ 尺 ( x « A x v ) A x u + A 尺 (x w 八 x v ) 八 
=^(Ax„ A x v ) A (ax H + bx v ). 

On the other liand，as \vs saw in tlis proof* of Leixiina 4 ， 


dh 

ds 


dh, , dh 


ds 


x H + 



X 




dh — dh' 

一 ^hT Xu 


r)t 

W mr 


亟 X 

/9 / y 


hence, 


Therefore, 


^ A gj = Ax w A x,. 


若务叫 f 八韵八 K 


Q.E.D. 


we are now in a position to compute 

PROPOSITION 4. Let h: [0, /] x (—6, 6) — > S be a proper orthogonal 
variation of a geodesic 7 : [0, /] —> S parametrized by the arc length s G [0, /]. 
Let V(s) = ((?h/<?t)(s, 0) be the variational vector field o/h. Then 


L"(0) 


；( 


D 

5s 


V(s) 


K(s)|V(s)| 2 )d S) 


( 4 ) 


where K(s) = K(s, 0) is the Gaussian curvature of S at y(s) = h(s, 0). 
Proof. As we saw in the proof of Prop. 2, 


T/(t\ 

■ ■ V F 


ID dh dh\ 

rl ww y dl) 
oTWjEy 71 

\ds ds f 


ds 
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for t belonging to the interval (—<5, 3) given by Lemma 1. By differentiating 
the above expression, we obtain 


L f V)= 


ri 


(4 〈去 


dh dh\\/dh dh 


1/2 


*} 


i dh dh V 
\ds ds / 


ds 


((Ddh 7 dh\y 


Wds dt cfs// ^ 

i~l-i Wii 



dh 

3/2 


dl 



Observe now that for ， = 0 , | (dh/ds)(s 9 0 ) 丨 = 1 . Furthermore, 



v r\ I T /_\ / *\ j 


T'V 1 \ 

u on\ 
ds dt) 


Since y is a geodesic, (D/ds)(dh/ds) = 0 for r = 0 , and since the variation is 
orthogonal, 


馐，势=。 



It follows that 


L"( 0 ) 


「 d / D dh dh\ , 

\Tt\TsTt^l dS9 


⑸ 


where the integrand is calculated at 0 ). 

Let us now transform the integrand of Eq. (5) into a more convenient 
expression. Observe first that 


生 

dt 


lD dh dh\ / D 

WTt' dl/^W 

— \dt 



wii me umei imiiu, iui i — 


D dh dh 
ds dt 


dh\ ' jD dh D dh\ 


D dh dh 
ds dt 5 



\ds dt dt ' ds, 


D D dh dh\ . 
ds dt dt' ds^ ^ 


D_dh 
ds dt 


d ID dh dh\ ID D dh 

\W 1^ 1/ V l/o / \i/o 1/ V \J V 


，黔， 

l/J / 


since (D/ds^dh/ds^s, 0) = 0, owing to the fact that y is a geodesic. More¬ 
over, by using Lemma 6 plus the fact that the variation is orthogonal, we 
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obtain (for ^ = 0) 


/ T\ T> 1 Ti V 

j u u un un \ 
ds dt ds f 


/ T\ T\ ^ 7 ，I」 

/ u u on un \ 
\ds dt dt ds f 


. / Til^ * r*. _ _. 

—忆 “、 l \ i / “、|2也 § h \ 

“w'r w 丨 ds - dsf 

-K\V{s)\ 2 . 


Ti 1. 

un 


By introducing the above values in Eq. (5)，we have 


rt 


L"(o) 


— 则陶 I: 


D_ 

ds 


Hs) 


ds 






Finally，since the variation is proper, (dh/dt)^, t) = (dh/dt)(h t) =0, 
t g (—3, 5). Thus, 

VXO)= 

J 0 


ds 


V{s) 


—A ： |F ⑴ | 2 )也 


Q.E.D. 


Remark 3. Expression (4) is called the formula for the second variation of 
the arc length of y. Observe that it depends only on the variational field of h 
and not on the variation h itself. Sometimes it is convenient to indicate this 
dependence by writing Ly(0). 


Remark 4. It is often convenient to have the formula (4) for the second 
variation written as follows: 

L ，， ( 0 ) — J: 〈穿 + KV, v) ds. ( 4 a) 

Equation (4a) comes from Eq. (4), by noticing that F(0) = V{1) = 0 and that 




Z)K 、 

ds > 


DV DV\ 

\ ds ds ! 


V, 


D 2 V 、 

dS 2 y 


Thus, 


C l / mv ni/v . \ 


ds 


-1 — nvv 


0 W 1 …， T 

r 俜 

J n \ WJ 


+ XV ， V)ds. 
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The second variation HO、of the arc length is the tool that we need to 

--- . ——-j - - • . . — • ■-一 - ""— • ■ — — - — —— 

prove the crucial step in Bonnet’s theorem, which was mentioned in the 
beginning of this section. We may now prove 

THEOREM (Bonnet). Let the Gaussian curvature Y^of a complete surface 
S satisfy the condition 

■V -W A A. 

^ > u. 

Then S is compact and the diameter p of ^ satisfies the inequality 


P< 


71 


VT 


Proof. Since S is complete, given two points p，q e S ，there exists, by the 
Hopf-Rinow theorem, a minimal geodesic y S joining p to q. We shall 

piuvc ui<ti luc iciigLii i — u\p^ (J) ux una gcuucaic &<uiaiica uic iiicqucuuy 


/< 


% 

7T 


We shall assume that l > %\^J 8 and consider a variation of the geodesic 

y ， [w ? i\ — ， o, uciiiicu <t& XUUUW3* jutL vv 0 ut a uiiil vcului ui j y (o)V° ^ 

that 〈 w 。， / ⑼〉 二 0 and let ^), 5 e [0, /], be the parallel transport of w 0 
along y. It is clear that [^(^)1 ― 1 and that 〈 h 7 ⑻，/⑻〉 = 0, 5 1 g [0, /]. 
Consider the vector field V{s) defined by 


F(5) = w(s) sin 尽 5 1 ， s e [0, /]. 


Since F(0) = K(/) 二 0 and < V{s), 〆($)〉= 0, the vector field V(s) determines 
a proper, orthogonal variation of y. By Prop. 4, 






Since w(^) is a parallel vector field ， 


57 


K(5 )= (子 COS ^J~S )_). 


Thus, since / > %U 3 } so that K^S > n 2 /l 2 , we obtain 


r%t - 

L f ； (0) = j cos 2 ^s~K sin 2 气 s 、 


ds 
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cos 2 ^-s — sin 2 ] ds 


cos ds = 0. 


Therefore, there exists a variation of y for which L ft (0) < 0. However, 
since y is a minimal geodesic, its length is smaller than or equal to that of 
any curve joining p to q. Thus, for every variation of y we should have L f (0) 
— 0 and L f, (0) > 0. We obtained therefore a contradiction, which shows 
that / ^ d(p, q) < n/^/ J , as we asserted. 

Since d{p, q) < d for any two given points of S, we have that S is 
bounded and that its diameter p < tiIaJ 3 . Moreover, since S is complete 
and bounded, S is compact. Q.E.D. 

Remark J. The choice of the variation V(s) — 咖 ） sin (n/I)s in the above 
proof may be better understood if we look at the second variation in the 
form (4a) of Remark 4. Since K > l 2 In 1 , we can write 


Lm 


V ， 


D 2 V , n 2 
"S? 1 " 十 ¥ 


V)ds 



$)\y\ 2 d S 


< — 


ni 


J o 





Now it is easy to guess that the above V{s) makes the last integrand equal to 
zero; hence, Ly(0) < 0. 

Remark 6, The hypothesis K> <5 > 0 may not be weakened to ^ > 0. 
In fact, the paraboloid 


{(x, z) e R 3 ;z = x 2 + y 2 } 

has Gaussian curvature K> 0, is complete, and is not compact. Observe 
that the curvature of the paraboloid tends toward zero when the distance of 
the point (x, y) e R 2 to the origin (0, 0) becomes arbitrarily large (cf. Remark 
8 below). 


Remark 7. The estimate of the diameter p < n/^ 5 given by Bonnet’s 
theorem is the best possible, as shown by the example of the unit sphere : 
K 三 1 and p — 71- 


Remark 8. The first proof of the above theorem was obtained by O. 
Bonnet, “Sur quelquer proprietes des lignes gdod 铥 siques，” C.R.Ac. Sc. Paris 
XL (1850) ， 1331， and “Note sur les lignes geodesiques/' ibid. XLI (1851 )， 
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32. A formulation of the theorem in terms of complete surfaces is found in 
the article of Hopf-Rinow quoted in the previous section. Actually, it is not 
necessary that K be bounded away from zero but only that it not approach 
zero too fast. See E. Calabi，“On Ricci Curvature and Geodesics，” Duke 
Math. J. 34 (1967) ， 667-676; or R. Schneider, “Koiwexe Flachen mit lang- 
sam abnehmender Krummung," Archiv der Math. 23 (1972), 650-654 (cf. 
also Exercise 2 below). 


EXERCISES 

1. Is the converse of Bonnet’s theorem true; i.e., if S is compact and has diameter 
p < nlV~d, is K> 57 

*2. (Kazdan- Warner V Remark, cf. Exercise 10, Sec. 5-10.) Let S ^ {z = f (x y y ); 
(x, y) g i? 2 } be a complete noncompact regular surface. Show that 

lim ( inf K(x, r)) < 0. 

r-^oo x 2 j ty 2 >r 


3. a. Derive a formula for the first variation of arc length without assuming that 
the variation is proper. 

b. Let 5 be a complete surface. Let yO )， s e R, be a geodesic on S and let d(s) be 
the distance d(y{s) y p) from j^) to a point p e S not in the trace of y. Show 
that there exists a point 5 1 。e 及 such that ^ 0 ) < for ail 5 1 e 及 and that 
the geodesic T joining p to yCs 1 。）is perpendicular to y (Fig. 5-14). 



c. Assume further that S is homeomorphic to a plane and has Gaussian curva¬ 
ture ^ < 0. Prove that a (hence, T) is unique. 

4. {Calculus of Variations .、 Geodesics are particular cases of solutions to variational 
problems. In this exercise，we shall discuss some points of a simple, although 
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quite representative, variational problem. In the next exercise we shall make some 
applications of the ideas presented here. 

Let y = Xx )，x g [x u x{\ be a differentiable curve in the xy plane and let a 
variation of y be given by a differentiable map y = y(x t t), t g (—6, 6). Here 
y(x, 0) = >-(x) for all x g [x u x z ], and y(x u t) = y{^i, t) == y(x 2 ) for all 

i t l —■c, c; (i.c., me cuu puims ui liic vtmauuii tu.e iiacu;. ^unsiuei me nuegiiii 


I(t) = \ Fix, y(x t t\ y\x, t)) dx, t e (-e, e\ 

v PC I 

where F(x, y, 〆 ） is a differentiable function of three variables and 〆 = dy/dx. 
The problem of finding the critical points of I(t) is called a variational problem 
with integrand F. 

a. Assume that the curve y = >»(x) is a critical point of I(t) (i.e., dljdt = 0 for 


t = 0). Use integration by parts to conclude that (/ = dl/dt) 


i(t) — 



F ^w) dx 


[dy r 
di Fy 


-JX\ 



dx. 


Then, by using the boundary conditions, obtain 

0 = /(。)=厂{"(/；—差 F ，)} 办， 


(*) 


where ^ = {dyldt){x, 0). (The function r\ corresponds to the variational vector 
field of y(x, t).) 

b. Prove that if 1(0) = 0 for all variations with fixed end points (i.e,, for all tf in 
(*) with ri{xi) — rj(x 2 ) = 0), then 

Fv - —F-a' ~ 0. f**) 

" ax " ' r 

Equation (**) is called the Euler-Lagrange equation for the variational problem 
with integrand F. 

c. Show that if F does not involve explicitly the variable x, i.e., F = = F(y, y% 
then, by differentiating y f Fy — F, and using (**) we obtain that 

y’F y — F = const. 

(Calculus gJ' VcificiiiGtts, ^.ppliccitiGfts^ 

a. {Surfaces of Revolution of Least Area.) Let 5 be a surface of revolution ob¬ 
tained by rotating the curve y = /(x), x e [Xh x 2 ], about the x axis. Suppose 
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that S has least area among all surfaces of revolution generated by curves 
joining (x u f(x t )) to (x 2 , f(x 2 )). Thus, y ^ fix) minimizes the integral (cf. 
Exercise 1L Sec. 2-5 、 

_ - - p _ _ ———- jf 

l{t) = f >Vl + OO 2 dx 

V x\ 

for all variations ^(x, 0 of y with fixed end points X^i), / ( 尤 2 ). By part b of 
Exercise 4, F(y ， y’）= y^/\ + (/) 2 satisfies the Euler-Lagrange equation (**)• 
Use part c of Exercise 4 to obtain that 


/Fy - F 


y 


Vl + (/) 2 C 


c — const. 


hence, 


n 1 r* v* _L_ yi 、 yy - / + 

Jf - I ^ 1 — 

c 


Conclude that if there exists a regular surface of revolution of least area con¬ 
necting two given parallel circles, this surface is the catenoid which contains the 
two given circles as parallels. 

b. {Geodesics of Surfaces of Revolution.) Let 


x(«, v) = (f(v) cos u, f(v) sin w, g(v)) 

uc a yaiaLucinAaiioii ui a sunacc ui icvuiuinji 丄 i^ci u — uyu) uc me cquauun 

of a geodesic of which is neither a parallel nor a meridian. Then u — u{v) is 
a critical point for the arc length integral (F = 0) 


I VE(uV + Gdv 9 “’ = 盒， 

Since ^ — / 2 , G = (/’) 2 + (g’) 2 , we see that the Euler-Lagrange equation for 
this variational problem is 

f u ~ 去 K, = 0 , f = V7WTWTTF)" 2 . 


Notice that F does not depend on u. Thus, {djdv)F u r = 0, and 


c = const. — F uf 


u f P 


/ rr/.y\ r 

v j r 


i r/\r 

u r 


/ r 

-r r 


From this, obtain the following equation for the geodesic u = u(v) (cf. 
RYamnlp ^ Slpr* 4-4V 

V mr a wvv* ■ maw 


u — c 




1 VC/O 2 + (gy 

J flZ. c 2 — 


dv + const. 
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5 - 5 . Jacobi Fields 
and Conjugate Points 

In this section we shall explore some details of the variational techniques 
which were used to prove Bonnet’s theorem. 

We are interested in obtaining information on the behavior of geodesics 
neighborins a siven geodesic v. The natural wav to proceed is to consider 
variations of y which satisfy the further condition that the curves of the 
variation are themselves geodesics. The variational field of such a variation 
gives an idea of how densely the geodesics are distributed in a, neighborhood 
of y. 

To simplify the exposition we shall assume that the surfaces are complete, 
although this assumption may be dropped with further work. The notation 
y: [0 S /] — > S will denote a geodesic parametrized by arc length on the 
complete surface S, 

DEFINITION 1. Let y:[0 9 Z] — S be a parametrized geodesic on S and 
let h : [0, /] x (—e, e) — > S be a variation of y such that for every t G (—6, f) 
the curve h t (s ) 二 h(s, t), s e [0, /], is a parametrized geodesic {not necessarily 
parametrized by arc length). The variational field (dh/dt)(s y 0) = J(s) is called 
a Jacobi field along y. 

A trivial example of a Jacobi field is given by the field i g [0, /]，of 
tangent vectors to the geodesic y. In fact, by taking h(s, t) = y(s + t\ we 
have 

J(s) = w (s, 0)= 室 . 

We are particularly interested in studying the behavior of the geodesics 
neighboring y : [0, /] — ^ S, which start from y(0). Thus, we shall consider 
variations h : [0, /] X (—e ， €、 — S that satisfy the condition ^(0, t) = y(0), 
t g (—e, e). Therefore, the corresponding Jacobi field satisfies the condi¬ 
tion /(0) = 0 (see Fig. 5-15). 

Before presenting a nontrivial example of a Jacobi field, we shall prove 
that such a field may be characterized by an analytical condition, 

PROPOSITION 1. Let J(s) be a Jacobi field along y : [0, /] S, s e [0, /]. 
Then J satisfies the so-called Jacobi equation 

ggj(s) + K(sX/(s) A J(s)) A y\s) - 0, (1) 

where K(s) is the Gaussian curvature ofS at y(s). 
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Figure 5-15 


Proof. By the definition of/(5)，there exists a variation 

h : [0, /] x ( — €, f) ― ^ S 

of y such that (dh/dt)(s, 0) = J(s) and h t (s) is a geodesic, t e (-€, €). It 
follows that (D/ds)(dh/ds)(s, t) — 0. Therefore, 


务务毅 0 s ’ ’) = 0 ， (s, t) e [0, /] x (—e, e 7 ). 


On the other hand, by using Lemma 6 of Sec. 5-4 we have 


D D dh D D dh ^(dh dh\ 

TtTsTs = d^Ttdi + K{Sit) \l^ h W 




= 0 , 


Since (D/dt)(dh/ds) = (D/ds^dh/dt), we have, for t = 0 , 

矣矣 办 0 + 尺 (sXy’W 八 J( s )) A y W — 0- Q.E.D. 


To draw some consequences from Prop, 1, it is convenient to put the 
Jacobi equation (1) in a more familiar form. For that, let e^O) and ^ 2 (0) be 
unit orthogonal vectors in tiic tangeTit pls-nc 3.rid. let c jv j) and ^ 2(^7 

be the parallel transport of e^O) and e 2 (0), respectively, along y(J). 

Assume that 

/O) = a^e^s) + a 2 (s)e 2 (s) 


for some functions a x = a^{s), a 2 = a 2 {s). Then, by using Lemma 2 of the 
last section and omitting s for notational simplicity, we obtain 
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On the other hand, if we write 

f A T\ A *•' 1 1 

\r i\ ^) i\ r ~ 八 i c i r 八 2 〔 2 ， 

we have 

X x e x + X 2 e 2 = (/ A (a.e, + a 2 e 2 )) A y f 

= (/ A ^i) A 〆 + a 2 {f A e 2 ) A 7^ 

Therefore, by setting 〈(/ 八 Q) A y f s ej} = oc" ， i, j = 1, 2, we obtain 

义 1 = aiOCii + ^2^215 义 2 = “#12+ ^2^22- 
It follows that Eq. (1) may be written 

a’/ + + Ohi a z) = 0 ， 

(la) 

Cl2 + K{(X>i2 a t "f" 戊 2 2“2) = 0 ， 

where all the elements are functions of s. Note that (la) is a system of linear, 
second-order differential equations. The solutions (a/s)，« 2 (^)) ~ J( s ) 
such a system are defined for every s g [0, /] and constitute a vector space. 

\>f ^ — A 『 r 一 A 一 UtU— 7/^\ /A- /I 、、 ；0 A rx. 1 rt 4" 八 1， r A 冬 A W T +1^ A 

iviuicuvci^ a 5uiuLnjii u {^) kji 、上 aj yui ^uciciiiiiiitu uy tuc 

initial conditions /(0 )， (DJ/ds^O), and the space of the solutions has 2x2 
— 4 dimensions. 

One can show that every vector field J{s 、 along a geodesic y: [0, /] — 5 
which satisfies Eq. (1) is, in fact, a Jacobi field. Since we are interested only 
in Jacobi fields J{s) which satisfy the condition J(0) — 0, we shall prove the 
proposition only for this particular case. 

We shall use the following notation. Let 7^(5)，/? e be the tangent plane 
to S at point p, and denote by (^(^))^ the tangent space at v of T P (S) con¬ 
sidered as a surface in R 3 . Since exp^ ，: T P (S) — > S, 

d(ex Vp ) v :(T P (S)X- ⑼ (S). 

We shall frequently make the following notational abuse: If w G T P (S\ 
then w denotes also the vector of (T P (S)) V obtained from w by a translation of 
vector v (see Fig. 5-16). This is equivalent to identifying the spaces T P {S) and 
(T P (S)) V by the translation of vector v. 

LEMMA 1. Let p e S and choose v, w g T p (S), with |v| = /. Let 
y : [0, /] — > S be the geodesic on S given by 

y(s) == exp p (sw), s g [0, /]• 
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Figure 5-16 


J(s) - s(d exp p ) sv (w), S e [0, /]， 
is a Jacobi field. Furthermore ， J(0) = 0, (DJ/ds)(0) = w. 

T A-f + _v + O TV1 rTA/J /-\n ■*•170 in / T t ( 

x t uuj * hjl i - ^ j y i 、 C, c Jy “ paiCiiiULmku vv*jl v ^ 丄丄 i ± p\^) 丄 i 

that ?;(0) = v and (dv/dt)(0) = w. (Observe that we are making the notational 
abuse mentioned above,) Define (see Fig. 5-17) 

h 、 s ， t) = exp p (sv(t)), t G (-€,€), s g [0,/]. 

The mapping h is obviously differentiable, and the curves 5 — > h t (s) — 
h(s, t) are the geodesics s — > Q\p p (sv(t)). Therefore, the variational field of h 
is a Jacobi field along y. 

To compute the variational field (dh/dt)(s, 0)，observe that the curve of 
T pO，^ ~ ^0) ^ ~ is given by t — > 5 0 ^(0 and that the tangent vector to this 
curve at the point ^ ~ 0 is 


It follows that 




= 


$0, 0) = (<iexp 丄 ㈣ = s(d expj^(^). 
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7 



Figure 5-17 


The vector field /(.y) — s{d exp /7 )^(w) is, therefore，a Jacobi field. It is imme¬ 
diate to check that J(0) = 0. To verify the last assertion of the lemma, we 
compute the covariant derivative of the above expression (cf. Lemma 2, 
Sec. 5-4)，obtaining 

~s(d exp,,),^) - (d exp p ) sv M + ex P 上 <>)• 


I—I Am a n 4^ ty _ I 1 

丄 at o — \ j 9 


^ ⑼ =W ^ x Pp)oM = 


Q.E.D. 


PROPOSITION 2. If we let J(s) be a differentiable vector field along 
y: [0, /] — S ， s G [0 ，/]， satisfying the Jacobi equation (1) } with J(0) = 0, 
then J(s) is a Jacobi field along y. 

Proof. Let w = (DJ/ds)(0) and v = j/(0). By Lemma 1, there exists a 
Jacobi field s(d = J(s\. .v G TO. /I. satisfvine; 

_ _ — — 、” y ■ ^ \ - J 7 一 L - J ' J ^ --- ~ - ^ ，/ 

辆 0 ， （髮)( 0 ) = w . 

Then, J and J are two vector fields satisfying the system (1) with the same 
initial conditions. By uniqueness, J(s) — J(s) f s e [0, /]; hence, / is a Jacobi 
field. Q.E.D. 


We are now in a position to present a nontrivial example of a Jacobi 

A -d 

neid. 
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Example. Let S 2 {(x, y, z) e ; x 2 + y 2 + z 2 = 1} be the unit 
sphere and x(9, (p) be a parametrization at /? e .S', by the colatitude Q and the 
longitude q> (Sec. 2-2, Example 1). Consider on the parallel 0 — n/2 the 
segment between (p G = n/2 and (p x == 3 兀 /2. This segment is a geodesic y, 
which we assume to be parametrized by tp — (p 。= s. Let ㈧ 以 ） be the parallel 
transport along y of a vector w(0) e T yW (S), with | w(0) | 1 and 

〈 〆()) ， 〆(())〉= 0. We shall prove that the vector field (see Fig. 5-18) 

J(t) = (sin 5 )^( 5 ), ^ e [0, n], 

is a Jacobi field along y. 



In fact, since J(0) = 0, it suffices to verify that J satisfies Eq. (1). By using 
the fact that K = 1 and iv is a parallel field we obtain, sucessively, 

= (cos i)w(5 )， 

Is% ^ K ^ y， 八 八 〆 = (— sin iVO) + (sin 咖 0) = 0 ， 

which shows that / is a Jacobi field. Observe that J{n) = 0. 

DEFINITION 2. Let y: [0, /] — S a geodesic of S with y ⑼ =p . 阶 
say that the point q = y(s 0 ), s 0 g [0, /], is conjugate to p relative to the geo¬ 
desic y if there exists a Jacobi field J(s) which is not identically zero along y 
with J(0) --= J(s 0 ) = 0. 

As we saw in the previous example, given a point p e S 2 of a unit sphere 
5 2 , its antipodal point is conjugate to p along any geodesic that starts from p. 
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However, the example of the sphere is not typical. In general, given a point p 
of a surface S, the “first” conjugate point g to p varies as we change the 
direction of the geodesic passing through p and describes a parametrized 
curve. The trace of such a curve is called the conjugate locus to p and is 
denoted bv CX nV 

^ \IT / 

Figure 5-19 shows the situation for the ellipsoid, which is typical. The 
geodesics starting from a point p are tangent to the curve C(p) in such a way 
that when a geodesic y near y approaches y, then the intersection point of y 
and y approaches the conjugate point q of p relative to y. This situation was 
expressed in classical terminology by saying that the conjugate point is the 

jJUlUL U1 miC15C^LlUU U1 LWU llilllliLei^ gCUUCMU^. 



Figure 5-19. The conjugate locus of an ellipsoid. 

Remark 1. The fact that, in the sphere S 2 , the conjugate locus of each 
point p e S 2 reduces .to a single point (the antipodal point of p) is an excep¬ 
tional situation. In fact, it can be proved that the sphere is the only such sur¬ 
face (cf. L. Green, “Aufwiedersehenflache，，’ Ann. Math. 78 (1963) ， 289-300). 

Remark 2. The conjugate locus of the general ellipsoid was determined 

t A ― “11 ll 广、 _ _1 *j a ! ^ 1_ T _ _ _ /* _1 _ * ^ _1 * T^l 1 ? 」 

oy uraunmum, oreouauscne nmen aui areiaunsigeii riacneii zwcucu 
Grades,” Math. Ann. 20 (1882) ， 557-586. Compare also H. Mangoldt, 
“Geodatische Linien auf positiv gekriimmten Flachen，” Crelles Journ. 91 
(1881), 23-52. 

A useful property of Jacobi fields J along y : [0, /] — ^ S is the fact that 

1_ _ -rrr\\ Tf 1\ n 丄 1 _ 

wnen */(u) =*/(/) = v, men 

</( 办作 )> = 0 

for every j? e [0, /]. Actually, this is a consequence of the following properties 
of Jacobi fields. 

PROPOSITION 3. Let i t (s) and J 2 (s) be Jacobi fields along y : [0 ? /] ― ^ S, 
s e [0, /]j. Then 
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〈柴，⑽〉 - 〈⑽， 柴〉 = C ° mU 

Proof. It suffices to differentiate the expression of the statement and 
apply Prop, 1 (s is omitted for notational convenience): 



t\^/t 

—\ds ds 5 2 / \ ds ds / ^ \ ds 7 ds / \ ds y ds ) 

- -W hJi) A /^ 2 >-<(/ AJz) A / ， A>} = 0. 

Q.E.D. 

PROPOSITION 4. Let J(s) be a Jacobi field along y : [0, /] ― ^ S ， with 
</0) ， /00〉 = /0 2 )> = 0 ， S lt S 2 G‘[0, /]，h 矣 5 2 . 

Then 

<J{S), Y(s)y = 0 ， $ e [0, /]. 

Proof. We set Ji(s) — J(s) and J 2 (s)= 〆($) (which is a Jacobi field) in 
the previous proposition and obtain 

〈罢， =const. ^ A. 

Therefore, 

f s <J( S ),yXs)y = (^,yXs)) = A; 

hence, 

<70) ， /0)> = As + B, 

where 五 is a constant. Since the linear expression As + 5 is zero for 
心 h e [0 ，/]，心 ^ s 2 , it is identically zero. Q.E.D. 

COROLLARY. Let J(s) be a Jacobi field along y : [0, /] — ^ S, with J(0) 
=J(/) - 0. Then <J(s), /(s)> = 0, s e [0, /]. 

We shall now show that the conjugate points may be characterized by the 
behavior of the exponential map. Recall that when <p \ — ^ *S* 2 is a differ¬ 
entiable mapping of the regular surface S x into the regular surface *S 2 , a point 
p e S l is said to be a critical point of (p if the linear map 
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ckpp'TpiSd — USJ 

is singular, that is, if there exists v e v 0, with dq> p {v) = 0. 

PROPOSITION 5. Let p, q G S be two points of S and let y : [0, /] > S 

be a geodesic joining p = y(0) ^ q — Then q is conjugate to p 

relative to y if and only if v = //(0) fs a critical point of exp v ： T P (S) — ^ S. 

Proof. As we saw in Lemma i, for every w e T P (S) (which we identify 
with (T P (S)) V ) there exists a Jacobi field J(s) along y with 



DJ 

ds 


(0) = w 


and /(/) l{(d expAW}. 

If ^ g T P {S) is a critical point of exp^, there exists w e T P (S)) V , w ^ 0, 
with (d exp p ) v (^) = 0. This implies that the above vector field J(s) is not 
identically zero and that 7(0) =/(/) 二 0; that is ， y{l) is conjugate to y(0) 
relative to y. 

Conversely, if ^ — y(/) is conjugate to p = y(0) relative to y, there exists 

擇 _ _ _ 

a Jacobi field J(s), not identically zero, with J(0) = /(/) = 0. Let (DJ/ds)(0) 
=w ^ 0s By constructing a Jacobi field J(s) as above, we obtain, by unique¬ 
ness, J(s) = J(s). Since 




lUJ 


m\ 


n\ u ^ a ^pJv\^js — f \ i ) 


0, 


we conclude that (d exp p )^(w) = 0, with w ^ 0. Therefore ^ is a critical point 

/^%-P av w 1? T\ 


The fact that Eq. (1) of Jacobi fields involves the Gaussian curvature K 
of S is an indication that the “spreading out” of the geodesics which start 
from a point p s S is closely related to the distribution of the curvature in S 
(cf. Remark 2, Sec. 4-6). It is an elementary fact that two neighboring geo¬ 
desics starting from a point p g S initially pull apart. In the case of a sphere 
or an ellipsoid (K > d > 0) they reapproach each other and become tangent 
to the conjugate locus C{p). In the case of a plane they never get closer again. 

rx-n n n ■ *1 1 j ■% i lc* o ■ j • t • ，為广 

丄 ne ionowing meorem snows tnai an "mnnitesimai version or me suuauon 
for the plane occurs in surfaces of negative or zero curvature. (See Remark 3 
after the proof of the theorem.) 


THEOREM. Assume that the Gaussian curvature K of a surface S satisfies 
the condition K < 0, Then, for every p e S, the conjugate locus of p is empty. 
In short, a surface of curvature K < 0 does not have conjugate points. 
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Proof. Let p e S and let y: [0, /] —> be a geodesic of with y(0) = p. 
Assume that there exists a nonvanishing Jacobi field J(s), with 7(0 ) 二 J(f) 
= 0. We shall prove that this gives a contradiction. 

In fact, since J(s) is a Jacobi field and 7(0) = /(/) = 0, we have, by the 
corollary of Prop. 4, that (J(s\ y f (s)y ~ 0, s e [0, /]. Therefore, 


孕孕 + KJ 

as as 



龄 +-极 00 ， 

since a < 0. 

It follows that 

±/k j\ = + ^\> 0 

ds\ds 9 / \ds ds 1 十 \ ds ds }— 


1 E '1^ 八 * +1*4 八 / 7^ T! Jr, 7\ 1 … 抑 -i 4" a, ， t n "1 m 7i 

illGlGiUlG, L11& lUlI^LXUU */ / 1JLUL 111 V ai £」* 

Since this function is zero for 夕 = 0 and s ~ l, we conclude that 


〈呈， J(s)j = 0， 5 e [0, /]. 


Finally, by observing that 


d_ 

ds 


</, jy = 2^ 


DJ 

~ 1 P 


0 , 


we have \J\ 2 = const. Since 7(0) = 0, we conclude that | J(s) | = 0 ,5 e [0, /]; 
that is”, is identically zero in [0, /], This is a contradiction, Q S E*D S 


Remark 3. The theorem does not assert that two geodesics starting from 
a given point will never meet again. Actually, this is false, as shown by the 
closed geodesics of a cylinder, the curvature of which is zero. The assertion 
is not true even if we consider geodesics that start from a given point with 
“nearby directions.” K suffices to consider a meridian of the cylinder and to 
observe that the helices that follow directions nearby that of the meridian 
meet this meridian. What the proposition asserts is that the intersection point 
of two “neighboring” geodesics goes to “infinity” as these geodesics approach 
each other (this is precisely what occurs in the cylinder). In a classical ter¬ 
minology we can say that two “infinitely close” geodesics never meet. In 
this sense, the theorem is an infinitesimal version of the situation for the plane. 


An immediate consequence of Prop. 5, the above theorem, and the inverse 

lUU^UUU UlCUiClU IS U1C lUlUJWlU^ . 
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COROLLARY. Assume the Gaussian curvature 又 of S to be negative or 
zero. Then for every p G S, the mapping 

exp,: T P (S) — S 

is a local diffeomorphism. 

We shall use later the following lemma, which generalizes the fact that, 
in a normal neighborhood of p, the geodesic circles are orthogonal to the 
radial geodesics (Sec. 4-6, Prop. 3 and Remark 1). 


LEMMA 2 (Gauss). Let p e S be a point of a (complete) surface S and 
let u g T P (S) and w e (T P (S)) U . Then 

<u ， w> = <(d exp p ) u (u) f (d exp p ) u (^)}, 

where the identification T P (S) (T P (S)) U is being used. 

Proof. Let l ~\u\, v — u/\u\ and let y: [0, /] — be a geodesic of S 
given by 

y(tS) = exp ， (iW )， s G [0, /], 

Then f(0) = v. Furthermore, if we consider the curve $ — 抑 in TJS) which 
passes through u for s = l with tangent vector v (see Fig. 5-20), we obtain 


yV) = 


=(d Qxp p ) u (v). 



Figure 5-20 


Consider now a Jacobi field J along y, given by J(0) = 0, (DJ!ds)(0) = w 
(cf. Lemma 1). Then, since y ⑺ is a geodesic ， 





\/ W 


TCcW — 


«/ y y '~' 







DJ\ 

w" 
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and since / is a Jacobi field ， 


鈥'(鲁㈣，眾卜 0 


T\ 

U ㈣ J \ 


T+ ^1 i t t n r\ 4 * 

xi i w a uiat 


矣 〈 /W ， A s )y = (?X S % ~ const. — C; 

vrikJ \ Uu f 


hence (since 7(0) — 0) 


<j\s\j{ s y) ^ cs. 


( 2 ) 


( 3 ) 


To compute the constant C, set s equal to / in Eq. (3). By Lemma 1 ， 


Therefore, 


J(l) = I(d exp^^w). 


Cl = <〆(/)，/(/)> {(d cxp p ) u (v) 9 1(d exp p ) u (w)}. 


From Eq. (2) we conclude that 


(yV\ ^il))-C= (y\0), ^(0)) = (v, w>. 


ds 


By using the value of C, we obtain from the above expression 

<i/ ， w> = <(d exp p ) H (j/), (d exp p ) u (w)y. 


Q.E.D. 


EXERCISES 

1 a T A 4* •_ • r 71 *1^ 八 rt 八 :六 A «* a rvA T A 一 汽 1 rn ^h. r\ rt 

Xm st. x-rC l y * i\ — ^ o uc a yai anitiiiz-cvi uy ai^ iciigm kjll a ^uiia^ o anu 

let J(s) be a Jacobi field along y with /(0) = 0, </'(0), 〆(())> = 0. Prove that 
y f ( s )} = 0 for all s g [0, /]. 

b. Assume further that [/'(O)! = 1- Take the parallel transport of e^O) = /⑼ 
and of e 2 (0) = JX0) along y and obtain orthonormal bases {qCs) ， e 2 (s)} for all 
s g [0, /]. By part a, J(s) = u(s)e 2 (s) for some function u -= u{s). 

chivvy iimi Liic jauuui cquauun iui j can uc wntttii aa 

u ,f {s) + 火⑷“⑻ = 0 ， 

with initial conditions m( 0) = 0, w' ⑼ =1. 

2. Show that the point p = (0, 0, 0) of the paraboloid z = x 2 -h y 2 has no conju¬ 
gate point relative to a geodesic yO) with y(0) = p. 
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3. (The Comparison Theorems.) Let S and S be complete surfaces. Let p g S, 
p g S and choose a linear isometry i: T P (S) — 7^(*5). Let y: [0, co) ― > S be a. 
geodesic on S with y(0) = p, |y'(0)| = 1, and let J(s) be a Jacobi field along y 
with/(0) = 0, 〈 /'(0) ， /(0)〉= 0, |/'(0)| = 1. By using the linear isometry con¬ 
struct a geodesic y : [0, oo) — ^ S with K0)= 声，⑼ =/(y '(()))， and a Jacobi field 
/ along f with 7(0) = 0, / '(G) = /( / 7 (0)) (Fig. 5=21). Below we shall describe two 
theorems (which are essentially geometric interpretations of the classical Sturm 
comparison theorems) that allow us to compare the Jacobi fields J and J from a 

^rnmnarknn hvnnthesis” nn thp rnrvafiirps of S and .S 

i 4 M. J — ▲應 w M.M. A W r — . — a —- »■—. 



Figure 5-21 


a. Use Exercise 1 to show that/0) = v(s)e 2 (s),J(s) = u(s)e 2 (s), where u = u{s), 
v = v(s) are differentiable functions, and e 2 (s) (respectively, e 2 (^)) is the par- 
allel transport along y (respectively, y) of /’(0) (respectively, /'(0)). Conclude 
that the Jacobi equations for/and J are 

v\s) + K{s)v{s) = 0, v(0) = 0, ？ /(0) = 1 ， 

u ff {s) + K(s)u(s) = 0, w ⑼ = 0, 《乂 0) = 1 ， 

respectively, where K and K denote the Gaussian curvatures of S and 5. 

^b. Assume that s e [0, co]. Show that 

0 = f [ U {v /f + Kv) - <w" + Ku))ds 

Jo r*) 

广方〜 V 

= \uv f — vu f \ s o + (K — K)uv ds. 

J 0 

\_-unuiuuc uid.i ii u is uic mat zciu u 丄 w m 〈 i.c” uyuj — \j anu mvjj / w 丄 1 ^ 
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(0, a)) and ^ is the first zero of v in (0, co), then b> a. Thus，if K(s) < K(s) for 
all s, the first conjugate point of p relative to y does not occur before the first 
conjugate point ofp relative to y. This is called the first comparison theorem. 

*c. Assume that < K{s\ s g [0, a). Use (*) and the fact that u and v are 
positive in (0, a) to obtain that [uv r — vu% > 0. Use this inequality to show 
that > u(s) for all s e (0, a). Thus, //K(s) < K(s) for all s before the first 
conjugate point off, then | J(s) | > |J(s) |/or all such s. This is called the second 
comparison theorem (of course, this includes the first one as a particular case; 

wc? iiays^ tut it to anu it tixv^ kjh\^ 

that we use more often). 

d. Prove that in part c the equality ?;(>) = w(>) holds for all s g [0, a) if and only 

• r* Tr f \ 'rr / \ rr\ \ 

li = a^;, s e 

4. Let 5 be a complete surface with Gaussian curvature K < K 0i where 尺 。 is a 
positive constant. Compare S with a sphere S 2 (A^ 0 ) with curvature K Q (that is, set, 
in Exercise 3, 5 = S\K 0 ) and use the first comparison theorem, Exercise 3, part 
b) to conclude that any geodesic y : [ 0 , co) — ^ 5* on 5* has no point conjugate to 
y( 0 ) in the interval ( 0 , 

5. Let 5* be a complete surface with AT > ATj > 0, where K is the Gaussian curvature 
of S and K t is a constant. Prove that every geodesic y: [0, oo) — > S has a point 
conjugate to y( 0 ) in the interval ( 0 , 兀 / 〜 /ZT]. 

* 6 . (Sturm’s Oscillation Theorem.) The following slight generalization of the first 
comparison theorem (Exercise 3, part b) is often useful. Let <S be a complete 

suiittce cinu i_u, w ) ― ^ o uc a. gcuucMt; in o. i^ci uc a jiicuui uciu ctiuiig y 

with /(0) = J(s Q ) = 0 , 〜e ( 0 , co) and J(s) ^ 0, for^ g (0, .Sq). Thus, J(s) is a 
normal field (corollary of Prop. 4). It follows that J(s) = where v(s) is 

a solution of 

v f/ (s) + 足⑻心） = 0 ， s g [ 0 , oo), 

d.nu £2(^7 is me piirtuici utiiispuri ui a unu vcului ctt nurmai iu / (u). 

Assume that the Gaussian curvature ^( 5 ) of S satisfies K(s) < L(s), where L is a 
differentiable function on [0, co). Prove that any solution of 

u ,f (s) + L(s)u(s) = 0, 5 e [0, 00 ), 

has a zero in the interval ( 0 , s。] (i.e.，there exists 心 g ( 0 , s 0 ] with w(^i) = 0 ). 

7. (Kneser Criterion for Conjugate Points.) Let 5* be a complete surface and let 
y: [0, 00 ) ― ^ 5 1 be a geodesic on S with y(0) = p. Let K{s) be the Gaussian curva- 

4- ■* -« O* r\ 1 n I 入 o t ^ _ 电电 ^ +■ 

i lug KJi o ai^ng .rv^^umc ： uiai 

loo J 

K(s) ds < for alU > 0 (*) 

J t ■ 

in the sense that the integral converges and is bounded as indicated. 



Covering Spaces; The Theorems of Hadamatd 


371 


U. Incline 

M</) = K(s) ds + 4 ~ ( ~ + iy t>0, 
and show that w\t) + 0(/)) 2 < 

b. Set, for / > 0, w\t) + (v ^(/)) 2 = —L{t) (so that L{t) > K{t)) and define 

v{t) = exp ( / w(s) dsj, t>0. 

Show that v\t) + L(t)v(t) = 0, t<0) = 1， == 0. 

c. Notice that v{t) > 0 and use the Sturm oscillation theorem (Exercise 6 ) to 
show that there is no Jacobi field J(s) along y ⑻ with /(0) = 0 sLndJ(s 0 ) 0 f 
s 0 e (0, co). Thus, if (*) holds, there is no point conjugate to p along y. 

* 8 . Let y: [ 0 , /] 一 5 be a geodesic on a complete surface S y and assume that y(l) is 
not conjugate to y(0). Let w Q g T y{0) (S) and w x e r y(/) (5). Prove that there 
exists a unique Jacobi field J(s) along y with /(0) — w Q , J(l) = w lt 

9. Let J (j) be a Jacobi field along a geodesic y : [0, /] — ► S such that 〈 /(0) ， 〆(())〉= 0 
and/'( 0 ) = 0. Prove that 〈/⑺， /(■?)> = 0 for all s G [0, /]. 

5-ff. Covering Spaces; 

The Theorems of Hadamard 

We saw in the last section that when the curvature AT of a complete surface 
S satisfies the condition ^ < 0 then the mapping exp^ : T P (S) 一 S，p 已 S, 

1 n rt 1 n. rt 1 yj , ■flTA. "1^ 1 T ^ M J-t + 4* j-t 1 , ▼▼ vl« a ^ 1 A 1 <r-] M A 44 4 n 

ia a iuuai uiucuiiiuipi|iain. xi 15 uctiuiai iu a&is. wncii mia iu^ai uiiicuinuipiii&iii 

is a global diffeomorphism. It is convenient to put this question in a more 
general setting for which we need the notion of covering space. 

A. Covering Spaces 

DEFINITION 1. Let B and B be subsets of R 5 . We say that n: B — ^ B 
is a covering map if 

1. it is continuous and 7 t(B) = B. 

2. Each point p G B has a neighborhood U in B {to be called a distin¬ 
guished neighborhood ofp) such that 

^-i(U) = uv a) 


where the Y^s are pairwise disjoint open sets such that the restriction of 
71 to is a homeomorphism of onto U. 
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B is then called a covering space ofB, 
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Example 1. Let P c ： R 3 be a, plane of 及 3 . By fixing a point g 0 e P and 
two orthogonal unit vectors e x , e 2 e P, with origin in q Q , every point g e P 

xa uuaiadcii 乙 cu vy cuuiuniciic& \Uy t/J 二 if ^ivcn uy 

q ~ u 0 ~ ue x + ve 2 . 

Now let S = {(%, y, z) e R 2 ; x 2 -h y 2 = 1} be the right circular cylinder 
whose axis is the z axis, and kt 冗 ： P — S be the map defined by 

7 t(u, v) = (cos m, sin u y v) 


(the geometric meaning of this map is to wrap the plane P around the cylinder 
S an infinite number of times; see Fig. 5-22). 



〃o — 订 lf o "o 十 7 11 

Figure 5-22 


We shall prove that n is a covering map. We first observe that when 
(u Q , v 0 ) g P, the mapping n restricted to the band 

P 、^ (("，^0 ^ 一 冗 ^ 以 0 + 冗 ] 

covers S entirely. Actually, n restricted to the interior of 及 is a parametriza- 

•4"~t 广 * ^ A 厂 > 广 》 / ■'k -| rt 冬 e% A « 广 I J-'k. ^ ■» 厂》 1(% r% 广 k W T A ，， （"n <-* A ** 八石 M 

tl^u WJL L>y LliL \^KJUL\XlLLd},^ JULigilU^L \Jl WlllV^li VUVC1& O IIHUU^ Cl ^CHCICtLUl t 

It follows that 7i is continuous (actually ， differentiable) and that n(P) — S y 
thus verifying condition L 

To verify condition 2, let /? g S and U = S — f, where r is the generator 
opposite to the generator passing through p. We shall prove that C/ is a 
distinguished neighborhood of p. 

Let (w 0 , v Q ) e P be such that 7 t(u 0 , v 0 ) = p and choose for V n the band 
given by 

V n = {(w, v) e P; M 0 + {In — \)n < u <u Q (2n + 1) 兀}， 

n ~ 0, 土 1， 士 2 ， .... 

It is immediate to verify that if n m, then V n n ^ and that [J„V„ 
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= Moreover, by the initial observation, n restricted to any V n is a 
homeomorphism onto U. It follows that C/ is a distinguished neighborhood 
of p. This verifies condition 2 and shows that the plane P is a covering space 
of the cylinder S. 

Example 2. L H 130 "wJhXv 

H = {(x ， y, z) e R 3 ; x = cos t, y = sin t; z = bt t t g i?} 

and let 

义 = {(x, y, 0) e R^;x 2 +y 2 = \} 
be a unit circle. Let n\ H —~be defined by 

n(x. v, z\ = (x. v. 0). 

J \ f 

We shall prove that ^ is a covering map (see Fig. 5-23). 



p Figure 5-23 

It is clear that n is continuous and that n(H) — W This verifies condition 1. 
To verify condition 2, let p g ^ 1 . We shall prove that U = S l — [q], 
where q e S 1 is the point symmetric to /?, is a distinguished neighborhood of 
p. In fact, let t 0 e R be such that 

7r(cos t 0i sin t 0 , bt 0 ) = p. 

Let us take for V n the arc of the helix corresponding to the interval 

(心 + (2 万一1 ) 兀 ， + (2/z + 1) 兀 ） c i ?， n =0, zb 1» H~2. . . , • 

Then it is easy to show that = U„ V n , that the K„，s are pairwise dis¬ 

joint, and that % restricted to is a homeomorphism onto U. This verifies 

n «•% 1 1 a A a 義 vrn 1 a 

cuuu-unJii ^ anu cuuciuucs uic CAauipic. 

Now, let n: B — > ^ be a covering map. Since n(B) = B t each point 
p e B is such that p e n~ 1 (p) for some p e B t Therefore, there exists a 
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neighborhood V a of p such that n restricted to K a is a homeomorphism. It 
follows that 7T is a local homeomorphism. The following example shows, 
however, that there exist local homeomorphisms which are not covering 
maps. 

Before presenting the example it should be observed that if is a dis¬ 
tinguished neighborhood of p, then every neighborhood U of p such that 
U U is again a distinguished neighborhood of p. Since n^ l 2 {U) cz [J a V a 
and the are pairwise disjoint，we obtain 

n\U)^\JW a , 

CL 

where the sets = n~ l {U) n V a still satisfy the disjointness condition 2 of 
Def. 1. In this way, when dealing with distinguished neighborhoods, we may 
restrict ourselves to “small” neighborhoods. 

Example 3. Consider in Example 2 a segment H of the helix H corre¬ 
sponding to the interval (n, 4tt) c= R, It is clear that the restriction ft of n to 
this open segment of helix is still a local homeomorphism and that 元 ( 及 ） = 
S 1 . However, no neighborhood of 

7T(cos 3 兀 ， sin 3 兀， b3n) ^ (~1, 0, 0) p e S l 

can be a distinguished neighborhood. In fact, by taking U sufficiently small, 
= V,U k 2 , where is the segment of helix corresponding to 
t e (n, n e) and V 2 is the segment corresponding to / e (3n — e,3n + e). 
Now ft restricted to V t is not a homeomorphism onto U since 元 does not 
even contain p. It follows that ft: H —~^ is a local homeomorphism onto 5* 1 
but not a covering map. 

We may now rephrase the question we posed in the beginning of this 
chapter in the following more general form: Under what conditions is a local 
homeomorphism a global homeomorphism ? 

The notion of covering space allows us to break up this question into two 
questions as follows : 

1. Under what conditions is a local homeomorphism a covering 
map? 

2. Under what conditions is a covering map a global homeomor¬ 
phism? 

A simple answer to question 1 is given by the following proposition. 
PROPOSITION 1. Let n: B > B be a local homeomorphism, B compact 

nnd R rnnnprtpd Thpn tt iv a rnvprmv man 

rrw ■ ， ■mir ^ ■ r»» v ， ■ pr ■ r f ^ r v • w » —• • w ■ 
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Proof. Since 兀 is a local homeomorphism n(S) c 5 is open in B. More¬ 
over, by the continuity of n, n(B) is compact, and hence closed in B. Since 
n(B) c jB is open and closed in the connected set 7 i(S) — B. Thus condition 
1 of Def. 1 is verified. 

To verify condition 2, let b ^ B. Then cz B is finite. Otherwise, 

it would have a limit point q e. B which would contradict the fact that 

兀：扃 一方 is a local homeomorphism. Therefore, we may write 丌一 1 ( 办 ) = 

(i ： r ： i 

X u 1 ， - _ • ， u kS* 

Let W t be a neighborhood of i — \， . . ，， k ，such that the restriction of 
n to W t is a homeomorphism (n is a local homeomorphism). Since n~^(b) is 
finite, it is possible to choose the sufficiently small so that they are pair¬ 
wise disjoint. Clearly there exists a neighborhood U of b such that 
U cz C\{n{W^)) (see Fig. 5-24). By setting V t = n~ l {U) n W.wq have that 

i 

and that the V/s are pairwise disjoint. Moreover, the restriction of % to V £ 
is clearly a homeomorphism onto U. It follows that C/is a distinguished neigh¬ 
borhood of p. This verifies condition 2 and concludes the proof. Q.E.D. 



When B is not compact there are few useful criteria for asserting that a 
local homeomorphism is a covering map. A special case will be treated later. 
For this special case as well as for a treatment of question 2 we need to return 
to covering spaces. 

The most important property of a covering map is the possibility of 
“lifting” into B continuous curves of B. To be more precise we shall introduce 
the following terminology. 

Let B cz R 3 . Recall that a continuous mapping a : [0, /] ― ^ B t [0, /] ^ R, 
is called an arc of B (see the appendix to Chap. 5, Def. 8). Now, let B and B 
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be subsets of R 3 . Let n: B 一 B be sl continuous map and a : [0, /] — > B be 
an arc of B. If there exists an arc of B, 


a : [0, /] 一 " >B, 


with 7T 。 a = a，a is said to be a lifting of a with origin in a(0) g B. The situa¬ 
tion is described in the accompanying diagram. 



With the above terminology a fundamental property of covering spaces 
is expressed by the following proposition of existence and uniqueness. 

PROPOSITION 2. Let n: B ― > B be a covering map ， or. [0, /] — > B an 
arc in B, and p 0 g B a point of B such that 7T(p 0 ) 二 a(0) = p 0 . Then there 
exists a unique lifting a : [0, /] —~> B of cc with origin at p 0 , that is, with 

剛 =Po. 


Proof. We first prove the uniqueness. Let a, : [0, /] > B be two liftings 
of a with origin at p 0 . Let A cz [0, /] be the set of points t e [0, /] such that 
a(/) — P{t). A is nonempty and clearly closed in [0, /]. 

We shall prove that A is open in [0, /]. Suppose that oc(/) — fi(t) ™ p. 
Consider a neighborhood V of 卢 in which ^ is a homeomorphism. Since a 
and p are continuous maps, there exists an open interval I t c ： [0, /] containing 
t such that a (/ r ) c= V and fi(I t ) cz V. Since 兀 。 a — nop and tt is a homeo- 
mornhism in V, S, — B in L. and thus A is onen. Tt follows that A = TO. /I. 

X - - 7 - ' ~ ~ — i ? - - -- - - …- - I. 7 JJ 

and the two liftings coincide for every t g [0, /]. 

We shall now prove the existence. Since a is continuous, for every cc(t) g B 
there exists an interval I t <= [0, /] containing t such that cc(I t ) is contained 
in a distinguished neighborhood of a ⑺. The family I n t e [0, /], is an open 
covering of [0, /] that, by compactness of [0, /], admits a finite subcovering, 
say，. .. ， / n . 

Assume that 0 g I 0 . (If it did not, we would change the enumeration of 
the intervals.) Since a(/ 0 ) is contained in a distinguished neighborhood t/ 0 
of p, there exists a neighborhood V 0 of p 0 such that the restriction n 0 of n to 
V Q is a homeomorphism onto U Q . We define, for t g I 0 (see Fig. 5-25), 

/ j\ _ 一 1 _ —_ /* 

where is the inverse map in C/ 0 of the homeomorphism n 0 . It is clear that 
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Figure 5-25 

a ⑼ = 户 0 ， 

兀。 反⑺ =a(0 ， t g I 0 . 

Suppose now that 。 I Q 本 ♦ (otherwise we would change the order of 
the intervals). Let ^ e /j n I 0 . Since ol{Ii) is contained in a distinguished 
neighborhood U x of a ⑹， we may define a lifting of a in I x with origin at 
a(/j). By uniqueness, this arc agrees with a in A n / 0 , and, therefore, it is an 
extension of a to / 0 u /!. Proceeding in this manner, we build an arc 
次： [0, /] — 5 such that 茂 ⑼ =and 兀。夜⑺二 cc(t), t g [0, /]. Q.E.D. 

An interesting consequence of the arc lifting property of a covering map 
7t: B — > B is the fact that when B is arc wise connected there exists a one-to- 
one correspondence between the sets n~ 1 (p) and where p and q are 

two arbitrary points of B. In fact, if B is arcwise connected, there exists an 
arc a : [0 ? /] B, with a(0) = p and a(/) = q. For every 户 e 兀 there is 
a lifting ot p : [0, /] B, with 心⑼ = 戶 . Now define (p:n~ x {p) —^ by 

(p{p) = 6t p (l) ; that is, let <p(p) be the extremity of the lifting of a with origin 
p. By the uniqueness of the lifting , 史 is a one-to-one correspondence as 
asserted. 

It follows that the “number” of points of n~ l {p), p g B, does not depend 
on p when B is arcwise connected. If this number is finite, it is called the 
number of sheets of the covering. If n~ 1 (p) is not finite, we say that the cover¬ 
ing is infinite. Examples 1 and 2 are infinite coverings. Observe that when B 
is compact the covering is always finite. 



Example 4. Let 

S l = {(x, y) e R 2 ; x = cos t, y ~ sin t, t e R] 
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be the unit circle and define a map n \ S 1 —~> S l by 

7r(cos t, sin /) — (cos kt, sin kt). 


where 众 is a positive integer and / g 7?. By the inverse function theorem, n 
is a local diffeomorphism, and hence a local homeomorphism. Since S l is 
compact, Prop. 1 can be applied. Thus, n: S l 一 5 11 is a covering map. 

Geometrically, n wraps the first k times onto the second SK Notice 
that the inverse image of a point p ^ S l contains exactly k points. Thus, n 
is a 众 -sheeted covering of S l . 


For the treatment of question 2 we also need to make precise some 
intuitive ideas which arise from the following considerations. In order that a 
covering map n : B —~ 万 be a homeomorphism it suffices that it is a one- 
to-one map. Therefore, we shall have to find a condition which ensures that 
when two points p u Pi S project by n onto the same point 

P — ^(^i) — 兀 (p2) 

of B, this implies that p 1 = p 2 . We shall assume B to be arcwise connected 
and project an arc a of B, which joins p l to p 2 , onto the closed arc a of B, 
which joins ptop (see Fig, 5-26). If B does not have “holes” (in a sense to be 

muHp it ic tn “Hpfnrm /y pnntimmndlv tn nnint n 丁 fmf 

A A ^ 人 ^ V A tuT ^ / ， A V A V 見 〆 -M v v M. 1 1 儿丄 V ▲▲ yj ‘ J ¥ ▲▲ ^ W ^ W 

is, there exists a family of arcs cc t , continuous in /， / g [0 , 1], with oc。= a 
and a! equal to the constant arc p. Since a is a lifting of a, it is natural to 

+1^ a o rr> n rk\r o 1 n 1 t n fo rv» 1 1\ f Xt rxn n m 4 

L 丄 1CLL CLLS^O Uv t LllCLy OL1DKJ 111 WU. Ill CL lU.XJ.Xliy H L11IU U J 111 

t e [0 , /], with a 0 = 汉 . It follows that is a lifting of the constant arc p and, 
therefore, reduces to a single point. On the other hand, ot 1 joins p x to p 2 and 

IlCll^C WC ^Ull^lUQC LlidL pi = pi. 



To make the above heuristic argument rigorous we have to define a ^con¬ 
tinuous family of arcs joining two given arcs” and to show that such a family 
may be “lifted.” 

DEFINITION 2. Let B cz R 3 and let a 0 : [0, /] — B ， … ： [0, /] -^ B be 
t^o arcs of B，joining the points 

p = oc 0 (0) — a^O) and q = cc Q il) = cc 1 (/). 
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We say that a 0 and <x t are homotopic if there exists a continuous map 
H: TO. /I X TO. 11 ― > B such that 

1. H(s ， 0) = a 0 (s), H(s, 1) = ajs )， s e [0, /]. 
o ^ un ——n + ^ rn n 

” _ F? 又丄 V, ^7 一 ^ ^ L v ? 上 J, 

The map H is called a homotopy toivmz oc 0 and aj. 

For every t g [0, 1], the arc a r : [0, l] B given by a r (^) = H{s, t) is 
called an arc of the homotopy H. Therefore, the homotopy is a family of 
arcs a f5 t f [0 5 1] 5 which constitutes a continuous deformation of a 0 into a^ 
(see Fig. 5-27) in such a way that the extremities p and q of the arcs cc t remain 
fixed during the deformation (condition 2). 


<i 



The notion of lifting of homotopies is entirely analogous to that of lifting 
of arcs. Let n: B — > 召 be a continuous map and let a 0 , : [0, /] —~> B be two 
arcs of ^ joining the points p and q. Let H: [0, /] x [0, 1 ]— 万 be a homotopy 
between a n and a!. If there exists a continuous map 

H\ [0, /] x [0, 1 ]— 忑 

such that n o H = H f wc say that 及 is a lifting of the homotopy H ，with origin 
at ff(Q ， 0) = p g B. 

We shall now show that a covering map has the property of lifting 
homotopies. Actually, we shall prove a more general proposition. Observe 
that a covering map n: B B is a. local homeomorphism and, furthermore, 
that every arc of B may be lifted into an arc of B. For the proofs of Props. 
3, 4, and 5 below we shall use only these two properties of covering maps ， 
and so, for future use, we shall state these propositions in this generality. 
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Thus, we shall say that a continuous map n: B ► B has the property of 
lifting arcs when every arc of B may be lifted. Notice that this implies that n 
maps B onto B. 

PROPOSITION 3. Let B —^ B be a local homeomorphism with the 
property of lifting arcs. Let oc 0 , : [0, /] ― > B be two arcs q/B joining the points 
p and q, let 

H: [0，/] X [0, 1] — 

be a homotopy between a 0 and a l3 and let p e B be a point of B such that 
n($) — p. Then there exists a unique lifting H o/H with origin at p. 

Proof. The proof of the uniqueness is entirely analogous to that of the 
lifting of arcs. Let and 島 be two liftings of H with ^(0,0)= 及 2 (0, 0) 
= p. Then the set A of points t) e f0^ l] X [0^ l] = Q such that H } {s ? t) 
— H 2 (^i t) is nonempty and closed in Q. Since H l and H 2 are continuous 
and 7 i is a local homeomorphism, A is open in Q, By conneQtedness of Q, 
A = Q; hence, H x = H 2 . 

To prove the existence, let a f (^) = H(s } t) be an arc of the homotopy H. 
Define H by 

S(s ， t) = s e [0, /], t e [0,1], 

where 民 is the lifting of with origin at p. It is clear that 

7 C o H(s, t) = cc t (s) = H(s, t), s g [0, /], t g [0, 1], 

/ r\ rw Ti /r\\ « 

n{v, v) = a 0 W = Z 7 * 

Let us now prove that ffis continuous. Let (^ 0 , t 0 ) g [0, /] X [0, 1]. Since 

7 t is a. 丄 umi iiunicumuipiiism, uicic cai&ls a iicignuumuuu v ui /7^ 0 , i Q ) suun 

that the restriction tt 0 of 丌 tc> 厂 is a homeomorphism onto a neighborhood U 
of 卵 0 , / 0 ). Let 0 。 cz H~ X (U) cz [0, /] x [0, 1] be an open square given by 

— € 5 1 <C t 0 — e <i t <i t Q . 

It suffices to prove that H restricted to Q 0 may be written as 及 = 。丑 to 
conclude that H is continuous at (s 0 , / 0 ). Since (*y 0 , / 0 ) is arbitrary, H is con¬ 
tinuous in [0, /] X [0, 1], as desired. 

For that, we observe that 

71q 1 {H(s q , /)), t g (t Q — e, t Q + e), 

is a lifting of the arc H(s 0> t) passing through H(s 0t t 0 ). By uniqueness, 
tiq 1 (H(s Q 9 t)) ^ ff(s 0 , t). Since 2。 is a square, for every (^i, t^) g Q q there 

n rt Z -/* / rr + 、 1 Y T rr 广 (n y rr _ | it i n a r% 

a-ii an ii i\) xix j c o — c 5 jq T - wiiik 丄 i me aic 



Covering Spaces; The Theorems of Hadamard 


381 


H(s 0 , t). Since ^i)) = S(s Q , t{), the arc tlq 1 (H(s, ^)) is the lifting of 

ZJ" / i-T 4- \ n n -i ♦% /V +1^ ♦* ^\.t "I T Y/ n 、 T3 V T 1 1 t 1 "■ A 1 ( Z_7" f ^ W T. 了 / „ 4 、 • 

il) paooni5 Liiiwu^ii ^j^o? uiii4uciicaa, ;to V A ? £ — ^ > 

hence, ^i)) = S{s u t x ). By the arbitrariness of (.?!, t t ) g Q 0 we 

conclude that 7 io l (H(s, t)) = H(s, t\ (.y, t) e Q 0 , which ends the proof. 

YT' Tk 

yi.Hj.ij. 

A consequence of Prop. 3 is the fact that if n: B —~ > B is sl covering map, 
then homotopic arcs of B are lifted into nomotopic arcs of B. This may be 
expressed in a more general and precise way as follows. 

PROPOSITION 4. Let n: B — ~> H be a local homeomorphism with the 
property of lifting arcs. Let a 0 , c/Lx : [0, /] — ► B be two arcs of B joining the 
points p and q and choose p G B such that 7r(p) = p. If 〜 and cl x are homotopic, 
then the liftings a 0 and 6c t of a 0 and ai, respectively, with origin p, are homo- 
topic. 

Proof. Let H be the homotopy between a 0 and and let H be its lifting, 
with origin at p. We shall prove that ^ is a homotopy between a 0 and 
(see Fig. 5-28). 

In fact, by the uniqueness of the lifting of arcs, 

H(s. 0^ = oiJs\ H(s. n -： aAs\ s e TO. /I. 

■ V 7 / U \ / ^ IV, J / / J ^ 

which verifies condition 1 of Def. 2. Furthermore, 丘 (0, /) is the lifting of the 
“constant” arc H(Q ， t) 二 p ， with origin at p t By uniqueness, 


_ ， t) = p ， t e [0 ， 1], 



Figure 5-28 
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Similarly, H(l } t) is the lifting of H(l, t) = q, with origin at ot Q (l) = q; hence, 

•tit / 7 .\ / 1 \ r 嘈 1 

//(/ ， i) = q = r e lu ， 丄 j. 

Therefore, condition 2 of Def. 2 is verified, showing that ^ is a homotopy 
between gc 0 and Q.E.D. 

Returning to the heuristic argument that led us to consider the concept 
of homotopy, we see that it still remains to explain what it is meant by a space 
without “holes.” Of course we shall take as a definition of such a space 
precisely that property which was used in the heuristic argument. 

DEFINITION 3. An arcwise connected set B ci R 3 is simply connected 
if given two points p, q e B and two arcs a 0 : [0, /] — > B, L : [0, /] — > B 
joining p to q f there exists a homotopy in B between oc 0 and cc lr In particular,, 
any closed arc of B, a : [0, /] > B (closed means that a(0) : = oc(/)=p), is 

homotopic to the “constant” arc a(s) = p, s g [0, /] (in Exercised it is indicated 
that this last property is actually equivalent to the first one). 

Intuitively, an arcwise connected set B is simply connected if every closed 
arc in B can be continuously deformed into a point. It is possible to prove 
that the plane and the sphere are simply connected but that the cylinder and 
the torus are not simply connected (cf. Exercise 5). 

We may now state and prove an answer to question 2 of this section. This 
will come out as a corollary of the following proposition. 

PROPOSITION 5. Let 7 T ： B —+ B be a local homeomorphism with the 
property of lifting arcs. Let B be arcwise connected and B simply connected. 
Then n is a homeomorDhism . 

Proof. The proof is essentially the same as that presented in the heuristic 
argument. 

We need to prove that n is one-to-one. For this, let p x and p 2 be two 
points of B, with n{pi) = n(p 2 ) ~ p- Since B is arcwise connected, there 
exists an arc a 0 of 方 ， joining p x to p 2 . Then 兀。 a 0 = a 0 is a closed arc of B. 
Since B is simply connected, a 0 is homotopic to the constant arc = p, 
s e [0, /]. By Prop. 4, a 0 is homotopic to the lifting dt : of cc t which has origin 
in p. Since ai is the constant arc joining the points p x and p 2 , we conclude 
that p 1 = p 2 - Q.E.D. 

政 1 W U "W" *W* ▲ U 冬 U 1% .A « 4 * wjm It) A« j ■ « n wjm n ^ 

x. ji . u — *■ u uc u L,uycr rnuy^ u curi/iccitu i 

and B simply connected. Then n is a homeomorphism. 

The fact that vve proved Props. 3, 4, and 5 with more generality than was 
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strictly necessary will allow us to give another answer to question 1 ， as 
described below. 

Let n : B — > 方 be a local homeoraorphism with the property of lifting 
arcs, and assume that B and B are locally “well-behaved”（to be made pre¬ 
cise). Then n is, in fact, a covering map. 

The required local properties are described as follows. Recall that B c R 3 
is locally arcwise connected if any neighborhood of each point contains an 
arcwise connected neighborhood (appendix to Chap. 5, Def. 12). 

、 ▲ ▲ -K. W f 

DEFINITION 4. B is locally simply connected if any neighborhood of 
each point contains a simply connected neighborhood. 

In other words ， Bis locally simply connected if each point has arbitrarily 
small simply connected neighborhoods. It is clear that if B is locally simply 
connected, then B is locally arcwise connected. 

We remark that a regular surface S is locally simply connected，since 
p ^ S has arbitrarily small neighborhoods homeomorphic to the interior of 
a disk in the plane. 

In the next proposition we shall need the following properties of a locally 
arcwise connected set B c R 3 (cf. the Appendix to Chap. 5， Part D). The 
union of all arcwise connected subsets of B which contain a point p b B 
is clearly an arcwise connected set A to be called the arcwise connected 
component of B containing p. Since B is locally arcwise connected, A is open 
in B. Thus, B can be written as a union B = [J a A a of its connected com¬ 
ponents A af which are open and pairwise disjoint. 

We also remark that a regular surface is locally arcwise connected. Thus ， 
in the proposition below, the hypotheses on B and B are satisfied when both 
B and B are regular surfaces. 

PROPOSITION 6 . Let n : B — > B be a local homeomorphism with the 
property of lifting arcs. Assume that B is locally simply connected and that B 
is locally arcwise connected. Then n is a covering map. 

Proof Let p g B and let K be a simply connected neighborhood of n 
in B. The set n~^{V) is the union of its arcwise connected components; that is, 

n~HV) = 1 

a 

where the PV S are open, arcwise connected, and pairwise disjoint sets. 
Consider the restriction 71 ^ — ^ V. If we show that 7 c is a horneornorphisrn 
of onto V, 71 will satisfy the conditions of the definition of a covering map. 

We first prove that 7 t(V a ) = V. In fact, ^(F a ) V. Assume that there is 
a point p e V， p ♦ ^(K a ). Then, since Fis arcwise connected, there exists an 
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arc a : [a, b] — ^ V joining a point q e 7 i(V a ) to p. The lifting a : [a, b] > B 
of a with origin at ^ e F a , where 7 t{q) = q, is an arc in V a , since is an 
arc wise connected component of B, Therefore, 

n(a(b)) = p e n(V a \ 

which is a contradiction and shows that 7 i(V a ) = V. 

Next, we observe that 7 c; > V is still a local homeomorphism, since 

V a is open. Furthermore, by the above, the map te: — K still has the 
property of lifting arcs. Therefore, we have satisfied the conditions of Prop. 
5; hence, ^ is a homeomorphism. Q.E.D. 

B. The Hadamard Theorems 

We shall now return to the question posed in the beginning of this section, 
namely, under what conditions is the local diffeomorphism exp〆 T P (S) — 、 S, 
where is a point of a complete surface S of curvature 0, a global dif¬ 
feo rnorphisrn of T P (S) onto S. The following propositions, which serve to 
“break up” the given question into questions 1 and 2 , yield an answer to the 
problem. 

We shall need the following lemma. 

LEMMA 1. Let S be a complete surface of curvature K < 0. Then 
exp p : T P (S) — ^ S，p e S, is length-increasing in the following sense: If 
u, w e T P (S), we have 

<(d e^p)u(w), (d ex/? p ) u (w)> > <w, w>, 

where, as usual, w denotes a vector in (T P (S)) U that is obtained from w by the 
translation u. 


Proof. For the case u ~ 0, the equality is trivially verified. Thus, let 
v = u/\u\, u ^ 0 , and let y: [ 0 , /] 一 5 1 ，/ = jw|，be the geodesic 

yQ) = exp^, sv, s e [0, /]. 

By the Gauss lemma, we may assume that 〈 w ， V s ) = 0. Let J(s) = s(d exp J ) J „(w) 
be the Jacobi field along y given by Lemma 1 of Sec. 5-5. We know that 
J(0) = 0, ⑺ // 也 X0) = w，and <J ⑻，，⑻〉 = 0, s e [0, /]• 

Observe now that, since K<0 (cf. Eq* (1), Sec. 5-5), 


d lj DJ\ _ iDJ DJ\ / 7 D 2 J\ 

lA ， Wf ~ W 5 "ST/ 十 \ 


DJ 

ds 


2 — 尺 I 斤 >0. 
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This implies that 




hence. 




it toiiows tnat 


hence, 


〈罢，髮〉 > 〈髮⑼，迄 (°)〉 = 〈 w ， w 〉 = C ; 


ri2 im nr\ / m t\ im nr\ 

^ J > - 2 {if> w) + ¥ ^ ^ 2C * 


( 1 ) 

( 2 ) 

(3) 


By integrating both sides of the above inequality, we obtain 

^ < J,J > >2Cs + (^<J,J > ) sr 2Cs + 2(f(0) > 7(0)) = 2C. 

Another integration yields 

<J ， J> > CP + <J(0), J(0)> - Cs\ 

By setting ^ / in the above expression and noticing that C = 〈冰， w>，we 

obtain 

Since J{1) = l{d exp^^fiv), we finally conclude that 

<id exp 丄 (>)，（d exp) /y (w)> > <w } v^>. Q.E.D. 

For later use, it is convenient to establish the following consequence of the 
above proof. 

COROLLARY (of the proof). Let K 三 0. Then exp p : T P (S) — ^ S, p e S ， 
is a local isometry. 

It suffices to observe that if 尺 e 0, it is possible to substitute t6 > 0 ?, by 
0” in Eqs. (1), (2), and (3) of the above proof. 

PROPOSITION 7. Let S be a complete surface with Gaussian curvature 
K < 0. Then the map exp p : T p (S) — > S, p e S，is a covering map. 
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Proof. Since we know that Qxp p is a local diffeomorphism, it suffices 
(by Prop, 6) to show that exp^ has the property of lifting arcs. 

Let cc:[0, l] ^ S be an arc in S and also let 汐 e T P (S) be such that 
exp^ v = a(0). Such a v exists since S is complete. Because exp^ is a local 
diffeomorphism, there exists a neighborhood U of v in T P {S) such that exp^ 
restricted to £/is a diffeomorphism. By using exp^ 1 in exp p (£/) } it is possible to 
define a in a neighborhood of 0. 

Now let A be the set of ^ e [0, /] such that a is defined in [0, t\. A is non¬ 
empty, and if a(? 0 ) is defined, then a is defined in a neighborhood of; that 
is, A is open in [0, /]. Once we prove that A is closed in [0, /], we have, by 
connectedness of [0, /], that A = [0, /] and a may be entirely lifted. 

The crucial point of the proof consists, therefore, in showing that A is 
closed in [0, /]. For this，lete [0, /] be an accumulation point of A and 
{?„} be a sequence with {?„} — > t n e A, n — 1,2, . . We shall first prove 
that d(t n ) has an accumulation point. 

Assume that a(^) has no accumulation point in T P (S). Then, given a 
closed disk D of T P (S )， with center a(0)，there is an n Q such that a(/„ o ) ^ D. 
It follows that the distance, in T P (S), from a(0) to dt(t n ) becomes arbitrarily 
large. Since, by Lemma 1, exp〆 T P (S) —> S increases lengths of the vectors, 
it is clear that the intrinsic distance in S from a(0) to a(4) becomes arbitrarily 
large. But that contradicts the fact that the intrinsic distance from a(0) to 
a(~) = lim fn ^ f0 a(0 is finite, which proves our assertion. 

We snail denote by q an accumulation point of a(r„). 

Now let K be a neighborhood of q in T P {S) such that the restriction of 
exp^, to K is a diffeomorphism. Since q is an accumulation point of {a(/„)}, 
there exists an n x such that a(^ Hl ) e V. Moreover, since a is continuous, 
there exists an open interval / 匚 [0, /], t 0 e /, such that oc(/) 。 exp^(K) = U. 
By using the restriction of exp~ 1 in C/ it is possible to define a lifting of a in /, 
with origin in a^,). Since exp p is a local diffeomorphism, this lifting 
coincides with a in [0, ^ 0 ) n /and is therefore an extension of a to an interval 
containing t 0 . Thus, the set A is closed，and this ends the proof of Prop. 7. 

Q.E.D. 

Remark 1. It should be noticed that the curvature condition A" < 0 was 
used only to guarantee that exp p : T P (S) — > 5 is a length-increasing local dif¬ 
feomorphism. Therefore, we have actually proved that if (p : S x ― > S 2 is a 
heal diffeomorphism of a complete surface S 1 onto a surface S 2 ， which is 
length-in creasing, then (p is a covering map. 

r "n 八 ^t 1 K Y FI ^ : 本； J-V ** n 

me lunuwing jvxiw wn aa liic xxavxainai^i luc^i tin, 

the topological structure of a complete surface with curvature < 0. 
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THEOREM 1 (Hadamard). Let S be a simply connected、complete surface, 
with Gaussian curvature K < 0. Then exp v : T P (S) — S，p e S, is a diffeo- 
morphism; that is, S is diffeomorphic to a plane. 

Proof, By Prop. 7, exp n ： TJS) — ^ ^ is a covering map. Bv the corollary 

W A. - ▲ t、, ^ ^ 

of Prop. 5, exp p is a homeomorphism. Since exp^, is a local diffeomorphism, 
its inverse map is differentiable, and exp p is a diffeomorphism. Q.E.D. 

We shall now present another geometric application of the covering 
spaces, also known as the Hadamard theorem. Recall that a connected, 
compact, regular surface, with Gaussian curvature 尺 > 0, is called an ovaloid 
(cf. Remark 1, Sec. 5-2). 

THEOREM 2 (Hadamard). Let S be an ovaloid. Then the Gauss map 
N : S ― > S 2 is a diffeomorphism. In particular, S is diffeomorphic to a sphere. 

Proof. Since for every p e S the Gaussian curvature of S ， 尺 =det^A^), 
is positive, N is a local dineomorphism. By Prop. 1, N is a covering map. 
Since the sphere S 2 is simply connected, we conclude from the corollary of 
Prop. 5 that N: S — ^ »S 2 is a homeomorphism of S onto the unit sphere S 2 . 
Since TV is a local diffeomorphism, its inverse map is differentiable. Therefore, 
^ is a diffeomorphism. Q.E.D. 

i\t:rriurt\, .n.wLuaii^ ? wc 11avc piuvcu aunicwnat omvc liic vjauaa 

map N is a diffeomorphism，each unit vector v of R 3 appears exactly once as 
a unit normal vector to S. Taking a plane normal to v, away from the surface, 
and displacing it parallel to itself until it meets the surface, we conclude that 
S lies on one side of each of its tangent planes. This is expressed by saying 
that an ovaloid S is locally convex. It can be proved from this that S is actually 
the boundary of a convex set (that is, a set K cz R 3 such that the line segment 
joining any two points p,q g K belongs entirely to K). 

me tiiai vuiupawt aunavta wilii iv / ^ aic iiuintuuiuipmw 

to spheres was extended to compact surfaces with > 0 by S. S. Chern and 
R. K. Lashof (“On the Total Curvature of Immersed Manifolds ，’， Michigan 

iviain.j. d ( 丄夕 d-iz ). 八 gencrtLiiziiLiun iur ujmpicic t>una.ces was nibL 

obtained by J. J. Stoker (“Uber die Gestalt der positiv gekriimnten offenen 
Flache，’’ Compositio Math. 3 (1936) ， 58-89)，who proved，among other 
things, the following: A complete surface with K > 0 w homeomorphic to a 
sphere or a plane. This result still holds for K > 0 if one assumes that at some 
point K> 0 (for a proof and a survey of this problem, see M. do Carmo and 
E. Lima, “Isometric Immersions with Non-negative Sectional Curvatures，” 
Boletim da Soc. Bras. Mat. 2 (1971) ， 9-22) 
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EXERCISES 

1. Show that the map n: R — > S 1 = {(x, y) e R 2 ; x 2 + y 2 = 1} that is given 
by n(t) = (cos t, sin /), t e R t is a, covering map. 

2. Show that the map n: R 2 — {0, 0} — > R 2 — [0, 0} given by 

7i(x, y) = (x 2 - y\ 2xy\ (x, y) e R 2 , 
is a two-sheeted covering map. 

3. Let S be the helicoid generated by the normals to the helix (cos t, sin t, bt). 
Denote by L the z axis and let n: S ~ L ― > R 2 — {0 S 0} be the projection 
7 t(x, z) = (x y y). Show that 7C is a covering map. 

4. Those who are familiar with functions of a complex variable will have noticed 
that the map % in Exercise 2 is nothing but the map n{z) = z 2 from (C — {0} 
onto CD — {0}; here CD is the complex plane and z e (C. Generalize that by prov¬ 
ing that the map ^: (C — {0} — ^ (C — {0} given by n{z) = z n is an //-sheeted cov¬ 
ering map. 

5. Let B 〔 R 3 be an arcwise connected set. Show that the following two properties 
are equivalent (cf. Def. 3): 

1. For any pair of points p,qeB and any pair of arcs a 0 : [0, /] ― > B, 

GCi : [0, /] — > B, there exists a homotopy in 万 joining a 0 to 

2. For any p g B and any arc a: [0, /] —> 5 with a(0) = a(/) = p (that is, 
a is a closed arc with initial and end point p) there exists a homotopy 
joining a to the constant arc aCy) ^ p,s e [0, /]. 

6. Fix a point e R 2 and define a family of maps (p t ： R 2 — > R 2 ,t e [0 f 1], by 

(pip) = tp 0 + (1 — t)p,p g R 1 . Notice that (p 0 (p) = p ， (p x {p) Thus, (p t 

is a continuous family of maps which starts with the identity map and ends with 
the constant map p 0 . Apply these considerations to prove that R 2 is simply con¬ 
nected. 

7. a. Use stereographic projection and Exercise 6 to show that any closed arc on a 

sphere 5 2 which omits at least one point of S 2 is homotopic to a constant arc. 

b. Show that any closed arc on S 2 is homotopic to a closed arc in S 2 which 
omits at least one point. 

c. Conclude from parts a and b that S 2 is simply connected. Why is part b nec¬ 
essary ? 

8. (Klingenberg"s Lemma.) Let S cz R 5 be & complete surface with Gaussian cur¬ 
vature K < K 0 , where K 0 is a nonnegative constant. Let p,qeS and let and 
y x be two distinct geodesics joining p to q t with I(y 0 ) < /(y：); here 1( ) denotes 
the length of the corresponding curve. Assume that y 0 is homotopic to yi ； i.e ,， 
there exists a continuous family of curves a f5 t e [0,1], joining p to q with 
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= yi- The aim of this exercise is to prove that there exists a 
t 0 G [0, 1] such that 

《7。) + 

/TU 1 1 O Q T 。 1 1 ►，’ tj 1 * J-m C O 、 A n n-m -m A 

^ x nua, \n\^ nao paao lih^u^ii a lung wluvc_ ow x ig, nssuinc 

that l(y Q ) < 7T/V 7 K q (otherwise there is nothing to prove) and proceed as fol¬ 
lows. 



a. Use the first comparison theorem (cf. Exercise 3, Sec. 5-5) to prove that 
Qxp p : T P (S) > -5 has no critical points in an open disk B of radius 7C/V^o 
about p. 

b. Show that, for t small, it is possible to lift the curve oc, into the tangent plane 
T P (S); i.e.，there exists a curve a r joining exp" 1 ^) = 0 to exp^ 1 ^) = q and 
such that exp^, o a f = cc t . 

c. Show that the lifting in part b cannot be defined for all t e [0, 1]. Conclude 
that for every € > 0 there exists a t(e) such that a f(f) can be lifted into a r(f) 
and a ( ( e) contains points at a distance <e from the boundary of B. Thus, 

l(7o) + ， (a ru) ) > ^=-2e. 

a. Choose in part c a sequence of t’s ， [f n ] — > 0, and consider a converging sub¬ 
sequence of { ， (6 n )}. Conclude the existence of a curve a ro , t Q e [0, 1], such 
that 
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’ (y 。） + K^io) ^ 


2n 

7To 


9. a. Use Klingenberg’s lemma to prove that if 5 is a complete, simply connected 
surface with K<0„ then exp/ T P (S) ― S is one-to-one. 

b. Use oart a to eive a simole nr oof of Hadamard’s theorem (Theorem 1、‘ 

i M. M. 、 f - 

*10. (Synge’s Lemma.) We recall that a differentiable closed curve on a surface S is 
a differentiable map a: [0, /] — > S such that a and all its derivatives agree at 0 

o 於 1 F | \ x o t«t a 八八 r< Ai A# • Tf\ 71 % o m Z* *i ^ 

“ 丄 iVi i wkj vxi 丄 wu.i vl 。 队 0， ^ 1 * L v , 1 J - T ^ cti v j / cc iy n 

there exists a continuous map H: [0, /] x [0, 1] > S such that H(s t 0) = a o (50, 

H(s, 1) = AO )， 5 1 e [0, /]. The map H is called a free homotopy (the end points 

nrp nnf frYpr)"! hpfwp^n nnrl fY^ Acciimp th^\t ^ iq nriPntahl^ pmH line nr^cifi\/p 

»-v*. V i 1、' V & V ^ V » T T V V AA W* u » ^息 i • 冬鼻 w% *.-*-»■ ■»■ V 11 M. W 'W -M. M. vx J. 牟 W iiWVtx -» w* T V 

Gaussian curvature. Prove that any simple closed geodesic on S is freely homo¬ 
topic to a closed curve of smaller length. 

il. Let iS be a complete surface. A point p E S is calied a pole if every geodesic 
y : [0, oo) ― ^ S with y(0) — p contains no point conjugate to p relative to y. Use 
the techniques of Klingenberg’s lemma (Exercise 8) to prove that if S is simply 

o o -PHrxl *« * r 7 n ( C 1 ^ ,_y_ C m n r\ 1 crv^ 

V/Uil 丄 mnvi CillLi iiCiO Ci . X p\i^ J ^ JlJ lk3 U ， 


5 - 7 . Global Theorems for Curves; 

The Fary-Milnor Theorem 

in this section, some global theorems for closed curves will be presented. 
The main tool used here is the degree theory for continuous maps of the 
circle. To introduce the notion of degree, we shall use some properties of 
covering maps developed in Sec. 5-6. 

Let S l = {(x, y) E R 2 ; x 2 y 2 ~ 1} and let 7 r: — ^ S l be the covering 

of S 1 by the real line R given by 


7 i(x) = (cos x，sin X )， x g R. 

Let (p: S 1 — S 1 be a continuous map. The degree of ^ is defined as follows. 
We can think of the first S y in the map tp: S 1 —> S 1 a,s a, closed interval [0, /] 
with its end points 0 and / identified. Thus, (p can be thought of as a con- 

tiiiu^u^ uiajj (p . [\j 9 ij — ^ o ， wiiii ^/\yj —— 中 \} j ——p o • 丄 iiua, y/ a uuacu 

arc at p in S l which, by Prop. 2 of Sec. 5-6, can be lifted into a unique arc 
^ : [0, /] > R, starting at a point x ^ R with n(x) = p. Since te ( 歹 (0))= 

兀 ( 炉 (/))，the difference 0(1) — ^(0) is an integral multiple of 2%. The integer 
deg (p given by 

輸 一 m 二 (deg <p)2n 


is called the degree of (p. 

Intuitively, deg (p is the number of times that q > : [0, /] — > 5* 1 “wraps” 

l_u，ij iiiuuua j-ju;. 丄 nuluc Limi tuc luuunuii : iy，zj ― > j\ it) a. l ； uxi- 
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R 2n 4ir 



Figure 5-30 


tinuous determination of the positive angle that the fixed vector ^?(0) — O 
makes with (p{t) ~ O, t g [0, /], O = (0, 0) — e. g.，the map n: S 1 > S l 
described in Example 4 of Sec. 5-6, Part A, has degree k. 

We must show that the definition of degree is independent of the choices 
of p and x. 

First, deg (p is independent of the choice of x. In fact, let > x be a point 
in R such that 7 r(x') = p ，and let 0 x (f) = 0(f) + (x x — x)^ t & [0，/]. Since 
Xi — x is an integral multiple of 2n, is a lifting of (p starting at x u By the 
uniqueness part of Prop. 2 of Sec. 5-6, cp x is the lifting o^tp starting at Since 

9 — 歹 i ⑼ = 辦）一歹 (0) = (deg (p)2n, 

the degree of (p is the same whether computed with x or with x u 

Second, deg (p is independent of the choice of /? e S 1 . In fact, each point 
p 1 e S 1 , except the antipodal point of p, belongs to a distinguished neigh¬ 
borhood of p. Choose x u in the connected component of contain¬ 

ing jc, such that = p u and let (p x be the lifting of 

史： [ 0 , /] — 5 11 , 史 ( 0 ) =p lt 

starting at x” Clearly, ⑻⑼一 ^(0)| < 2n. It follows from the stepwise 
process through which liftings are constructed (cf. the proof of Prop. 2, Sec. 
5-6) that I %(/) — 0(1) I < 2n. Since both differences (p{l) — 歹⑼， (pi{l) — 炉 i ⑼ 
must be integral multiples of 2 兀， their values are actually equal. By continuity, 
me uunuiusiuii aiiu iiujus iui liic anupuua.i puim ui /?, auu lihs jjiwuui 
claim. 


_ i _ = _ = _ M J _ _ - A _ 一 一 一 J - u ■ —— _ ___ 4^^ w ■ 

ine most imporiani propeny ui aegree is ils mvarmxice unuci nuniuLUjjy. 
More precisely, let 史！，史 2 : 5 11 — 5 1 be continuous maps. Fix a point p e S l , 
thus obtaining two closed arcs at p, tp u (p 2 : [0, /] — 5 1 ，〜 (0) = g> 2 (^) = P- 
If qf 1 and (p 2 are homotopic, then deg (p { = deg tp 2 . This follows immediately 
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from the fact that (Prop. 4, Sec. 5-6) the liftings of (p x and (p 2 starting from 
a fixed point x s R are homotopic, and hence have the same end points. 

It should be remarked that if tp : [0, /] — > S 1 is differentiable, it determines 
differentiable functions a = a(t), b = b(t), given by <p(t) = b(t)), which 

satisfy the condition a 2 b 2 = 1. In this case, the lifting 歹， starting at = x, 
is precisely the differentiable function (cf. Lemma 1, Sec. 4-4) 

(p{t) — + f (ab’ 一 ba r ) dt. 

This follows from the uniqueness of the lifting and the fact that cos ^{t) = a(t), 
sin 0(t) = b(t), 癸 (0) — ^ 0 . Thus, in the differentiable case，the degree of 
<p can be expressed by an integral, 


deg 59 = 


1 % 





In the latter form，the notion of degree has appeared repeatedly in this 
book. For instance, when v: U c R z — ^ R 2 , 〕 5】， is a vector field, and 

(0, 0) is its only singularity, the index of v at (0, 0) (cf. Sec. 4-5, Application 5) 
may be interpreted as the degree of the map (p: S 1 —> S 1 that is given by 

(p{p) =Kp)!\Kp)Ip e ^ 1 - 

Before going into further examples, let us recall that a closed (differenti¬ 
able) curve is a differentiable map a : [0, /] > R 3 (or R 2 , if it is a plane curve) 

such that the components of a, together with all its derivatives, agree at 0 and 
L The curve a is regular if a'(/) 式 0 for all t ^ [0 5 /] 5 and a is simple if when- 
ever t x 9 ^ t 2 , 匕 ， G e [0, /)，then aD 赛 a(/ 2 ). Sometimes it is convenient to 
assume that a is merely continuous; in this case, we shall say explicitly that 
a is a continuous closed curve. 


Example 1 (The Winding Number of a Curve). Let a : [0, /] ― > i ? 2 be a 

nlanp rontimmiic rlnepH f'lirvp a nnint n_ T? 1 n. r/(\0 /I 、 anrl 

上 〆 具息 V ^ 具 1 J. X V V VV T V * -A--A 丈 〆 本息 y y y— W , 丨」 >/ ， 

let (p : [ 0 , /] — > S 1 be given by 



— Po 
I a(0 -Po 


e [0, /]. 


Clearly ©fO") = q>(Pl and w may be thought of as a map of S 1 into 5 1 : it is 

w 9 J /'〆■〆 / i , 

called the position map of a relative to p 0 . The degree of (p is called the winding 
number (or the index) of the curve a relative to (Fig. 5-31). 

Notice that by moving j> 0 along an arc p which does not meet a([0, /]) 
the winding number remains unchanged. Indeed, the position maps of a 
relative to any two points of p can clearly be joined by a homotopy. It follows 
that the winding number of a relative to q is constant when q runs in a con¬ 
nected component of R 1 — a([0, /]). 
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Example 2 {The Rotation Index of a Curve). Let a : [0, /] 一 > 7? 2 be a regular 
plane closed curve, and let q > : [0, /] — > be given by 

〆’)=I ocXO I ， ’ e [0, 

Clearly q> is differentiable and $?(0) = (p is called the tangent map of a, 
and the degree of (p is called the rotation index of a. Intuitively, the rotation 
index of a closed curve is the number of complete turns given by the tangent 
vector field along the curve (Fig. 1-27, Sec. 1-7). 

It is possible to extend the notion of rotation index to piecewise regular 
curves by using the angles at the vertices (see Sec. 4-5) and to prove that the 
rotation index of a simple, closed, piecewise regular curve is 土 1 (the theorem 
of turning tangents). This fact is used in the proof of the Gauss-Bonnet 
theorem. Later in this section we shall prove a differentiabie version of the 
theorem of turning tangents. 


Our first global theorem will be a differentiable version of the so-called 
Jordan curve theorem. For the proof we shall presume some familiarity with 
the material of Sec. 2-7. 

THEOREM 1 (Differentiable Jordan Curve Theorem). Let a : [0, /] — > R 2 

be a plane ， regular, closed，simple curve. Then R 2 — a([0, /]) has exactly two 

curincacu Lurnjju.nanu，uriu ij) irttif Lurrirriun uuuriuuiy. 

Proof. Let N e (cc) be a tubular neighborhood of a([0, /]). This is con¬ 
structed in the same way as that used for the tubular neighborhood of a com¬ 
pact surface (cf. Sec. 2-7). We recall that N € (oC) is the union of open normal 
segments I £ (t), with length 2e and center in a(t). Clearly, 7V f (oc) — a([0, /]) 

备丨 T ， 一 A A. A 士 vJ yx A 本 n ’/ 1 J r i 子 "f ^ -4* rt 1 a 、ir , • 本 rt IT 7 

naa lwu wuuncctcu wuinpuiicuta j i auu x 2* \jy yv\J/) uit wjmu-iug uum" 

ber of a relative to p e R 1 — a([0, /])• The crucial point of the proof is to 
show that if both p x and p 2 belong to distinct connected components of 
/v T f (oc) — oc([0, /]) and to the same I e (h), t Q e [0, /], then w{p x ) — w{p 2 ) = 土 1 ， 
the sign depending on the orientation of a. 
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Choose points A = 06(^), D ^ afe), t l < t 0 < t 2i so close to t 0 that the 
arc AD of a can be deformed homo topically onto the polygon ABCD of 

t* i rr ^ to n mrr'KVi Af -f ^ 4- 1 1 «^k a r* 4 - m n /-I D j y-1 7 ~"\ 

丄 ^5, 丄 jlwjlu xjlo ct 0W5111WUIV ^1 tnu taugtut miw at [/^yi y 3 anu ju^i auu 

are parallel to the normal line at a(/ 0 ). 

Tubular 



Pi 


^ Orientation of the plane 


P] 



Figure 5-32 

Let us denote by p: [0, /] > R 1 the curve obtained from a by replacing the 

arc AD by the polygon ABCD, and let us assume that P(0) = p(J) = A and 
that fi(t 3 ) = D. Clearly, w(p 1 ) and w(p 2 ) remain unchanged. 

Let (p u (p 2 ： [0, /] — S 1 be the position maps of p relative to p u p Zi respec¬ 
tively (cf. Example 1), and let ^ 2 : [0, /] — 7? be their liftings from a fixed 
point, say 0 g R. For convenience, let us assume the orientation of p to be 
given as in Fig. 5-32. 

We first remark that if / e [/ 3 , /], the distances from cc(t) to both p t and p z 
remain bounded below by a number independent of /, namely, the smallest 
of the two numbers dist(/? l5 Bd A^(a)) and dist (/ Bd N e ((x)), It follows that 
the angle of oc(/) — p 1 with a(r) — p 2 tends uniformly to zero in f^ 3 , /] as p x 
approaches p 2t 

Now, it is clearly possible to choose p x and p 2 so close to each other that 
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歹 i( ， 3 ) — 歹 i ⑼ =7i — e u and 歹 2 (/ 3 ) — 0 2 (0) 二 — {n + e 2 ), with q and 
smaller than nj3. Furthermore, 

2n{w{ Pi ) - W(p 2 )) = (Mi) — - mi) - 仏⑼） 

= U(5, - rnMh - (w, — 

kvr i t \ / v j j. t £j/ jy j 

+ { ( 邑一 02)(h) - (0X ~ 化 )(◦)}• 

、 if t ■ i i-h 尸 泰 ■ i i-h 4 ^ 1 w «• 1 1 、 •<# v *1 

oy me ituuvc icinaiK, uic m sl lciiu \jo.u ue md,uc aj uiiaaijuy sniiiii, ixiy equal uj 

e 3 < 7t/ 3, if pi is sufficiently close to p 2 . Thus, 

2n(w{p\) — w(p 2 y) = 63 + 7 T — € 1 —~ ( — 71 — f 2 ) = 271+6 ， 

where e < 7t if p t is sufficiently close to p 2 . It follows that w{p x ) — w(p 2 ) = 1, 
as we had claimed. 

It is now easy to complete the proof. Since w{p) is constant in each con¬ 
nected component of R 1 ~ a([0, /]) — W, it follows from the above that there 
are at least two connected components in W, We shall show that there are 
exactly two such components. 

In fact, let C be a connected component of W. Clearly Bd C 笑 0 and 
Bd C c a([0, /])• On the other hand, if p g a([0 5 /]), there is a neighborhood 
of p that contains only points of a([0, /]), points of T u and points of T 2 (7\ 
and T 2 are the connected components of Njj^) — a([0, /])). Thus, either T x 
or T 2 intersect C. Since C is a connected component, C ] 7^ or C ] TV 
Therefore, there are at most two (hence, exactly two) connected components 
of W. Denote them by Ci and C 2 . The argument also shows that 
Bd Ci - dt([0, /]) - Bd C 2 . Q.E.D. 

The two connected components eiven bv Theorem 1 can easily be dis- 

X Of 

tinguished* One starts from the observation that if p Q is outside a closed disk 
D containing a([0, /]) (since [0, /] is compact, such a disk exists)，then the 
winding number of a relative to 

lines joining /?。to a(r), t g [0, /], are all within a region containing D and 
bounded by the two tangents from p 0 to the circle Bd D. Thus, the connected 
component with winding number zero is unbounded and contains all points 
outside a certain disk. Clearly the remaining connected component has 
winding number 土 1 and is bounded. It is usual to call them the exterior and 
trie inter tor oi a, respecuveiy. 

Remark 1. A useful complement to the above theorem, which was used in 
the applications of the Gauss-Bonnet theorem (Sec. 4-5), is the fact that the 
interior of a is homeomorphic to an open disk. A proof of that can be found 
in J. J. Stoker, Differential Geometry, Wiley-Interscience, New York, 1969, 
PP- 43-45. 
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We shall now prove a differentiable version of the theorem of turning 
tangents. 

THEOREM 2. Let : [0, /] R 2 be a plane ， regular, simple, closed 
curve. Then the rotation index of ^ is (depending on the orientation of p). 

Proof. Consider a line that does not meet the curve and displace it parallel 
to itself until it is tangent to the curve. Denote by / this position of the line 
and by a point of tangency of the curve with /. Clearly the curve is entirely 
on one side of / (Fig. 5-33). Choose a new parametrization a : [0, /] — > R 2 
for the curve so that a(0) = p. Now let 

T= {(t u t 2 ) e [0 } /] x [0,/];0 <t x <t 2 <l] 
be a triangle, and define a “secant map” y/ :T^ S l by 


w(t'. 


CC(t 2 ) — 

I oc(r 2 ) - 


for ^ (t^ e T — /)! 


t) 


a\t) 

WW 


^( 0 } /)= 


a'(0) 

WW\ 



Figure 5-33 


Since a is regular, y/ is easily seen to be continuous. Let A — (0, 0), 
B = (0, /), C = (/, /) be the vertices of the triangle T. Notice that ^ restricted 
to the side AC is the tangent map of a, the degree of which is the rotation 
number of a. Clearly (Fig. 5-33), the tangent map is homotopic to the restric¬ 
tion of y/ to the remaining sides AB and BC. Thus, we are reduced to show 
that the degree of the latter map is 土 i. 
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Assume that the orientations of the plane and the curve are such that the 
oriented angle from a'(0) to —a 7 (0) is n. Then the restriction of y/ to AB 
covers half of S 1 in the positive direction, and the restriction of y/ to BC 
covers the remaining half also in the positive direction (Fig. 5-33). Thus, the 
degree of y/ restricted to AB and BC is +1. Reversing the orientation, we shall 
obtain — 1 for this degree, and this completes the proof. Q.E.D. 

The theorem of turning tangents can be used to give a characterization of 
an important class of curves, namely the convex curves. 

A plane, regular, closed curve a : [0, /] —^ R 2 is convex if, for each t e [0, /], 
the carve lies in one of the closed half-planes determined by the tangent line 
at t (Fig. 5-34; cf. also Sec. 1-7). If a is simple, convexity can be expressed in 
terms of curvature. We recall that for plane curves, curvature always means 
the skned curvature (Sec. 1-5. Remark 1). 




rnnvfY purvp Nonconvex curves 

A • V * » - w 

Figure 5-34 

PROPOSITION 1. A plane, regular, closed curve is convex if and only if 
it is simple and its curvature k does not change sign. 

Proof. Let <p : [0, /] — > S 1 be the tangent map of a and 穸： [0, /] > R be 

the lifting of q> starting at 0 e R. We first remark that the condition that k 
does not change sign is equivalent to the condition that (p is monotonic (non¬ 
decreasing if ^ >； 0, or nonincreasing if /: < 0). 

Now, suppose that a is simple and that k does not change sign. We can 
orient the plane of the curve so that k>0. Assume that a is not convex. Then 
there exists t 0 e [0, /] such that points of a([0, /]) can be found on both sides 
of the tangent line T at a(/ 0 ). Let n ^ n(t 0 ) be the normal vector at t 03 and set 

= 〈 a ⑺ — a(/ 。 ) ， /2 〉， t g [0, /]. 

Since [0, /] is compact and both sides of T contain points of the curve, the 
“height function” has a maximum at t x ^ t 0 and a minimum at t 2 ^ t 0 . 



398 


Global Differentia! Geometry 


The tangent vectors at the points t 0i t u t 2 are all parallel, so two of them, say 
oc'(/ 0 )，have the same direction. It follows that <p(t 0 ) — (p{t^ and, by 
Theorem 2 (a is simple), 0(t o ) = 穸 (G). Let us assume that t 1 > / 0 - By the 
above remark, ^ is monotonic nondecreasing, and hence constant in [t 0 , t x ]. 
This means that oc([? 0 , rj) T. But this contradicts the choice of T and shows 
that a is convex. 

Conversely，assume that a is convex. We shall leave it as an exercise to 
show that if a is not simple, at a self-intersection point (Fig, 5-35(a))，or 
nearby it (Fig. 5.35(b))，the convexity condition is violated. Thus, a is simple. 



(a) (b) 

Figure 5-35 


We now assume that a is convex and that k changes sign in [0, /]. Then 
there are points t u t 2 e [0, /], < t 2 , with ^{t x ) = ^(t 2 ) and 0 not constant 

in [t u t 2 ]. 

We shall show that this leads to a contradiction, thereby concluding the 
proof. By Theorem 2, there exists t 3 e [0, /) with g>(t 3 )= — 炉 (/!). By con¬ 
vexity, two of the three parallel tangent lines at a(^), cc(t 2 ), cc(t 3 ) must coin¬ 
cide. Assume this to be the case for «(/!)= p ， a(^ 3 ) = q,t 2 > t x . We claim 
that the arc of a between p and q is the line segment pq. 

In fact, assume that r 矣 g is the last point for which this arc is a line 
segment (r may agree with p). Since the curve lies in the same side of the line 

it is easily seen that some tangent T near p will cross the segment ^ in an 
interior point (Fig. 5-36). Then p and q lie on distinct sides of T. That is a con¬ 
tradiction and proves our claim. 

It follows that the coincident tangent lines have the same directions; that 

A 



P 


r 


1?iotit*A HA 

▲ 麗 v 
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is, they are actually the tangent lines at a(/j) and a(t 2 ) - Thus, f is constant in 
[,i ， 4]，and this contradiction proves that k does not change sign in [0, /]. 

Q.E.D. 

Remark 2. The condition that a is simple is essential to the uroDosition. 

X A A ， 

as shown by the example of the curve in Fig. 5-34(c). 


Remark 3 - The proposition should be compared with P^emarks 2 and 3 of 
Sec. 5-6; there it is stated that a similar situation holds for surfaces. It is to be 
noticed that, in the case of surfaces, the nonexistence of self-intersections is 
not an assumption but a consequence. 


Remark 4. It can be proved that a plane, regular, closed curve is convex 
if and only if its interior is a convex set K c R 2 (cf. Exercise 4). 

We shall now turn our attention to space curves. In what follows the word 
curve will mean a parametrized regular curve a : [0, /] ― > R 3 with arc length 5 
as parameter. If a is a plane curve, the curvature k(s) is the signed curvature of 
a (cf. Sec. 1-5); otherwise ， k(s) is assumed to be positive for all s e [0, /]. It is 
convenient to call 

f I k(s) I ds 

J 0 

the total curvature of a. 

Probably the best-known global theorem on space curves is the so-called 
Fenchel’s, theorem. 


THEOREM 3 (Fenchel’s Theorem). The total curvature of a simple closed 
curve is > 2 冗 ， and equality holds if and only if the curve is a plane convex 
curve. 


Before going into the proof, we shall introduce an auxiliary surface which 
is also useful for the proof of Theorem 4. 

The tube of radius r around the curve a is the parametrized surface 

x( l y, v) = a(.s) + r(n cos ^ sin v), s e [0, /], v e [0, 2n], 

where n = n{s) and b = b{s) are the normal and the binormal vector of a, 
respectively. It is easily checked that 

\x s A x v \ = EG — F 2 ^ r 2 (l — rk cos v)\ 

We assume that r is so small that rk 0 < 1 ， where 左 0 < max | k(s) |, ^ g [0, /]. 
Then x is regular, and a straightforward computation gives 
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N = — {n cos ?; + sin v), 
x 5 A x v ^ r(l ― rk cos v)N, 

N s /\ N v = k cos v(n cos ?; + 6 sin 幻 ) = —k N cos v 


k cos v 

71 -7__ “、 

r(i — r/c cos v) 


A X,. 


It follows that the Gaussian curvature K = K{s, v) of the tube is given by 


K(s, v) ^ 


k cos v 

r(l — rk cos v) 


Notice that the trace T of x may have self-intersections. However, if a is 
simple, it is possible to choose r so small that this does not occur; we use the 
compactness of [0, /] and proceed as in the case of a tubular neighborhood 
constructed in Sec. 2-7. If, in addition, a is closed, T is a regular surface 
homeomorphic to a torus, also called a tube around a. In what follows, we 
assume this to be the case. 


Proof of Theorem 3. Let 7" be a tube around a, and let 72 c r be the region 
of 7 1 where the Gaussian curvature of 7" is nonnegative. On the one hand, 


JJ Kda - || KjEG - F 2 ds dv 

—- 


*1 ^ 3 n /2 rl 

k ds cos v dv = 2 \ k(s) ds. 

0 ^ ji/2 Jo 


On the other hand, each half-line I ； through the origin of R 3 appears at 
least once as a normal direction of R. For if we take a plane P perpendicular 
to L such that P n T =■ <j> and move P parallel to itself toward T (Fig. 5-37), 
it will meet T for the first time at a point where A" > 0. 

It follows that the Gauss map N of R covers the entire unit sphere at 

least once; hence, j*j* Kda> 4n. Therefore, the total curvature of a is > In, 

and we have proved the first part of Theorem 3. 

Ta n + ■fVi £x l rvi n rro nc n \T Tocf r*i on **^1 ja 

V W UJIJLV 111 丄 \JL V1J.O 11 丄 JL f lUtlimCi 丄 V1JL W-AW 

s ― const, is one-to-one and that its image is a great circle T s a S 2 . We 
shall denote by c the closed half-circle corresponding to points where 

r ， 〜 f\ 

JV ^ U. 

Assume that a is a plane convex curve. Then all have the same end 
points p, q, and, by convexity, n r\ = {^} U {^} for s t ^ s 2 ,s u s 2 e 

[0, /). By the first part of the theorem, it follows that J J Kda = 4k; hence, 

the total curvature of a is equal to In. 

人内内，， WW-w 士 ^ 1 ^ « «** ^ H 'i 4, 4 J"% H 'i rt 1 、 r 本 «« a ^ ^ 

rvs&UJU 夏 c iiuw LjuaL me tutai wui vcttuic ui ut is cqua 丄 iu “a. uy uic nisi pai i 
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points p and q. Otherwise，there are two distinct great circles r^,, r J2> s 1 
arbitrarily close to s 2 , that intersect in two antipodal points which are not in 
N(R O 0 ? where Q is the set of points in T with nonpositive curvature. It 
follows that there are two points of positive curvature which are mapped by 

入厂 i 片 + ■八 i ^ 八 + 八 C! 1 A 7" < n 1 1 / ~1 ■< -flP j-v mm tm. 1^% < rt / *t，， 八 1*^ p 

i v niuw a aiugiw u • ijinwc a xuwai ^iiiitwxixuipiiiaiu au au^n puinta 

and each point of S 2 is the image of at least one point of R, we conclude that 


f Ka > An, a contradiction. 

J J R 


By observing that the points of zero Gaussian curvature in T are the in¬ 
tersections of the binormal of a with T, we see that the binormal vector of a 


丄;> jjaiaiieji uj uic mic pq. 丄 jqus, a u wuiiiamcu ui n piciue uuniiiii tu un^ line. 

We finally prove that a is convex. We may assume that a is so oriented 
that its rotation number is positive. Since the total curvature of a is In, we 


have 
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lit = [ I A: I ^ > f k ds. 

J 0 J 0 

On the other hand, 

j k dS > 27ly 

where / = {.y g [0, /]; k(s) > 0}. This holds for any plane closed curve and 
follows from an argument entirely similar to the one used for R c T in the 

hpcrinnincr of this nrnnf Thnc 

f kds = [ \k\ds =：= In, 

J o Jo 

Therefore, k>0, and a is a plane convex curve. Q.E.D. 

Remark 5. It is not hard to see that the proof goes through even if a is not 
simple. The tube will then have self-intersections, but this is irrelevant to the 
argument. In the last step of the proof (the convexity of a), one has to observe 
that we have actually shown that a is nonnegatively curved and that its rota¬ 
tion index is equal to 1. Looking back at the first part of the proof of Prop. 
1， one easily sees that this implies that a is convex. 

We want to use the above method of proving Fenchel’s theorem to obtain 
a sharpening of this theorem which states that if a space curve is knotted (a 

八 片 + 4~ A In a n M "I T r 、 合 + 八 + An t **-r T^k M a. i ■» i 1 1 t ， 作 * • a n 本八 * • 

vwnvwpv uw u-wnutu^ tnwu tnw ^ui vatuic is actually gicaici 

than or equal to 4n. 

A simple closed continuous curve C cz i? 3 is unknotted if there exists a 
homotopy H: S 1 X / — 7? 3 , / = [0, 1]，such that 

//(S 1 X {0 })= 义 
雕 i X {1}) = C; 
and HiS 1 x {t}) = C t c ： 

is homeomorphic to S 1 for all t g [0, 1]. Intuitively, this means that C can 
be deformed continuously onto the circle S 1 so that all intermediate positions 
are homeomorphic to S 1 . Such a homotopy is called an isotopy; an unknotted 
curve is then a curve isotopic to S 1 . When this is not the case, C is said to be 
knotted (Fig. 5-38). 

THEOREM 4 (Fary-Milnor). The total curvature of a knotted simple 
closed curve is greater than or equal to An. 


Proof, Let C = oc([0, /]), let T be a tube around a, and let 7? c 7" be the 
region of T where 0. Let b ^ b{s) be the binormal vector of a, and let 
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Unknotted Knotted Figure 5-38 

v e i? 3 be a unit vector, v ^ b(s), for all ^ e [0, /]. Let h v : [0, /] — i? be the 
height function of a in the direction of v; that is, h v (s) 二 〈oc(s) — 0, 
s e 「0, /l. CJearlv. s is a critical noint of k. if and onlv if v is oeroendicular to 

fc - •« f / A V X 丄 

the tangent line at a(s). Furthermore, at a critical point, 

i = v ) =k<n ^ v> ^ 0> 


since v ^ b(s) for all 5 and k > 0. Thus, the critical points of h v are either 
maxima or minima. 

Now，assume the total curvature of a to be smaller than An. This means 
that 



k ds < 87T. 


We claim that，for some v。 辛 ^([0, l]) ， h Vo has exactly two critical points 
(since [0, /] is compact，such points correspond to the maximum and minimum 
of h v y Assume that the contrary is true. Then, for every v ^ />([0 S /]), h v has 
at least three critical points. We shall assume that two of them are points of 
minima, and s 2i the case of maxima being treated similarly. 

Consider a plane P perpendicular to v such that P D T — and move it 
parallel to itself to'ward Either h v ^s ^ — or，say， h v (^s j) 恤 2). In 
the first case， 户 meets T at points q x ^ q 2 , and since v ^ Z)([0, /]), K{q x ) and 

pusiuvc, xu liic sc^unu wctstJj ucjuie mccung ^ j, r win mcci i m 

a point q x with K{q x ) > 0. Consider a second plane P, parallel to and at a 
distance r above P (r is the radius of the tube T). Move P further up until it 
reaches <x(s 2 )； then P will meet rat a point q 2 ^ q t (Fig. 5-39). Since s 2 is a 
point of minimum and v ^ 石 ([0, /])， K(q 2 ) > 0. In any case，there are two 
distinct points in T with 尺 > 0 that are mapped by N into a single point of 

S 2 . This contradicts the fact that f Kdo < 8兀， and proves our claim. 

J J 及 

Let Si and 心 be the critical points of h 、，and let P x and P 2 be planes per¬ 
pendicular to w。 and passing through a(^i) and a(^ 2 ), respectively. Each plane 
parallel to v 0 and between Pi and P 2 will meet C in exactly two points. Joining 
these pairs of points by line segments, we generate a surface bounded by C 
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Fianrp 

息 ■ ■■ ■ ▼ 


which is easily seen to be homeomorphic to a disk. Thus, C is unknotted, and 
this contradiction completes the proof. Q.E.D. 

EXERCISES 

1. Determine the rotation indices of curves (a), (b)，（c)，and (d) in Fig, 5-40. 



(c) 


Figure 5-40 


⑷ 
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2. Let a(/) — (x(0, XO)? t G [0, /], be a differentiable plane closed curve. Let 
Po = bo, *Vo) e R 1 ， (x 。， yo) 丰 a([0, /])，and define the functions 

u — {( x (t) - x 0 ) 2 + (X0 - yo) 2 ) U2> 


m 


— Vq 

~ x 0 ) 2 + (X0 - y Q ) 2 y /2 


a. Use Lemma 1 of Sec. 4-4 to show that the differentiable function 


(pit) = (Po ^ (ab r — ba f 、 dt ， 〆 = 尝 ，—— 

Jo 

is a determination of the angle that the x axis makes with the position vector 
(a(/) — _po)/loc ⑴— po |. 

b. Use part a to show that when a is a differentiable closed plane curve, the 
winding number of a relative to p 0 is given by the integral 



(ab f — ba f ) dt. 


3. Let a : [0, /] — > R 2 and jS: [0, /] — > R 2 be two differentiable plane closed curves, 
and let p 0 g 7? 2 be a point such that p 0 ^ a([0, /]) and p 0 ^ /]). Assume 

that, for each t e [0, /], the points a(r) and B(t) are closer than the points d(t) 
and Pq \ i.e., 

I a(/) - p{t) I < I a« - Po 


Use Exercise 2 to prove that the winding number of a relative to p 0 is equal to 
the winding number of relative to p 0 . 

4. a. Let C be a regular plane dosed convex curve. Since C is simple, it determines, 

by the Jordan curve theorem, an interior region K c= R 2 . Prove that K is a. 
convex set (i.e., given p,q b K, the segment of straight line 巧 is contained in 

y 八 -r m__ r\ o_i n\ 

ci. JZ.ACHJ1MC oci, 丄 -/J* 

b. Conversely, let C be a regular plane curve (not necessarily closed), and assume 
that Cis the boundary of a convex region. Prove that C is convex. 

5. Let C be a regular plane ， closed, convex curve. By Exercise 4, the interior of C is 
a convex set & Let p 0 g K, p 0 ^ C. 

a. Show that the line which joins p 0 to an arbitrary point q e C is not tangent 
to C at q. 

b. Conclude from part a that the rotation index of C is equal to the winding num¬ 
ber of C relative to Pq ， 

c. Obtain from part b a simple proof for the fact that the rotation index of a 
closed convex curve is 土 1. 
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6. Let a : [0, /] ― > i? 3 be a regular closed curve parametrized by arc length. Assume 
that 0 尹 |A:(5)| < 1 for all g [0, /]. Prove that / > 27T and that l = In if and 
only if a is a plane convex curve. 

7. (Schur's Theorem for Plane Curves.) Let CC : [0, /] — > R 1 and OC : [0, /] — > R 2 be two 
plane convex curves parametrized by arc length, both with the same length L 
Denote by k and 1c the curvatures of oc and a, respectively, and by d and d the 
lengths of the chords of a and OC, respectively; i.e” 

d{s) = I a^) - a(0) I, = I aCy) — a(0) |. 


Assume that k{s) > lc(s), s g [0, /]. We want to prove that d(s) < ^), s e [0, /] 

ii wt ^LivL^ii a cui vw, lid kiiu 丄 vis uw^umv njn^ci ) auu iiiai vy^uaiiiy nuiua iui 

s e [0, /] if and only if the two curves differ by a rigid motion. We remark that 
the theorem can be extended to the case where oc is a space curve and has a num¬ 
ber of applications. Compare S. S. Chern [10]. 

The following outline may be helpful. 

a. Fix a point 5 1 = s it Put both curves CC(s) = (xCy)， 火 ⑻)， ^( s ) ~ (又 W， y( s )) i n 
tile lower half-plane y 0 so that ot(0)，《(* 5 * 1 )，0^(0), 3.11 cl 乂 lie on the x 
axis and 1 ( 5 ^) > x(0), x^i) > x(0) (see Fig. 5-41). Let s 0 e [0, .sj be such 
that a'(^o) is parallel to the ^ axis. Choose the function 00) which gives a dif¬ 
ferentiable determination of the angle that the x axis makes with a'C?) in such a 
way that 0(*y o ) = 0. Show that, by convexity, —n <6 <7t. 


y 



b. Let 6(/) ， 9(s q ) = 0, be a differentiable determination of the angle that the x 
axis makes with oc'^). (Notice that a'^o) may no longer be parallel to the x 
axis.) Prove that < 0(^) and use part a to conclude that 

^ 1 ) = [" cos ds < cos 8(s) ds < c?0i). 

Jo Jo 

For the equality case, just trace back your steps and apply the uniqueness 
theorem for plane curves. 

8. {Stoker’s Theorem for Plane Curves.) Let a： R > i? 2 be a regular plane curve 

私 0 «*vh 合 f n 1 入 +■ ^ a ^a.11 a **-**«« ^ 一 ^ 一 # * 

\j<xl ciinvti 1 uy tiiv* rxaauinw iijcil me luuu VYUlg ^UI1UIUUI1& . 
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1. The curvature of a is strictly positive. 

2. lim |a(^) \ = co; that is, the curve extends to infinity in both directions. 

^ ― > 土 oo 

3. OC has no self-intersections. 

The goal of the exercise is to prove that the total curvature of a is < 7t. 

The foil owing indications may be hejpfui. Assume that the total curvature 
is > 7T and that a has no self-intersections. To obtain a contradiction, proceed as 
follows : 

a. Prove that there exist points, say, = a(0), q = a^i), > 0, such that the 

tangent lines T p , T q at the points p and q, respectively, are parallel and there 
exists no tangent line parallel to T p in the arc a([0, 〜]). 

b. Show that as s increases ， a(^) meets T p at a point ， say, r (Fig. 5-42). 

c. The arc a(( —co, 0)) must meet T p at a point t between p and r. 

d. Complete the arc ipqr of a with an arc without self-intersections joining r to 
r, thus obtaining a closed curve C. Show that the rotation index of C is > 2. 
Show that this implies that a has self-intersections, a contradiction. 


T D 



9. Let a : [0, /] — > 2 be a regular closed curve oh a sphere *S 2 — {(x, y, z) e R 3 ; 

x 2 y 2 z 2 = 1}. Assume that a is parametrized by arc length and that the 
curvature k(s) is nowhere zero. Prove that 

C ! 一 ， … ^ 

as = (j. 

J o 


(The above integral is actually a sufficient condition for a nonplanar curve to lie 
on the surface of a sphere. For this and related results, see H. Geppert, “Sopra 
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una caractterizzazione della sfera,” Ann. di Mat. Pura ed App. XX (1941), 59—66; 
and B. Segre, “Una nuova caracterizazzione della sfera,” Atti Ac cad. Naz. dei 
Lincei 3 (1947), 420-422.) 


5-8. Surfaces of Zero Gaussian Curvature 


Wp have alrparlv ("Spp 4 懸 tfiat fh#=* rpanlar ciirfarpti with iH 户 titipfillv 7^rr, 

'W A T ▲籲 、 W P ^ V M. M. w V %-■ A _■ 丄 4 % y ■ ^ i ， T A W M.M. A■ ■ w A ^fT •響 愚 J 

Gaussian curvature are locally isometric to the plane. In this section, we shall 
look upon such surfaces from the point of view of their position in R 3 and 
prove the following global theorem. 


THEOREM. Let S c R 3 be a complete surface with zero Gaussian 
curvature. Then S is a cylinder or a plane. 

By definition，a cylinder is a regular surface S such that through each 
point p t S there passes a unique iine a (/?) 匚 S (the generator through p) 
which satisfies the condition that if q ^ p } then the lines R(p) and R{q) are 
parallel or equal. 

It is a strange fact in the history of differential geometry that such a 
theorem was proved only somewhat late in its development. The first proof 
came as a corollary of a theorem of P. Hartman and L. Nirenberg (“On 
Spherical Images Whose Jacobians Do Not Change Signs，” Amer. J. Math. 
81 (1959), 901—920) dealing with a situation much more general than ours. 
Later, W. S. Massey (“Surfaces of Gaussian Curvature Zero in Euclidean 
Space,” Tohoku Math. J. 14 (1962)，73-79) and J. J. Stoker (“Developable 
Surfaces in the Large，’， Comm. Pure and Appl. Math. 14 (1961), 627-635) 
obtained elementary and direct proofs of the theorem. The proof we present 
here is a modification of Massey’s proof. It should be remarked that Stoker’s 
paper contains a slightly more general theorem. 


We shall start with the study of some local properties of a surface of zero 
curvature. 

Let S cz R 3 be a regular surface with Gaussian curvature 尤三 0 . Since 
K = kik 2 , where k 1 and k 2 are the principal curvatures, the points of S are 
either parabolic or planar points. We denote by P the set of planar points and 

t 7 " T 'C'* + a ^ ^ 广 》 ^ 1 ^ a 嗜 ， ^ a f 

uy w — o — i me scl ui ycLLauun^ jjuiina ui 

P is closed in S. In fact, the points of P satisfy the condition that the 
mean curvature H = + k 2 ) is zero. A point of accumulation of P has, 

by continuity of H, zero mean curvature; hence, it belongs to P. It follows 
that U = S — P is open in S. 

An instructive example of the relations between the sets P and U is given 
in the foliowing example. 
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Example 1. Consider the open triangle ABC and add to each side a 
cylindrical surface, with generators narallel to the given side FiV 5-4^V 

^ / 丄 - CJ~ ' ^ 一一 ----▼、-▼，― ■ ▼ ，一 J • 

It is possible to make this construction in such a way that the resulting 
surface is a regular surface. For instance, to ensure regularity along the open 

Slfcrm^nt RC it that flip Cf=>ptinn FH of tTif=> rvlinHrir^il KanH TiC D T7 q 

■V ■ r- ， m. ^ V V V W A A «rW V W A A V V ¥ l k X ▲ ^ ^ ^ i + i 丄 M J -* \t^f J IV 

plane normal to BC is a curve of the form 



Observe that the vertices A, B, C of the triangle and the edges BE, CD, etc., 
of the cylindrical bands do not belong to S. 



Figure 5-43 


The surface S so constructed has curvature 尺三 0. The set P is formed by 
the closed triangle ABC minus the vertices. Observe that P is closed in S 
but not in R 3 . The set U is formed by the points which are interior to the 
cylindrical bands. Through each point of U there passes a unique line which 
will never meet P. The boundary of P is formed by the open segments AB, 
BC, and CA. 

In the following, we shall prove that the relevant properties of this example 
appear in the general case. 

First, let p e U. Since is a parabolic point, one of the principal direc¬ 
tions at p is an asymptotic direction, and there is no other asymptotic direc¬ 
tion at p. We shall prove that the unique asymptotic curve that passes through 
is a segment of a line. 


PROPOSITION 1. The unique asymptotic line that passes through a 
parabolic point p G U cz S of a surface S of curvature K ~ 0 is an {open) 
segment of a {straight) line in S. 
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Proof. Since p is not umbilical, it is possible to parametrize a neighbor¬ 
hood V cr C/ of /? by x(w, v) 二 x in such a way that the coordinate curves are 
lines of curvature. Suppose that v = const, is an asymptotic curve; that is, it 
has zero normal curvature. Then, by the theorem of Olinde Rodrigues (Sec. 
3-2, Prop. 4), iV H = 0 along v = const. Since through each point of the 
neighborhood V there passes a curve v = const., the relation N u = Q holds 
for every point of V. 

It follows that in V 

<x, N} u = <x„, 7V> + <x, N u } = 0, 


Therefore, 



= (p(v\ 


⑴ 


where y>{v) is a differentiable function of v alone. By differentiating Eq. (1) 

with rfisinpri tn ?? wp obtain 


<x, iV；> 二 〆(>). (2) 

On the other hand, N v is normal to N and different from zero, since the 
points of V are parabolic. Therefore, N and N v are linearly independent. 
Furthermore, N vu = N uv = 0 in V. 

We now observe that along the curve v = const. = the vector N(u)= 
N q and N v [u) = (N v ) 0 — const. Thus, Eq. (1) implies that the curve x(u, v 0 ) 
belongs to a plane normal to the constant vector N 0 , and Eq. (2) implies that 
this curve belongs to a plane normal to the constant vector (N v ) 0 . Therefore, 
the curve is contained in the intersection of two planes (the intersection exists 
since N 0 and (A^) 0 are linearjy independent); hence, it is a segment of a 
line. Q.E.D. 

Remark. It is essential that 足三 0 in the above proposition. For instance, 
the upper parallel of a torus of revolution is an asymptotic curve formed by 
parabolic points and it is not a segment of a line. 


We are now going to see what happens when we extend this segment of 
line. The following proposition shows that (cf. Example 1) the extended line 
never meets the set P; either it “ends” at a boundary point of S or stays indefi¬ 
nitely in U. 

It is convenient to use the following terminology. An asymptotic curve 
passing through a point p ^ S is said to be maximal if it is not a proper 
subset of some asymptotic curve passing through p. 


PROPOSITION 2 (Massey, loc. cit.). Let v be a maximal asymptotic line 
passing through a parabolic point p G U c S < 9 / « surface S of curvature 
K = 0 and let P cz S be the set of planar points of S. Then r n P = 0. 
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The proof of Prop. 2 depends on the following local lemma, for which we 
use the Mainardi-Codazzi equations (cf. Sec. 4、3). 


LEMMA 1, Let s be the arc length of the asymptotic curve passing through 

rt nnrnhnJir nninf n nf n vnrfnrp SI nf 7pm rnrvntnrp nnH Jpf M ^ "HYs 、hp thp 

mean curvature of S along this curve. Then, in U, 


H2 / 1 \ 

_r_[ \ 

ds 2 \H/ 



Proof of Lemma 1. We introduce in a neighborhood V [ U of p sl system 
of coordinates (u, v) such that the coordinate curves are lines of curvature 
and the curves v — const, are the asymptotic curves of V. Let e,f, and g be 
the coefficients of* tile second fiirtvis-iTiCiits,! form m this p3,r3,mctnz3,tion. Sines 
f =0 and the curve v = const., u = u{s) must satisfy the differential equa¬ 
tion of the asymptotic curves 



we conclude that e = 0. Under these conditions, the mean curvature H is 
given by 


H = ^ 4 ^ - + g) = Tg 



By introducing the values F =f = e = 0 in the Mainardi-Codazzi 
equations (Sec. 4-1, Eq. (7) and (7a))，we obtain 

0 = 丄感 兒 = 丄选. (4) 

2 G J gu 2 G w 


From the first equation of (4) it follows that E v — 0. Thus, E = E(u) is a 
function of u alone. Therefore, it is possible to make a change of parameters : 


v = V, 


u 


^/E{u) du. 


We shall still denote the new parameters by u and v. u now measures the arc 
length along v = const., and thus E ~ l. 

In the new parametrization (Z 7 = 0 ，五 =1) the expression for the Gaus¬ 
sian curvature is 
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Therefore, 

V G = c^u + c 2 (v), (5) 

where c t (v) and c 2 (v) are functions of v alone. 

On the other hand, the second equation of (4) may be written (g ^ 0) 


心 J G u __ U~G) U . 

hence, 

c 3 (vW~G, ( 6 ) 


where c 3 (v) is a function of v. By introducing Eqs. (5) and (6) into Eq. (3) we 
obtain 


ZJ — J_ C 3(W) ^ —丄 C 3(W) 

⑽) w —+ c~(v) 


Finally, by recalling that u = s and differentiating the above expression with 
respect to s, we conclude that 


基 ( 务 ) = 0 ， QED - 


Proof of Prop. 2. Assume that the maximal asymptotic line r passing 
through p and parametrized by arc length s contains a point q g P. Since r is 
connected and U is open, there exists a point p 0 of r, corresponding to s 0 , 
such that /? 0 g P and the points of r with s < s 0 belong to U. 

On the other hand，from Lemma 1, we conclude that along r and for 

J < 〜， 


H(s)= 


as b 


where a and b are constants. Since the points of P have zero mean curvature, 
we obtain 


H(p 0 ) = 0 lim H(s) - lim 


*Sq 


►Jo 


as + b ， 


which is a contradiction and concludes the proof. 


Q.E.D. 


Let now Bd(C/) be the boundary of Z7 in 5; that is, Bd(t/) is the set of 
points p E S such that every neighborhood of in 5 1 contains points of U 
and points of 5 1 — U = P. Since U is open in S, it follows that Bd(C/) P. 
Furthermore, since the definition of a boundary noint is symmetric in U 
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and P, we have that 

Bd(U) = Bd(P). 

The following proposition shows that (just as in Example 1) the set 
BdiLO = Bd(P) is formed bv segments of straight lines. 

PROPOSITION 3 (Massey). Let p e BdQJ) a S be a point of the 
boundary of the set U of parabolic points of a surface S of curvature K 三 0. 
Then through p there passes a unique open segment of line C(p) cr S. Further¬ 
more, C(p ) 匚 K Bd(U); that is, the boundary of U is formed by segments of 
lines. 

Proof. Let p e Bd(C/). Since p is a limit point of U f it is possible to 
choose a sequence [p n },p n e U, with lim„ 一⑺ = /?. For every let C(p n ) 
be the unique maximal asymptotic curve (open segment of a line) that passes 
through p n (cf. Prop. 1). We shall prove that, as n — > oo, the directions of 
C{p n ) converge to a certain direction that does not depend on the choice of 
the sequence 

In fact, let 2 c= 7? 3 be a sufficiently small sphere around p. Since the sphere 
Sis compact, the points of intersection of C(p n ) with 2 have at least one 
point of accumulation ^ e 2, which occurs simultaneously with its antipodal 
point. If there were another point of accumulation r besides q and its antipo- 

uiu puiuij uicu uuuugji cii unictniy accti pwinis p n ctiiu p m uicic sinjuiu pctss* 

asymptotic lines C(p^ and C(p m ) making an angle greater than 

R = 丄 nno/ n/7 

thus contradicting the continuity of asymptotic lines. It follows that the 
lines C(/?„) have a limiting direction. An analogous argument shows that 
this limiting direction does not depend on the chosen sequence {p„} with 
p n = p, as previously asserted. 

Since the directions of C( d^) converse and — > d, the ooen sesments 

• • • \J. ti/ W J. A. * 丄 W 

of lines C(p n ) converge to a segment C(p) c= S that passes through p. The 
segment C{p) does not reduce itself to the point p. Otherwise, since C(p„) is 

mavimal n wniilrl hp a nnint nf arr.nmulatinn nf the pxtrpmitip^ nf 

A. A k. A. A X ^ j 's 息 _J~ T f •v ■mrw •& 息 a. ^ ^ ww n ^w- — •— ，一 — ^ ^ r- —■ -r m. ^ a a — v v •— 

C(p n ), which do not belong to S (cf. Prop. 2). By the same reasoning, the 
segment C(p) does not contain its extreme points. 

Finally, we shall prove that C(p) c Bd(L’). In fact, if q g C(p), there 
exists a sequence 

{q n }, q n e C(p„) a U, with lim q n =- q. 

7^00 

Then q g U U Bd(t/). Assume that q ^ Bd(C/). Then q ^ U, and, by the 
continuity of the asymptotic directions, C(p) is the unique asymptotic line 
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that passes through q t This implies, by Prop. 2, that p g U ，which is a con¬ 
tradiction. Therefore, q e Bd(C/)，that is, C{p) c= Bd(C/)，and this concludes 
the proof. Q.E.L). 

We are now in a position to prove the global result stated in the beginning 

ui ima 5>cuuuii. 

Proof of the Theorem. Assume that S is not a plane. Then (Sec. 3-2, 
Prop. 5) S contains parabolic points. Let U be the (open) set of parabolic 
points of S and P be the (closed) set of planar points of S. We shall denote by 
int P, the interior of P ，the set of points which have a neighborhood entirely 
contained in P. int P is an open set in S which contains only planar points. 
Therefore, each connected component of int P is contained in a plane (Sec. 
3-2, Prop. 5). 

We shall first prove that if ^ e 5" and g ^ int P, then through q there 
passes a unique line R(q) c= S, and two such lines are either equal or do not 
intersect. 

In fact, when q s U, then there exists a unique maximal asymptotic line 
r passing through r is a segment of line (thus, a geodesic) and r n P = <j) 
(cf. Props. 1 and 2). By parametrizing r by arc length we see that r is not a 
finite segment. Otherwise, there exists a geodesic which cannot be extended 
to all values of the parameter, which contradicts the completeness of S. 
Therefore, r is an entire line /?(^) ; and since r n P ^ (j>-, we conclude that 
m cr [/. It follows that when p is another point of U, p ♦ R(q), then 
R(p) n R{q) = <j). Otherwise, through the intersection point there should 
pass two asymptotic lines, which contradicts the asserted uniqueness. 

On the other hand, if q g Bd(C/) = Bd^), then (cf. Prop. 3) through q 
there passes a unique open segment of line which is contained in Bd(L0. By 
the previous argument, this segment may be extended into an entire line 
R(q) c= Bd(t/), and if p g Bd(U), p ^ R{q), then R{p) n R{q) = <j). 

Clearly, since U is open, ifqeU and p e Bd(C/), then R(p) n R{q) = 0. 
In this way, through each point of 5" — int P = t/ u Bd(C/) there passes a 
unique line contained in S — int P, and two such lines are either equal or do 
not intersect, as we claimed. If we prove that these lines are parallel, we shall 
conclude that Bd(C/) (= Bd ( 尸 )）is formed by parallel lines and that each 
connected component of int P is an open set of a plane, bounded by two 
parallel lines. Thus, through each point t int P there passes a unique line 
m cz int P parallel to the common direction. It follows that through each 
point of S there passes a unique generator and that the generators are parallel, 
that is, S is a cylinder, as we wish. 

To prove that the lines passing through the points of C/ U Bd(U) are 
parallel, we shall proceed in the following way. Let q ^ U U Bd(f7) and 
p e U. Since S is connected, there exists an arc a : [0, /] — > S, with a(0) = p. 
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a(/) = g. The map exp/ T P (S) — S is a covering map (Prop. 7, Sec. 5-6) and 
a local isometry (corollary of Lemma 2, Sec. 5-6). Let a: [0, /] — T P (S) be 
the lifting of a, with origin at the origin 0 g T p (S). For each a ⑺， with 
exp 及 ot{t) = a(0 g ^7 U let r t be the lifting of i?(a(0) with origin at 

a(0- Since exp p is a local isometry, r t is a line in T P (S). 

We shall prove that when a(Vi) 古 a( ， 2 ) ， t u t 2 e [0, /], the lines r tl and r tl 
are parallel. In fact, if G r t , O r lz , then 

cxp p ( v ) e i?(a(^)) n i?(a ⑹)， 
which is a contradiction. 

So far we have not defined R(oL(t)) when oc(t) e intP. This will now be 
done. When 6t(t) is such that exp^ a{t) a(0 g int P, we draw through dt(f) 
a line r in T P {S) parallel to the common direction we have just obtained. It is 
clear that exp/r) c int P, and since exp/r) is a geodesic, exp/r) is an entire 
line contained in S. In this way, the line 7?(a(0) is defined for every t e [0, /]. 

We shall now prove that the lines i?(a(0), t [0, /], are parallel lines. In 
fact, by the usual compactness argument, it is possible to cover the interval 
[0, /] with a finite number of open intervals /!，...，/„ such that a(/,.) is con¬ 
tained in a neighborhood V t of t t G where the restriction of exp^, is 
an isometry in V.. Observe now that when t x ,t 2 ^ h and a ⑹古 a(^ 2 ) then 
i?(a(^)) is parallel to i?(a(f 2 )). In fact, since r tl is parallel to r t2 and exp^ is an 

lsumcuy m v ，-, me »jpcii scgnicni ( i v J is pciictiici uj ( i v j, 

this means that the lines exp^ n % = i?(a(^i)) and exp^ n 2 = R(oc(t 2 )) have 
parallel open segments and are therefore parallel. By then using the decom¬ 
position of [0, /] by /!，...，/„，we shall prove, step by step, that the lines 
i?(a ⑺） are parallel. 

In particular, the line R(q) is parallel to R(p). If s is another point in 
U u Bd(U), then, by the same argument, R(s) is parallel to R(p) and hence 
parallel to R(q)- In this way, it is proved that all the lines that pass through 
U u Bd(t/) are parallel, and this concludes the proof of the theorem. 

Q.E.D. 


5-9. Jacobies Theorems 

It is a fundamental property of a geodesic y (Sec. 4-6, Prop. 4) that when two 
points p and q oi y are sufficiently close, then y minimizes the arc length 
between p and q. This means that the arc length of y between p and q is smaller 

4- n m 八 a 八 、+ /-% + rt r\ 1 1 1 /■* 1 ” 1 ”/T ✓"! dll C ^ In O V" 

LJLJlCtii VI tut ： CLL W Ctll^ WU1 VW p tv/ If. lAV/ VV 以 JLCIL 

we follow a geodesic y starting from a point p. It is then natural to ask how 
far the geodesic y minimizes arc length. In the case of a sphere, for instance ， 
a geodesic y (a meridian) starting from a point p minimizes arc length up to 
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the first conjugate point of p relative to y (that is, up to the antipodal point of 
p). Past the antipodal point of p, the geodesic stops being minimal，as we may 
intuitively see by the following considerations. 

A geodesic joining two points p and ^ of a sphere may be thought of as a 
thread stretched over the sphere and joining the two given, points. When the 

arc pq is smaller than a semi meridian and the points p and q are kept fixed, 
it is not possible to move the thread without increasing its length. On the 

other hand, when the arc pq is greater than a semimeridian，a small displace- 
ment of the thread (with p and q fixed) “loosens” the thread (see Fig. 5-44). 



Figure 5-44 



In other words, when q is farther away than the antipodal point of it is 

possible to obtain curves joining p to q that are close to the geodesic arc pq 
and are shorter than this arc. Clearly, this is far from being a mathematical 
argument. 

In this section we shall begin the study of this question and prove a result, 
due to Jacobi, which may be roughly described as follows. A geodesic y 
starting from a point p minimizes arc length, relative to “neighboring” 
curves of y, only up to the “first” conjugate point of p relative to y (more 
precise statements will be given later; see Theorems 1 and 2). 

For simplicity, the surfaces in this section are assumed to be complete and 
the geodesics are parametrized by arc length. 

We need some preliminary results. 

The following lemma shows that the image by exp/ T P (S) > S of a 
segment of line of T P (S) with origin at O e T P (S) (geodesic starting from 
p) is minimal relative to the images by exp^ curves of T P {S) which join the 
extremities of this segment. 

More precisely, let 


p e 入， 


U E 1 p KP), I = W| ^ U, 
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and let y: [0, /] —> T P (S) be the line of T P (S) given by 

f(s) = SV, s e [0, /], v = r^n-- 

I W| 

T.et a* TO. /I — >■ hp a Hiffprentiahlp naramptri7pd rnrvp nf T with 

t ■- w ^ - J ^ ^ ^ w m, A. A *PV •rVA. A A ^ V ^ ，— W-A r 'V ^ ^ T > ^ 

汉 ⑼ = 0 ， a(/) = w, and a(.s) 古 0 if s 矣 0. Furthermore, let (Fig. 5-45) 

a‘|>) = exn^ $(s) and y( s ) = exp^ ?(>)• 



Figure 5-45 

LEMMA 1. With the above notation, we have 

1. /(oc) > /(y), where l ( ) denotes the arc length of the corresponding 
curve. 

In addition, if a(s) is not a critical point of exp v , s g [0, / )]，and if the traces 
of a and y are distinct, then 

2. / ⑻ >*/(». 

Proof. Let a^)/! a(5) | = r, and let « be a unit vector of T P {S), with 
〈 ’ ，刀 〉 =()• In the basis {r, n] of T P (S) we can write (Fig. 5-45) 

a '^) 二 ar + bn ， 


where 


a ^ 〈汉 ’0)，/*>， 

b = 〈汉 ’(X )， 
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By definition 

a'o) = exp 丄 (WO)) 

= a(d oxp p ) £is) (r) + b(d ^xp p ) £(s) (n). 

Therefore, by using the Gauss lemma (cf. Sec. 5-5, Lemma 2) we obtain 

〈 (x’O), a’0)> = a 2 + c 2 , 

八 r 色 

VYllt.1 W 

It follows that 

〈 〆(>) ， a^)) > a 2 . 

On the other hand, 

去抛 阶) > i/2 = 徽 2 n =<_，◊=«， 



and this proves part 1. 

To prove part 2, let us assume that 1(a) = f(y). Then 

\ 〈 a'O) ， a f (s )〉 i/2 ds = 卜 ads, 

and since 

<a' ⑴， aX ^)> 1/2 > 

the equality must hold in the last expression for every j e [0, /]. Therefore, 

c = 1^11(^ ⑻ I 二 0. 

Since a(^) in not a critical point of exp^, we conclude that 6 = 0. It follows 
that the tangent lines to the curve a all pass through the origin O of T p (s). 
Thus, a is a line of T P (S) which passes through O, Since 改 (J) = y{l), the lines 
a and y coincide，thus contradicting the assumption that the traces of a and 
y are distinct. From this contradiction it follows that /(a) > l(y), which proves 
nart 2 and ends the proof of the lemma. 0*E.D. 

丄上 ' 



Jacobi's Theorems 


419 


We are now in a position to prove that if a geodesic arc contains no con¬ 
jugate points，it yields a local minimum for the arc length. More precisely, 
we have 


TTTI^ORF!TVT 1 厂 -TnmllU T Pt v • TO /)-~~> SI =： n n aPnAp^ir Ujfthnut 

conjugate points; that is, exp p : T P (S) S is regular at the points of the line 
?(s) = sy’(O) 0 / T P (S), s e [0, /]. Let h: [0, /] x (—e, e) — S be a proper 
yoTiaiiGYi of y. Thai, 

1. There exists a 8 > 0, 3 < e, such that if t g (—6, S), 

L(t)> L(0), 

where L(t) is the length of the curve h t : [0, /] — ^ S that is given by 
h t (s) = h(s 5 1). 

2. If, in addition, the trace of h t is distinct from the trace of y, 

L(t) > L(0). ' 

Proof. The proof consists essentially of showing that it is possible, for 
every t e (—<5, (5)，to lift the curve h t into a curve h t of T P (S) such that 
h t (0) = 0, h t {l) = y(l) and then to apply Lemma 1. 

Since cxp p is regular at the points of the line y of T P (S )，for each s e [0, /] 
there exists a neighborhood U s of f(.s) such that exp^ restricted to U s is a 
diffeomorphism. The family s g [0, /], covers y([0, /]), and, by compact¬ 
ness. it is possible to obtain a finite subfamily, sav, CA. U” which still 

/ A w * m r r - tw 

covers f([0, /]). It follows that we may divide the interval [0, /] by points 

0 = Si < S 2 < • * * < < ^„4-l — I 

in such a way that 5 /+1 ]) ci i — . ,n. Since h is continuous and 

IX， is compact, there exists 6 1： > 0 such that 

K[s t , ^ + i] X (— <5, ， A)) c exp^ ([/,) ^ V t . 

Let S ^ . . . s S n ). For t e (—3, 6), the curve h t : [0, /] 一 S may be 

lifted into a curve h t : [0, /] T P (S), with origin h t (0) = 0, in the following 
way. Let ^ G [〜，〜].Then 

= exp〆 ( 九⑻)， 

where exp; 1 is the inverse map of exp/ U Y V t . By applying the same 
technique we used for covering spaces (cf. Prop. 2, Sec. 5-6)，we can extend 
h t for all .s e [0, /] and obtain h t (l) ?(0« 

In this way, we conclude that y(.s) — exp^ y(s) and that h t (s) exp p h:[s )， 
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t g (—(5, <5)，with h t (0) = 0, h t {l) — y(l). We then apply Lemma 1 to this 
situation and obtain the desired conclusions. Q.E.D. 

Remark 1. A geodesic y containing no conjugate points may well not be 
minimal relative to the curves which are not in a neighborhood of y. Such a 
situation occurs，for instance, in the cylinder (which has no conjugate points), 
as the reader will easily verify by observing a closed geodesic of the cylinder. 

This situation is related to the fact that conjugate points inform us only 
about the differential of the exponential map, that is, about the rate of 
“spreading out” of the geodesics nieghboring a given geodesic. On the other 
hand, the global behavior of the geodesics is controlled by the exponential 
map itself, which may not be globally one-to-one even when its differential is 
nonsingular everywhere. 

Another example (this time simply connected) where the same fact occurs 
is in the ellipsoid, as the reader may verify by observing the figure of the 
ellipsoid in Sec. 5-5 (Fig. 5-19). 

The study of the locus of the points for which the geodesics starting from 
p stop globally minimizing the arc length (called the cut locus of p) is of 
fundamental importance for certain global theorems of differential geometry, 
but it will not be considered in this book. 

We shall proceed now to prove that a geodesic y containing conjugate 
points is not a local minimum for the arc length; that is, “arbitrarily near” to 
y there exists a curve, joining its extreme points, the length of which is smaller 
than that of y. 

We shall need some preliminaries, the first of which is an extension of the 
definition of variation of a geodesic to the case where piecewise differentiable 
functions are admitted. 

DEFINITION 1. Let y : [0, /] — > S be a geodesic of S and let 

h: [0，/] x (.— 6 ， 6) — ^ S 

be a continuous map with 

h(s ， 0) = y(s )， s e [0, /]. 

h is said to be a broken variation of y if there exists a partition 

0 ^ s。< Sj < S 2 < .. • < S n _i < S n / 

^/[0, /] such that 


h: [Si, s i+1 ] x (—e ， e) — > S，i = 0 ， 1， . • ，， n — 1 ， 
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is differentiable. The broken variation is said to be proper if h(0, t) : = 满， 
h(7, t) = yif) for every t e (—e, e). 

The curves h t {s)^ s g [0, /], of the variation are now piecewise differenti- 

1 r\7CkO ' I £% m ri nf i 门 n n 1 i-/-\r^ fljalri CT rv\ ijn r% 

“L/XV wo. j. JL1W V<Xi 丄 r } - \^ fl / ^ 1 CL jjimwiow 

differentiable vector field along y; that is, V: [0, /] — ^ 7? 3 is a continuous map, 
differentiable in each [ti, ^ +1 ]. The broken variation h is said to be orthogonal 

ic / ir/ J\ *.//^\\ r\ _ ^ rr\ n 

11 \ v \AJ, y y^)/ LW, i\. 

In a way entirely analogous to that of Prop. 1 of Sec. 5-4, it is possible 
to prove that a piecewise differentiable vector field V along y gives rise to a 
broken variation of y, the variational field of which is V. Furthermore, if 

F(0) = V(l) - 0, 

the variation can be chosen to be proper. 

Similarly, the function L : (—e, e) — > R (the arc length of a curve of the 
variation) is defined by 

n-l f fi+1 

L(<) = ? J (1 Ts {s, 0 ds 
= {。|》， 0 卜 

By Lemma 1 of Sec. 5-4, each summand of this sum is differentiable in a 
neighborhood of 0. Therefore, L is differentiable in (—(5, <5) if S is sufficiently 
small. 

The expression of the second variation of the arc length (//'(O))，for 
proper and orthogonal broken variations, is exactly the same as that obtained 
in Prop. 4 of Section 5-4, as may easily be verified. Thus, if T is a piecewise 
differentiable vector field along a geodesic y ： [0, l] S such that 

•<K (>)， f(s)} =0 ， J e [0, /]， and V(0) = K(/) 二 0 ， 

we have 

邛⑼ = r 。 m 你 x 呛)，吻) >) 也 

Now let y : [0, ^ be a geodesic and let us denote by T) the set of 

piecewise differentiable vector fields along y which are orthogonal to y ; that 
is, if F G V t then <(V(s), y f (s)y = 0 for all 5 G [0, /]. Observe that 'U, with the 
natural operations of addition and multiplication by a real number, forms a 
vector space. Define a map I:V x V — > R by 
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((H)-m<y(si W(s)y)ds, 

where V, fV g V. 

It is immediate to verify that / is a symmetric bilinear map; that is, I is 
linear in each variable and I{V, IV) = f(W, V), Therefore, / determines a 
quadratic form in T), given by I(V, V)‘ This quadratic form is called the 
index form of y. 


Remark 2. The index form of a geodesic was introduced by M. Morse, 
who proved the following result. Let y(5 0 ) be a conjugate point of y(0) = p, 
relative to the geodesic y: [0, /] — > S, s Q e [0, /]. The multiplicity of the 
conjugate point 咖 0 ) is the dimension of the largest subspace E of T P {S) 
such that (d expj ⑹ (w) 0 for every u ^ E. The index of a quadratic form 

Q : E ― ^ i? in a vector space E is the maximum dimension of a subspace L 
of E such that Q(u) < 0, u ^ L. With this terminology, the Morse index 
theorem is stated as follows : Let y: [0, /] — > S be a geodesic. Then the index of 
the quadratic form I of y is finite，and it is equal to the number of conjugate 
points to y(0) in y((0, /])，each one counted with its multiplicity. A proof of this 
theorem, may be found in J. Milnor, Morse Theory，Annals of Mathematics 
Studies, Yol. 51, Princeton University Press, Princeton, N. J., 1963. 


For our purposes we need only the following lemma. 

LEMMA 2. Let Y ^ V be a Jacobi field along a geodesic y : [0, /] — ^ S 
and Wei). Then 

I(V, W)= 〈髮 (/) ， WO) 〉 — 〈盖 ( 。 ) ， w(o)〉. 

Proof. By observing that 

a i r\i/ \ i t\h/ \ I r\'r r\u/\ 

we may write I in the form (cf. Remark 4, Sec. 5-4) 

kv, m = (PL, w)\ - f (C + mm, m^))ds. 

\ / |0 J o ^ x / / 

From the fact that F is a Jacobi field orthogonal to y, we conclude that the 
integrand of the second term is zero. Therefore, 

I ( V , ^ H(l )， W ( l )) - d 肌 ^(0)). 


Q.E.D. 
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We are now in a position to prove 

THEOREM 2 (Jacobi). If we let y : [0, /] — >S be a geodesic ofS and we let 
y(s 0 ) e y(( 0 ,/) be a point conjugate to y( 0 ) = p relative to y, then there exists 
a proper broken variation h : [0, /] X (—f ， 6 ) ― of y and a real number 5 > 0, 
(5 < 6, such that if t G (—3, S) we have L(t) < L ⑼. 

Proof. Since y(s。）is conjugate to p relative to y, there exists a Jacobi 
field J along y, not identically zero, with 7(0) = J(s 0 ) = 0. By Prop. 4 of Sec. 
5-5, it follows that (J(s), /⑺〉 = 0, 5 e [0, /]. Furthermore, (DJ/ds)(s 0 ) ^ 0; 
otherwise, J(s) = 0. 

Now let Z be a parallel vector field along y, with Z(s 0 ) = —(DJ/ds)(s 0 ), 
and /: [ 0 , /] 一 7? be a differentiable function with /( 0 ) /(/) = 0 , f(s Q ) ^ 1 . 

Define Z(s) = f{s)Z{s), s e [0, /]. 

For each real number 77 > 0, define a vector field Y n along y by 


Y n = J{s) + s e [0 ,〜]， 

= 7 Z (^) s e [s 0 , /]• 


is a piecewise differentiable vector field orthogonal to y. Since y 7 (0)= 
Y n (l) = 0, it gives rise to a proper, orthogonal, broken variation of y. We 
shall compute L n (0) = I(Y^ Y n ). 

For the segment of geodesic between 0 and s Q , we shall use the bilinearity 
of I and Lemma 2 to obtain 

T f 'r \ T / T _ T 1 . _ 

1 n) = Js A J 十 ？ /△，J 十 r^} 

= L 0 (J, J) + 2^J So (J, Z) + Z) 

n. ID Jf /■ 、 r~w /■ 、\ T r r r—w r-w\ 

=^ 0 )) -h 

=—2f] ^(s 0 )f + f] 2 JsXZ, Z), 

] 


where 八 。 indicates that the coresponding integral is taken between 0 and s 0 . 
By using I to denote the integral between 0 and / and noticing that the integral 
is additive, we have 


J(Y . 

— TJJ - g 


DJ_ 

ds 




2 4- zv 

L ~f — \ - J - / T 


Observe now that if // = is sufficiently small, the above expression is 
negative. Therefore, by taking r 7o , we shall obtain a proper broken variation, 
with L"( 0 ) < 0. Since L\0) = 0, this means that 0 is a point of local maxi¬ 
mum for L; that is, there exists 5 > 0 such that if f e (—5, 5 )， t ^0, then 
L(t) < L(0). Q.E.D. 
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Remark 3. Jacobi’s theorem is a particular case of the Morse index theo¬ 
rem, quoted in Remark 2. Actually, the crucial point of the proof of the index 
theorem is essentially an extension of the ideas presented in the proof of 
Theorem 2. 


EXERCISES 

1. {Bonnet's Theorem.) Let S be a complete surface with Gaussian curvature 
K>S > 0. By Exercise 5 of Sec. 5-5, every geodesic y : [0, co) — > S has a point 
conjugate to vfO) in the interval (0. nl^/ 8 1. Use Jacobi’s theorems to show that 

•r f s it ■■■ J 

this implies that 5 is compact and that the diameter p{S) < nj^Sr (this gives a 
new proof of Bonnet's theorem of Sec, 5-4). 

2. (Lines on Complete Surfaces.) A geodesic y : [—oo, oo) — ^ S is called a line if its 
length realizes the (intrinsic) distance between any two of its points. 

a. Show that through each point of the complete cylinder x 2 + 少 2 = 1 there 

passes a line. * 

b. Assume that 5 is a complete surface with Gaussian curvature K > 0. Let 
y: (—* oo, oo) ― > 5be a geodesic on S and let J(s) be a Jacobi field along y given 
by </(0),/(0)> = 0 ， |/(0)1 = 1 ， J\0) = 0. Choose an orthonormal basis 
{q(0)=〆(()) ， e 2 (0)} at Ty ⑻ (5 1 ) and extend it by parallel transport along y to 
obtain a basis [qO )， e 2 (s)} at each T y{s) (S). Show that J(s) = u(s)e 1 {s) for some 
function u(s) and that the Jacobi equation for J is 

u" +Ku^0, _ = 1 ， u\0) = 0. (*) 

c. Extend to the present situation the comparison theorem of part b of Exercise 
3, Sec. 5-5. Use the fact that 火 > 0 to show that it is possible to choose e > 0 
sufficiently small so that 

w(6) 〉 0 ， u( — 6) > 0 ， w <C Oj u\ — 6) > 0 ， 

where u{s) is a solution of (*). Compare (*) with 

= 0, v(6) ^ w(f )， v{€) — i/(€) for s e [6, co) 

and with 

w = v, — c ) — m 、 —cy ， w \ — t ) 一 u v — …， L 」 

to conclude that if ^ is sufficiently large, then JO) has two zeros in the interval 

(—^ 0 , Sq\ 

d. Use the above to prove that a complete surface with positive Gaussian curvature 
contains no lines. 
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5-10. Abstract Surfaces; 

Further Generalizations 

In Sec. 5-11, we shall prove a theorem, due to Hilbert, which asserts that 
there exists no complete regular surface in 天 3 with constant negative Gaussian 
curvature. 

Actually, the theorem is somewhat stronger. To understand the correct 
statement and the proof of Hilbert’s theorem, it will be convenient to intro¬ 
duce the notion of an abstract geometric surface which arises from the follow¬ 
ing considerations. 

So far the surfaces we have dealt with are subsets S of R 3 on which differ¬ 
entiable functions make sense. We defined a tangent plane T P (S) at each 
p g S and developed the differential geometry around p as the study of the 
variation of T P (S). We have, however, observed that all the notions of the 
intrinsic geometry (Gaussian curvature, geodesics, completeness, etc.) only 

ucpcnucu KJ 1 L LUC \Jl an Ullltl pi^JUUUl Ull CctL；U 1 p \K>). XX WC Ctic auic LU 

define abstractly (that is, with no reference to R 3 ) a set S on which differenti¬ 
able functions make sense, we might eventually extend the intrinsic geometry 
to such sets. 

The definition below is an outgrowth of our experience in Chap. 2. 
Historically, it took a long time to appear, probably due to the fact that the 
fundamental role of the change of parameters in the definition of a surface 
in R 3 was not clearly understood. 

DEFINITION 1. An abstract surface {differentiable manifold of dimension 
2) is a set S together with a family of one-to-one maps x a : U a — > S of open sets 
U a c= R 2 into S such that 

1. U« x «(u a ) = s. 

2. For each pair a，P with x a (U a ) D x J? (U J? ) = W ^ (f>, we have that 
x 二 XW) ， x^ ! (W) are open sets in R 2 , and x^ 1 o x a , x" 1 o are dif¬ 
ferentiable maps (Fig. 5-46) 

The pair (U a ， x a ) with p e x a (U a ) is called a parametrization (or coordi¬ 
nate system) of S around/?. x a (C/ a ) is called a coordinate neighborhood ， and if 
q = x a (t/ a , Vo) g S y we say that (u a , v a ) are the coordinates of q in this coor¬ 
dinate system. The family {C/ a , x a } Is called a differentiable structure for S. 
It follows immediately from condition 2 that the “change of parameters” 

V 一 


is a diffeomorphism. 
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Remark 1. It is sometimes convenient to add a further axiom to Def. 1 
and say that the differentiable structure should be maximal relative to condi¬ 
tions 1 and 2. This means that any other family satisfying conditions 1 and 2 
is already contained in the family [U^ x x }. 

A comparison of the above definition with the definition of a regular 
surface in R 3 (Sec. 2-2, Def. 1) shows that the main point is to include the 
law of change of parameters (which is a theorem for surfaces in R 3 , cf. Sec, 
2-3, Prop. 1) in the definition of an abstract surface. Since this was the pro¬ 
perty which allowed us to define differentiable functions on surfaces in R 3 
(Sec. 2-3, Def. 1), we may set 

DEFINITION 2. Let and S 2 be abstract surfaces. A map <p: ― > S 2 

is differentiable at p g S : if given a pararneirizaiion y: V cz R 2 — > S 2 around 
(p{p) there exists a parametrization x: U c ： R 2 — > S 1 around p such that 
供 (x(U)) cz y(V) and the map 

y - 1 。炉。 x: x'^U) c= R 2 —— ^ R 2 (1) 

is differentiable at x _1 (p). (p is differentiable on if it is differentiable at every 
p G S i {Fig, 5-47). 

T+ ; n r Tit r O +X-i o r\ rt'fi A 
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Hx(U)) 



choices of the parametrizations. The map (1) is called the expression of 5 ? in 
the parametrizations x ， y' 

Thus, on an abstract surface it makes sense to talk about differentiable 
functions, and we have given the first step toward the generalization of 
intrinsic geometry. 

Example 1. Let S 2 = {(x, y, z) e A 3 ; x 1 -\- y 1 -\- z 1 — 1} be the unit 
sphere and let A: S 2 S 2 be the antipodal map; i.e .， A(x, y, z) ^ 
(—x, —y, — z). Let P 2 be the set obtained from S 2 by identifying p with A{p) 
and denote by 兀： 5 2 — P 2 the natural map 7 t(p) = {p, A(p)}. Cover S 2 with 
parametrizations x a : U a —> S 2 such that x a (U a ) n 乂。 x a (U a ) =<(>• From the 
fact that S 2 is a regular surface and A is a diffeomorphism, it follows that P 2 
together with the family {C/ a , 71 o x a } is an abstract surface, to be denoted again 
by P 2 . P 2 is called the real projective plane. 

Example 2, Let 7" cz /? 3 be a torus of revolution (Sec, 2-2. Example 4) 
with center in (0, 0, 0) g R 3 and let A : T ― > T be defined by A(x, y, z )= 
(—x ， ~y, —z) (Fig. 5-48). Let K be the quotient space of T by the equiva¬ 
lence relation p ^ A{p) and denote by 71: T ― > K the map 7i(p) = {/?, A{p)}. 
Cover T with parametrizations x a : U a — >T such that x a (U a ) n A o x a (U a )= 
(f>. As before, it is possible to prove that K with the family {?7 a ， 兀。 x a } is an 

au^tiwiiiwn 10 vaiicu 
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Now we need to associate a tangent plane to each point of an abstract 
surface S. It is again convenient to use our experience with surfaces in R 3 
(Sec. 2-4). There the tangent plane was the set of tangent vectors at a point, 
a tangent vector at a point being defined as the velocity at that point of a 
curve on the surface. Thus, we must define what is the tangent vector of a 
curve on an abstract surface. Since we do not have the support of R 3 , we 
must search for a characteristic property of tangent vectors to curves which is 
independent of R 3 . 

The following considerations will motivate the definition to be given 
below. Let a: (—e. e) —> A 2 be a differentiable curve in R 2 . with afO) = z?. 
Write a(/) = v(t)), t g {—e, e), and a ' ⑼二 <y(0)， 〆 ⑼） =Let /be 

a differentiable function defined in a neighborhood of p. We can restrict / 

tn n anH wrifp fhp Hirpntiotial Hf»rivativp rtf f relative w ac fnllnwc • 



Thus, the directional derivative in the direction of the vector w is an operator 

八 ” ri -r flT a vi + 1 ^ -Pn n ^ n 1 t t lit f I 1 T-» t n i n +T-i o . 八 h ♦* a 八 + 八―： 

\J1L VV J.A1V/11 \J1L1J \JXX YV * ± klXO ID tilW UllCtl 

property of tangent vectors that we were looking for. 


， A __ T_ / _ _ _ / _ 一、 ^ 11 _ 1 _ 

jLfibrii'Miiiv.n^ /± uijjercniiaoiti map a: ( — e, t) ― ^ is cauea a curve 
on S. Assume that a(0) = p and let D be the set of functions on S which are 
differentiable at p. The tangent vector to the curve a at t = 0 is the function 
(X’⑼: D > R given by 

a' ⑼ (f) = ， f e D. 

ai t=0 


A tangent vector at a point p e S is the tangent vector at t —Q of some curve 
a: (—6, e) ― > S with a(0) = p. 
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By choosing a parametrization x: U — > S around p = x(0, 0) we may 
express both the function / and the curve a in x by /(w, v) and 
respectively. Therefore, 


d 


^mf) - i(/ 。 a) 

- u m( d -l\ 

\OU/q 


d 


=^( 0 ) 
v f (0)(^-)= 

\OV/o 


uX °i^)o 




This suggests, given coordinates (u, v) around p } that we denote by (d/du) 0 
the tangent vector at p which maps a function/into (dfldu) 0 ; a similar mean¬ 
ing will be attached to the symbol (dldv) 0 - We remark that (d/du) Q , {djdv) Q 
may be interpreted as the tangent vectors at p of the “coordinate curves” 

u —— > x(u, 0), v —— ^ x(0, v), 
respectively (Fig. 5-49). 




Figure 5-49 


From the above, it follows that the set of tangent vectors at p 7 with the 
usual operations for functions，is a two-dimensional vector space T P (S) to be 
called the tangent space of S at /?. It is also clear that the choice of a parame¬ 
trization x: U — > S around p determines an associated basis {{djdu) q , (d/dv) q } 
of T g (S) for any q e x("). 

With the notion of tangent space，we can extend to abstract surfaces the 
definition of differential. 


DEFINITION 4. Let and S 2 be abstract surfaces and let gj ： ― > S 2 be 
a differentiable map. For each p 6 Si and each w g Tpd )， consider a differ- 
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entiable curve a: (~~e, 6) S u with a(0) = p, a'(0) = w. Set = 炉。 a. 
The map d^ p : TpfS^ > T P (S 2 ) given by d^ p (w) — f(0) is a well-defined 
linear map, called the differential of tp at p. 

The proof that d(p p is well defined and linear is exactly the same as the 
proof of Prop. 2 in Sec. 2-4. 

We are now in a position to take the final step in our generalization of 
the intrinsic geometry. 

DEFINITION 5. A geometric surface (Riemannian manifold of dimension 
2) is an abstract surface S together with the choice of an inner product <( ， 〉 p 
at each T P (S), p e S, which varies dijferentiably with p in the following sense. 
For some {and hence all) parametnzation x: U — > S around p, the functions 

E(U ， V) = 〈春，基〉， F(U ， V )= 〈基，基〉， G(U ， V )= 〈基，矣〉 

» 

are differentiable functions in U. The inner product 〈 ， ) is often called a 

(Riemannian) metric on S. 

It is now a simple matter to extend to geometric surfaces the notions of 
the intrinsic geometry. Indeed, with the functions E, F, G we define ChristofFel 
symbols for S by system 2 of Sec. 4-3. Since the notions of intrinsic geometry 
were all defined in terms of the Christoffel symbols, they can now be defined 
in S. 

Thus, covariant derivatives of vector fields along curves are given by 
Eq. (1) of Sec. 4-4. The existence of parallel transport follows from Prop. 2 
of Sec. 4-4, and a geodesic is a curve such that the field of its tangent vectors 
has zero covariant derivative. Gaussian curvature can be either defined by 
Eq. (5) of Sec. 4-3 or in terms of the parallel transport, as in done in Sec. 
4-5, 

That this brings into play some new and interesting objects can be seen by 
the following considerations. We shall start with an example related to Hil- 
i5crt s tlisorsm. 

Example 3. Let — A 2 be a plane with coordinates (u, v) and define an 
inner product at each point q = (u, v) g R z by setting 
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R 2 with this inner product is a geometric surface H called the hyperbolic 
plane. The geometry of H fs different from the usual geometry of R\ For 
instance, the curvature of H is (Sec. 4-3, Exercise 1) 


Actually the geometry of /f is an exact model for the non-euclidean eeometrv 
of Lobachewski, in which all the axioms of Euclid, except the axiom of 
parallels, are assumed (cf. Sec. 4-5). To make this point clear, we shall com¬ 
pute the geodesics of H. 

If we look at the differential equations for the geodesics when E =\, 
F = 0 (Sec. 4-6，Exercise 2), we see immediately that the curves v — const, 
are geodesics. To find the other ones, it is convenient to define a map 

(}>'H^~> Rl = {(x, y) G R 2 ;y > 0} 

by V 、 = (v ， e~ u ). It is easily seen that <f> is differentiable and, since 
y > 0, that it has a differentiable inverse. Thus, ^ is a diffeomorphism, and 
we can induce an inner product in Rl by setting 

<d^>{w x \ #(> 2 )> w = <w 1? w 2 >,. 

To compute this inner product, we observe that 


/GW 

KjmU 


1 /7p 2u \ 

2?{^) u 


i. 


K 


1 r/ e v \ 


hence, 



Ty~ 




du 



d_ ± 

\dx" dyj 


0 , 


d 

,dy ? dyj 


r 


Rl with this inner product is isometric to H, and it is sometimes called the 
Poincare half-plane. 

To determine the geodesics of //, we work with the Poincare half-plane 
and make two further coordinate changes. 

First, fix a point (x Q , 0) and set (Fig. 5-50) 

x — x 0 = /? cos 0 ， j = /? sin 6 t 

0 < 6 < 7t,0 < p < +oo. This is a diffeomorphism of R\ into itself，and 


〈碁，碁 〉 = p 2 sin 2 沒 ’ 


iw 


d_ 

dp 7 00/ 


0 , 


Id 1 

\d6 ? dOf sin 2 ^ 
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Parallels to 
7 through p 



Figure 5-50 


Next, consider the diffeornorphisni of R\ given by (we want to change 0 
into a parameter that measures the arc length along p = const.) 


which yields 


P ： 


P> o 


ro 


sirT5 


d9, 



By looking again at the differential equations for the geodesics (F = 0, 

KJ ~ I)y WC atC LildL pi = p ~ ^/AIlULllCI Wi^y llllUlllg 

the geodesics of Rl is given in Exercise 8.) 

Collecting our observations, we conclude that the lines and the half¬ 
circles which are perpendicular to the axis y > 0 are geodesics of the Poincare 
half-plane Rl ，These are all the geodesics of Rl^ since through each point 
q ^ Rl and each direction issuing from q there passes either a circle tangent 
to that line and normal to the axis 少 = 0 or a vertical line (when the direction 
is vertical). 

The geometric surface Rl is complete; that is, geodesics can be defined for 
all values of the parameter. The proof of this fact will be left as an exercise 
(Exercise 7; cf. also Exercise 6). 

It is now easy to see, if we define a straight line of R\ to be a geodesic, 
that all the axioms of Euclid but the axiom of parallels hold true in this 
geometry. The axiom of parallels in the Euclidean plane P asserts that from 

a rvnint mt ir q ctraicrlit linp r P nnp ran Hraw q litiimip ctraiaVit linp 

* r 4 k Jk ii V a. a.*, v 及 v "wv u a. w t T jl-a vp- lj v v 
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〆 c P that does not meet r. Actually, in from a point not in a geodesic 
y we can draw an infinite number of geodesics which do not meet y. 

The question then arises whether such a surface can be found as a regular 
surface in R 3 . The natural context for this auestion is the following definition. 

— -上 -. i — ... -^― I ----- - 

DEFINITION 6. A differentiable map (p: S ― > R 3 of an abstract surface 
S into R 3 is an immersion if the differential d^ p : T P (S) — T P (R 3 ) is Injective. 
If, in addition, S has a metric <( ， 〉 and 

/ rtrn (\/\ Am (~~ - /' ， it/\ \t \\t d T 

^rpV T V/p(p) — \ ¥ ) vv /p ， v ，” l ^ 

(p is said to be an isometric immersion. 

Notice that the first inner product in the above relation is the usual inner 
product of R 3 , whereas the second one is the given Riemannian metric on S. 
This means that in an isometric immersion, the metric “induced” by R 3 on 
S agrees with the given metric on S. 

Hilbert’s theorem, to be proved in Sec. 5-11，states that there is no isome¬ 
tric immersion into R 3 of the complete hyperbolic plane. In particular, one 
cannot find a model of the geometry of Lobachewski as a regular surface in 
R\ 

Actually, there is no need to restrict ourselves to R 3 . The above definition 
of isometric immersion makes perfect sense when we replace R 3 by R 4 or, 
for that matter, by an arbitrary R n . Thus, we can broaden our initial question ， 
and aslc: For what values of n is there an isometric immersion of the complete 
hyperbolic plane into R n ? Hilbert’s theorem say that /? > 4. As far as we know, 
the case n — 4 is still unsettled. 

Thus，the introduction of abstract surfaces brings in new objects and 
illuminates our view of important questions. 

In the rest of this section, we shall explore in more detail some of the 
ideas just introduced and shall show how they lead naturally to further 
important generalizations. This part will not be needed for the understanding 
of the next section. 

Let us look into further examples. 

Example 4. Let R 2 be a plane with coordinates (x, y) and T m>n : R 2 — > R 2 
be the map (translation) >) = (x + ⑺，少 + «)，where m and n are 

integers. Define an equivalence relation in R 1 by (x, y) ^ j^^if there exist 
integers m, n such that T mtn {x, y) = Let T be the quotient space of 

R 2 by this equivalence relation，and let 丌 ： i? 2 一 T 1 be the natural projection 
map 7 r(x, y) = {T m>n {x, y)\ all integers m, n}. Thus, in each open unit square 
whose vertices have integer coordinates, there is only one representative of 
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T ， and T may be thought of as a closed square with opposite sides identified, 
(See Fig. 5-51. Notice that all points of R 2 denoted by x represent the same 
point p in T,) 

Let f a : U a cz R 2 — ^ i? 2 be a family of parametrizations of R z , where /* 
is the identity map, such that U a n T m>n (^o) <f> for all m, n. Since T m>n is a 
difTeomorphism, it is easily checked that the family d 丌。 4) is a differenti¬ 
able structure for T, T is called a (differentiable) torus. From the very defini¬ 
tion of the differentiable structure on T, n ： R 2 T h a, differentiable map 
and a local difFeomorphism (the construction made in Fig. 5-51 indicates 
that T is difFeomorphic to the standard torus in R 3 ). 

Now notice that T mt „ is an isometry of R 1 and introduce a geometric 
(Riemannian) structure on T as follows. Let p g T and v e T P (T). Let 
q x , q 2 g R 2 and w u w 2 e R 2 be such that n{qi) = 7t(q 2 ) = p and dn g] {y^i )= 
^ 7 t q2 {w 2 ) = v. Then q x ~ q 2 ; hence, there exists T m>n such that T m n {q x ) = q 2 , 
加 l)= 州 2, Since T m>n is an isometry, \ w x | =\w 2 \. Now, define the 
length of v in T P {T) by | ?； | = [ dn g {w x ) [ ~ | ]. By what we have seen，this is 

well ucnncu. L111& LU Ctli imici piUUUUL , 〉 p Ull 1 p yi ) 

for each p ^ T. Since this is essentially the inner product of R 2 and ?r is a 
local diffeomorphism ， 〈 ， \ varies differentiably with p. 
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Observe that the coefficients of the first fundamental form of T, in any of 
the parametrizations of the family [U^n o / a ]，are 五 =G = 1 ， 尸 = 0, Thus, 
this torus behaves locally like a Euclidean space. For instance, its Gaussian 
curvature is identically zero (cf. Exercise 1, Sec. 4-3). This accounts for the 
name flat torus, which is usually given to T with the inner product just 
described. 

Clearly the flat torus cannot be iso metrically immersed in R 3 , since, by 
compactness, it would have a point of positive curvature (cf. Exercise 16, 

r 丄 A V *■ 

Sec. 3-3, or Lemma 1 ， Sec. 5-2). However, it can be isometrically immersed 
in R\ 


In fact, let F: R z be given by 


尸 0 , y)= ‘( 


cos 2nx, sin 2nx, cos 2ny, sin 2ny). 


Since F(x + 爪 ， j + «) = F(x, y) for all m, n, we can define a map (p\ T — ^ R A 
by <p(p) = F(q), where q e ?r _1 (p). Clearly, <p o n = F, and since tt : i? 2 一 T 
is a local diffeomorphism, (p is differentiable. Furthermore, the rank of d<p 
is equal to the rank of dF， which is easily computed to be 2. Thus, cp is an 

irrimprcinn Trt spp that thp immprcirm ic icnm^trir wp frrct fliat if 

▲ H « X A. W -M- fc-J ^ V *■-*- • V V W W V a 丄 W W A . W 上 ▲ W W i 'W ， r T ~W AA 1 A. T * WV V" " 

e 1 — (1, 0), e 2 — (0, 1) are the vectors of the canonical basis in R 2 , the vectors 
咖 q( e i) =fi， ^/ 2? ^ e R 2 , form a basis for T niq) (T) t By definition of 

+■ 1 ^ A , /*V y| 1 1 八 + 八 r i 1 / ■/' ^ / a 八 'S. V -f 1 O ‘ TT T/*V 1^1 

tilt iimtl UU J ， \J j/ — ty/5 ly J — 1 ，丄 、 CAy W t 


and obtain that 


dF 爪、 

d^ = 师 i) 
f = 咖 ) 


(—sin 2nx, cos Inx, 0, 0), 
(0, 0， —sin lity, cos 2ny), 


idFie,), dF{ejj) = (e^ e>> ^ </*, / y >. 

Thus, 

〈办 (/■), d<p(fj)) = (d(p{dn{e^\ d(p{dn{e^ = </；，/》• 

It follows that (p is an isometric immersion, as we had asserted. 

It should be remarked that the image $?(5) of an immersion <p: S — R 71 
may have self-intersections. In the previous example, 屮 ： T — i? 4 is one-to- 
one, and furthermore ^ is a homeomorphism onto its image. It is convenient 
to use the following terminology. 

DEFINITION 7. Let S be an abstract surface. A differentiable map 
(p: S — > R n is an embedding if <p is an immersion and a homeomorphism onto 
its image. 
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For instance, a regular surface in R 3 can be characterized as the image of 
an abstract surface S by an embedding <p: S — > R 3 . This means that only 
those abstract surfaces which can be embedded in R 3 could have been 
detected in our previous study of regular surfaces in R 3 . That this is a serious 
restriction can be seen by the example below. 

Example 5. We first remark that the definition of orientability (cf. Sec. 
2-6 ， Def. 1) can be extended, without changing a single word, to abstract 
surfaces. Now consider the real projective plane P 2 of Example 1. We claim 
that P 1 is nonorientable. 

To prove this, we first make the following general observation. Whenever 
an abstract surface S contains an open set M diffeomorphic to a Mobius 
strip (Sec. 2-6，Example 3)，it is nonorientable. Otherwise, there exists a 
family of parametrizations covering S with the property that all coordinate 
changes have positive Jacobian; the restriction of such a family to M will 
induce an orientation on M which is a contradiction. 

Now, P 2 is obtained from the sphere S 2 by identifying antipodal points. 
Consider on S 2 a thin strip B made up of open segments of meridians whose 
centers lay on half an equator (Fig. 5-52). Under identification of antipodal 
points, B clearly becomes an open Mobius strip in P 1 . Thus, P 2 is nonorient¬ 
able. 



Figure 5-52. The projective plane contains a Mobius strip. 


Rv a cimilar arcmmpnt it nan hp cVinwn that thp Klpin hnttlp K nf Fyamnlp 

J "W -* ■* ■ J A A m. ▲ ▲▲ V ， ▲ 丄 h_i* A A - T •— V 4 i ，少 W V A A & 1 A V V A 冬 A, -v ，■— ▲鳥 ww^ 

2 is also nonorientable. In general, whenever a regular surface S ^ R 3 is 
symmetric relative to the origin of R 3 , identification of symmetric points gives 
rise to a nonorientable abstract surface. 

It can be proved that a compact regular surface in R 3 is orientable (cf. 
Remark 2, Sec. 2-7). Thus, P z and K cannot be embedded in R 3 , and the 
same happens to the compact orientable surfaces generated as above. Thus, 
we miss quite a number of surfaces in R 3 . 

P 2 and K can, however, be embedded in R 4 . For the Klein bottle K 9 con¬ 
sider the map G: R 2 — > R 4 ^iven by 


G(u, v) = ((a* cos v a) cos u, (r cos v -\- a) sin u, 


r sin v cos 


u 

T ， 


r sm v sm 


u 

2 


) 
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Notice that G(u, v) = G(u + 2mn, 2rm — v), where m and n are integers. 
Thus, G induces a map y/ of the space obtained from the square 


[0, 2tt] X [0, 2tt] c= i? 2 

by first reflecting one of its sides in the center of this side and then identi¬ 
fying opposite sides (see Fig. 5-53). That this is the Klein bottle, as defined 
in Exarrmle 2. can be seen bv throwing awav an ooen half of the torus in 

x / — w ^ 丄 

which antipodal points are being identified and observing that both processes 
lead to the same surface (Fig. 5-53). 



Figure 5-53 


Thus, u/ is sl mao of K into R 4 . Observe further that 

> t A 

G(u + 4mn, v + 2mn) = G(u, v). 

It follows that G =i// o 7t t o 7t ， where n: R 2 — ^ T is essentially the natural 
projection on the torus T (cf. Example 4) and nf T ― > K corresponds to 
identifying “antipodal” points in T. By the definition of the differentiable 
structures on T and K s n and n l are local diifeomorphisms. Thus, y/: K > i? 4 
is differentiable, and the rank of dy/ is the same as the rank of dG. The 
latter is easily computed to be 2; hence, w is an immersion. Since is compact 
and y/ is one-to-one, y/' 1 is easily seen to be continuous in <p{K). Thus, ^ is an 
embedding, as we wished. 

For the projective plane P 2 , consider the map F: R 3 > R 4 given by 

y, z) = (x 2 — y 2 , xy, xz, yz). 

Let5 2 ^ R 3 be the unit sphere with center in the origin of R 3 . It is clear that 
the restriction (p = FjS 2 is such that <p(p) = Thus, <p induces a map 
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9 - P 2 —~ 4 by 0({p, —p}) = (p{p). 

To see that (p (hence, 0) is an immersion, consider the parametrization x 
of S 1 given by x(x, y) = (x } y, ^l — x 2 — 少 2 )， where x 2 + > 2 < 1. 
Then 

(p 。 x(x, y) = (x 1 — y\ xy 9 xD, yD), D = ^/l — x 2 — y 2 . 

It is easily checked that the matrix of d{cnox\ has rank 2 。 Thus, (p is an immer¬ 
sion. 

To see that (p is one-to-one, set 

x 2 ~ y 2 = a, xy = b ， xz — c, yz = d. ( 2 ) 

It suffices to show that, under the condition x 2 v 2 4- z 2 = l. the above 
equations have only two solutions which are of the form (x, y, z) and 
(—x, —y, —z). In fact, we can write 

x 2 d = be ， y 2 c = bd, 

z z b = cd, x 2 — y 2 = a, (3) 

x 2 y 2 z 2 — 1 

where the first three equations come from the last three equations of (2). 

Now，if one of the numbers b, c, d is nonzero, the equations in (3) will 
give x 2 , y 2 , and z 2 , and the equations in (2) will determine the sign of two 
coordinates, once eiven the sien of the remaining one. b = c = d = 
the equations in (2) and the last equation of (3) show that exactly two coordi¬ 
nates will be zero, the remaining one being 士 1. In any case，the solutions 
have the required form, and ^ is one-to-one. 

By compactness, (p is an embedding, and that concludes the example. 

If \vc look back to tlis definition of* uJustract surface, we see tliat lIic 
number 2 has played no essential role. Thus, we can extend that definition to 
an arbitrary n and, as we shall see presently, this may be useful. 

DEFINITION la. A differentiable manifold of dimension n is a set M 
together with a family of one-to-one maps x a : U a — »* M of open sets U a c: R Q 
into M such that 

L = M, 

a 

2. For each pair a, p with x a (U a ) n x^(U^) ~ W ^ <j>,we have that 
x 二 i(W) ， x^(W) are open sets in R n and that xj 1 ox a ， x« J ox^ are differ¬ 
entiable maps. 
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3. The family {U a ， x a } is maximal relative to conditions 1 and 2. 

A family {C/ aJ x a ] satisfying conditions 1 and 2 is called a differentiable 
structure on. M. Given a differentiable structure on M we can easily complete 
it into a maximal one by adding to it all possible parametrizations that, 
together with some parametrization of the family {t/ a , x a }，satisfy condition 
2. Thus, with some abuse of language, we may say that a differentiable mani¬ 
fold is a set together with a differentiable structure. 

Remark. A family of open sets can be defined in M by the following 
requirement : V c Mis an open set if for every cc, x： l (V n xJUA) is an open 
set in R n . The readers with some knowledge of point set topology will notice 
that such a family defines a natural topology on M. In this topology, the maps 
x a are continuous and the sets x a (t/ a ) are open in M, In some deeper theorems 
on manifolds, it is necessary to impose some conditions on the natural 
topology of M. 

The definitions of differentiable maps and tangent vector carry over ， 
word by word, to differentiable manifolds. Of course, the tangent space is 
now an /?-dimensional vector space. The definitions of differential and orien- 
tability also extend straightforwardly to the present situation. 

In the following example we shall show how questions on two-dimensional 
manifolds lead naturally into the consideration of higher-dimensional 
manifolds. 

Example 6 (The Tangent Bundle). Let S be an abstract surface and let 
T(S) = {(p, w)，p e S, w e T P (S)}. We shall show that the set T(S) can be 
given a differentiable structure (of dimension 4) to be called the tangent 
bundle of S, 

Let {£/ a , x a ] be a differentiable structure for S. We shall denote by (w a , 
the coordinates of U … and by [djdu a , djdv a } the associated bases in the 
tangent planes of x a (t/ a ). For each oc, define a map y a : C/ a X R 2 — ^ T(S) by 

—_ „ 、 / / .. 、 d , U \ / — 

X, yj = v a j , -十 y^y 0， >7 t 八一 . 

Geometrically, this means that we shall take as coordinates of a point 
(/? ， w) e T(S) the coordinates of p plus the coordinates of w in the basis 

{dIdu a , djdv.]. 

We shall show that {t/ a X 7? 2 , y a } is a differentiable structure for T(S). 
Since U« x a (£/ a ) ^ S and (dx a ) q (R 2 ) = q ^ U a , we have that 

I \\ (TJ y R 2 、= T(S). 

W 4 ； a ^ ' — j _ V — " 
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and that verifies condition 1 of Def. la. Now let 

(P, w) g y a ([/ a x R^) n y,(U^ X R^). 

Then 

(p, w) = (x a 0?J ， dx a (w a )) = (y/ 办 ) ， dx p (w^)), 

where 〜 g U a , g w a , g R 2 . Thus, 

yV ◦ (❼， ^ a ) = y/(x a (g a ) ， dx^wj) 

= ((x^ 1 o x a )( 〜 ) ， 成巧 1 。 x a )o a )). 

Since xj 1 o x a is differentiable, so is « 。 xj. It follows that y^ 1 。 y a is dif¬ 
ferentiable, and that verifies condition 2 of Def. la. 

The tangent bundle of S is the natural space to work with when one is 
dealing with second-order differential equations on S. For instance, the 
equations of a geodesic on a geometric surface S can be written, in a coordi¬ 
nate neighborhood, as (cf. Sec. 4-7) 

〆 \ ^ 

u n = f x {u, v, u\ v f ), 

V" = V， it , 以 ’). 

The classical “trick” of introducing new variables x — u\ y = v f to reduce 
the above to the first-order system 

x' =fi(u ， v ， x ， y )， 

/ = fi(M ， v ， x, y), ⑷ 

ft ■ ’ f ■- A* _•、 

七 v, x f y) 

may be interpreted as bringing into consideration the tangent bundle T(S), 
with coordinates (u, v f x, y) and as looking upon the geodesics as trajectories 
of a vector field given locally in T(S) by (4). It can be shown that such a vector 
field is well defined in the entire T(S); that is, in the intersection of two coor¬ 
dinate neighborhoods, the vector fields given by (4) agree. This field (or rather 
its trajectories) is called the geodesic flow on 7"( 夕 ). It is a very natural object to 
work with when studying global properties of the geodesics on S. 

By looking back to Sec. 4-7, it will be noticed that we have used, in a 
disguised form, the manifold T(S), Since we were interested only in local 
properties, we could get along with a coordinate neighborhood (which is 
essentially an open set of R 4 ). However, even this local work becomes neater 
when the notion of tangent bundle is brought into consideration. 

Of course- we can also define the tangent bundle of an arbitrary 乃 -dimen- 
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sional manifold. Except for notation, the details are the same and will be 
left as an exercise. 


We can also extend the definition of a geometric surface to an arbitrary 
dimension. 


DEFINITION 5a. A Riemannian manifold is an n-dimensional differenti¬ 
able manifold M together with a choice，for each p e M, 0 / an inner product 
〈， )> p in T P (M) that varies differentiably with p in the following sense. For 
some (hence, all) parametrization x a : U a — M with p G x a (U a )，the functions 


gij( u 


， u n ) 


I A 

〈忐 


A 

a 

(?Ui 


j = U 


n, 


are differentiable at l (p )； here (u l5 . . . , u n ) are the coordinates t?/U a c R 1 


The differentiable family {<( } p , p g M] is called a Riemannian structure 
(or Riemannian metric) for M, 

Notice that in the case of surfaces we have used the traditional notation 
^11 = E,g l2 g 21 = F, g 22 = G. 

The extension of the notions of the intrinsic geometry to Riemannian 
manifolds is not so straightforward as in the case of differentiable manifolds. 

First, we must define a notion of covariant derivative for Riemannian 
manifolds. For this, let x: U — > yli be a parametrization with coordinates 
(〜，..•， u n ) and set x £ . = djdu^ Thus, g a = x>>. 

We want to define the covariant derivative D w v of a vector field v relative 
to a vector field w. We would like D w v to have the properties we are used to 
and that have shown themselves to be effective in the past. First, it should 
have the distributive properties of the old covariant derivative. Thus, if u, v, w 
are vector fields on M and /, g are differentiable functions on M，we want 

^ fu+gw(p) + gD w v ， ( 5 ) 

Duifa + gw) ^fDuV + + gD u w + .， （ 6) 


where dfjdu ，for instance, is a function whose value at/? e Mis the derivative 
(/ 。 a)'(O) of the restriction of / to a curve a: (~e, e) —> M, a(0) 
a ; (0) — u. 

Equations (5) and (6) show that the covariant derivative D is entirely 
determined once we know its values on the basis vectors 


n 

D %i Xj — ^ i ， j，k 二 ~[ ， • ， • ， n ， 

k= 1 

where the coefficients are functions yet to be determined. 
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Second, we want the to be symmetric in i and j(T(j = r ；,-)； that is, 

D Xl Xj = D Xi x, for all ij. (7) 

Third, we want the law of products to hold; that is, 

~<x ( , x ; > - <Z) Xt x ( -, x y -> + (x,, D Xk Xj}. (8) 

From Eqs. (7) and (8), it follows that 








du f 


x.) = 2 <Z) S( x ， 5 x, 


or, equivalently, 


W k gi ^dU 


u 

十：如 


du 


gut = 2 S gu^ 


Since det(g l7 ) ^ 0, we can solve the last system, and obtain the as 
functions of the Riemannian metric g u and its derivatives (the reader should 
compare the system above with system (2) of Sec. 4-3). If we think of g u as a 
matrix and write its inverse as g iJ , the solution of the above system is 


Tk — 
1 【7 — 


去？，食翁) 


尸 t fr i y>i/J y* i My* » m m ， m tA 愚 f 打 —一 j-\ ^^ ^ ^ >-» j ff ^ rr y* 4 r *<• v t >1 ✓"* i/t ^ 

g i u i\^cffiunftiufi y^u uctur t ： jur ivi ? tncr c u uruifu^ ^uvur twit 

derivative on M (also called the Levi-Civita connection of the given Riemannian 
structure) satisfying Eqs. (5)-(8). 

Starting from the covariant derivative, we can define parallel transport, 
geodesics, geodesic curvature, the exponential map, completeness, etc. The 
definitions are exactly the same as those we have given previously. The notion 
of curvature, however, requires more elaboration. The following concept, 
due to Riemann, is probably the best analogue in Riemannian geometry of 
the Gaussian curvature. 

Let p ^ M and let <7 c T P (M) be a two-dimensional subspace of the 
tangent space T P (M). Consider all those geodesics of M that start from p and 
are tangent to a. From the fact that the exponential map is a local diffeo 
morphism at the origin of T P (M), it can be shown that small segments of such 
geodesics make up an abstract surface S containing p. S has a natural geome¬ 
tric structure induced by the Riemannian structure of M, The Gaussian 
curvature of 5 at is called the sectional curvature K(p } a) of M at p along a. 

It is possible to formalize the sectional curvature in terms of the Levi- 
Civita connection, but that is too technical to be described here. We shall only 
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mention that most of the theorems in this chapter can be posed as natural 

广 ■ 1 -rn A V A , I 】 -4 A -U A A -4 - *mw k A. 4* 1* 成 通 ^um, 成 X. ^um-m — -_. _____ 丄 1 Z T —屬 M. 
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modification of the given proofs. (The Hopf-Rinow theorem, the Bonnet 
theorem, the first Hadamard theorem, and the Jacobi theorems are all in this 
class.) Some others, however, require further assumptions to hold true (the 
second Hadamard theorem, for instance) and were seeds for further develop¬ 
ments. 

A full development of the above ideas would lead us into the realm of 
Riemannian geometry. We must stop here and refer the reader to the biblio¬ 
graphy at the end of the book. 


EXERCISES 


1. Introduce a metric on the projective plane 尸 2 (cf. Example 1) so that the natural 
projection n : S 2 —^ 尸 2 is a local isometry. What is the (Gaussian) curvature of 
such a metric ? 

2. {The Infinite Mobius Strip) Let 

C = {(x ， y, z) g 及 3 ; x 2 + 少 2 = 1} 

h 户 n rvlinH^r nnH 4 - C —— ► C h 户 the man ( ^intinnrl^l A(^r v = 

J i 邋冬 i ^ ^ a. ^— 息 • ^w r •m/ a. m. ^ m. ▲ x 】 x A. V ， , 

{—x, — 少， —z). Let M be the quotient of C by the equivalence relation 
p 〜 A{p\ and let 7r: C — > M be the map 7i(p) — {p, A(p)\ p e C. 

a. Show that M can be given a differentiable structure so that 兀 is a local diffeo- 
morphism (M is then called the infinite Mobius strip), 

b. Prove that M is nonorientable. 

c. Introduce on M a Riemannian metric so that 兀 is a local isometry. What is 
the curvature of such a metric ? 

3. a. Show that the projection n: S 2 — > P 2 from the sphere onto the projective 

plane has the following properties: (1 ) 兀 is continuous and 7t(S 2 ) — P 2 ; (2) 
each point p e P 2 has a neighborhood U such that n 一乂 U) = Kj U V 2 , 
where Ki and K 2 are disjoint open subsets of 5 2 , and the restriction of n to 
each V iy i — 1, 2, is a homeomorphism onto U. Thus ， 丌 satisfies formally the 
conditions for a covering map (see Sec. 5-6, Def. 1) with two sheets. Because 
of this, we say that S 1 is an orientable double covering of P 1 . 

b. Show that, in this sense，the torus T is an orientable double covering of the 
Klein bottle K (cf. Example 2) and that the cylinder is an orientable double 
covering of the infinite Mobius strip (cf. Exercise 2). 

4 . (The Orientable Double Covering). This exercise gives a general construction for 
the orientable double covering of a nonorientable surface. Let S be an abstract, 
connected, nonorientable surface. For each /? g 5, consider the set B of all 
bases of T P (S) and call two bases equivalent if they are related by a matrix with 
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positive determinant. This is clearly an equivalence relation and divides B into 
two disjoint sets (cf. Sec. 1-4). Let 0^ be the quotient space of B by this equiva¬ 
lence relation. has two elements, and each element O p g 0^ is an orientation 
of T P (S) (cf. Sec. 1-4). Let S be the set 

S = [0 ?， Op); p e S; O p e e^}. 

To give S a differentiable structure, let {[/ a , x a }be the maximal differentiable 
structure of S and define X a : U a — > S by 

r d d 

where (w a ， v a ) e U a and [djdu a , djdv a ] denotes the element of determined by 
the basis {djdu xy d/dvo]. Show that 

a . {£/«， x a ] is a differentiable structure on S and that 5 with such a differentiable 
structure is an orientable surface. 

b. The map n: S ― > S given by n(p ， O p ) = ^ is a differentiable surjective map. 
Furthermore，each point p e S has a neighborhood U such that n~ l (U) 
=Vi U V 2 , where V x and V 2 are disjoint open subsets of S and n restricted 
to each F f ，/ = 1 ， 2, is a difTeomorphism onto U. Because of this, S is called 
an orientable double covering of S. 

5 . Extend the Gauss-Bonnet theorem (see Sec. 4-5) to orientable geometric sur¬ 
faces and apply it to prove the following facts : 

a. There is no Riemannian metric on an abstract surface T diffeomorphic to a 
torus such that its curvature is positive (or negative) at all points of T. 

u* j anu kj - ut au^iia^i umtumui] jui^ i\j me lui ua anu me 

respectively, and let (p : T — ^ 5 2 be a differentiable map. Then ^ has at least 
one critical point, i.e.，a point p e T such that d(p p = 0. 

6, Consider the upper half-plane Rl (cf. Example 3) with the metric 

E(x, y)^h F{x, y) - 0, G(x, y) = ^ (x, y) e Rl 

少 

Show that the lengths of vectors become arbitrarily large as we approach the 
boundary of R+ and yet the length of the vertical segment 

x = 0, 0 <6 <y<l, 

approaches 2 as 6 ― ^ 0. Conclude that such a metric is not complete. 

*7. Prove that the Poincare half-plane (cf. Example 3) is a complete geometric 
surface. Conclude that the hyperbolic plane is complete, 

8. Another way of finding the geodesics of the Poincare half-plane (cf. Example 3) 
is to use the Euler-Lagrange equation for the corresponding variational problem 

\\i • 叶 5 voum w t jvuu w tuai vciu\^ai iui^a aic wc 
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can restrict ourselves to geodesics of the form 少 = 少 (x). Thus, we must look for 
the critical points of the integral (F = 0) 

J ^/E + G(/) 2 dc = J V 1 ^ (y/)2 dx, 

since E = G = Ijy 1 . Use Exercise 4, Sec. 5-4, to show that the solution to this 
variational problem is a family of circles of the form 

0 ： + k。 2 + y % = k\, k u k 2 = const. 

9. Let 5 and S be connected geometric surfaces and let 7T: 5 — )- 5 be a surjective 
differentiable map with the following property : For each p e S y there exists a 
neighborhood U of p such that n^ l (U) = IJ a F a , where the K a ’s are open dis¬ 
joint subsets of S and n restricted to each K a is an isometry onto U (thus, n is 
essentially a covering map and a local isometry). 

a. Prove that S is complete if and only if S is complete. 

b. Is the metric on the infinite Mobius strip, introduced in Exercise 2, part c, a 
complete metric? 

10 . {Kazdan-Warner^s Results.) 

a. Let a metric on R 2 be given by 

E(x, y) - 1 , F(x t y) = 0 , G(x, y) > 0 , (x, y) e R 1 . 

Show that the curvature of this metric is given by 

y^ 2 ， + yw O =U. (*) 

b. Conversely, given a function K{x, on R 2 , regard ^ as a parameter and let 
\/ G be the solution of (*) with the initial conditions 


^G(x 0i y) 


dVG 

dx 


(Ao ， y) = Q. 


Prove that G is positive in a neighborhood of (x 0i y) and thus defines a metric 
in this neighborhood. This shows that every differentiable function is locally 
the curvature of some {abstract) metric. 

Assume that K(x ， .y) < 0 for all .y) g R 2 . Show that the solution of part b 
satisfies 


V G (x, y) > ^ (x Qi y) = 1 for all x 

Thus, G{x, .y) defines a metric on all of R 2 . Prove also that this metric is com¬ 
plete. This shows that any nonpositive differentiable function on K 2 is the cur¬ 
vature of some complete metric on R 2 . If we do not insist on the metric being 
complete, the result is true for any differentiable function K on R 1 . Compare 
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J_ Kazdan and F, Warner, “Curvature Functions for Open 2-Manifolds/^ 
Ann. of Math. 99 (1974), 203-219. where it is also proved that the condition 
on K given in Exercise 2 of Sec. 5-4 is necessary and sufficient for the metric 
to be complete. 


5 - 77 . Hilbert’s Theorem 


Hilbert’s theorem can be stated as follows. 

THEOREM. A complete seometric surface S with constant negative 
curvature cannot be isometrically immersed in R 3 . 

Remark 1. Hilbert’s theorem was first treated in D. Hilbert, “Uber 
Flachen von konstanter Gausscher Kriimung，” Trans. Amer. Math. Soc. 2 
(1901) ， 87-99. A different proof was given shortly after by E. Holmgren, 
“Sur ]es surfaces a courbure constante negative/’ C, R- A cad- ScL Paris 134 
(1902) ， 740-743. The proof we shall present here follows Hilbert’s original 
ideas. The local part is essentially the same as in Hilbert’s paper; the global 
part ， however, is substantially different. We want to thank J. A. Scheinkman 
for helping us to work out this proof and M. Spivak for suggesting Lemma 7 
below. 


We shall start with some observations. By multiplying the inner product by 
a constant factor, we may assume that the curvature K = —l. Moreover, 
since exp^: T P (S) — > S is b. local difTeomorphism (corollary of the theorem of 
Sec. 5-5), it induces an inner product in T P (S). Denote by S f the geometric 
surface T P (S) with this inner product. If — > R 3 is an isometric immersion, 
the same holds for (p = y/ o exp^: S' — > R 3 . Thus, we are reduced to proving 
that there exists no isometric immersion cp: S f — >R 3 of a plane S r with an 
inner product such that K = —1. 

LEMMA 1 . The area of S’ is infinite. 


Proof. We shall prove that S f is (globally) isometric to the hyperbolic 
plane H. Since the area of the latter is (cf. Example 3, Sec. 5-10) 



e u du dv = oo, 


this will prove the lemma. 

Let p E H ， p r E S\ and choose a linear isometry yr. T P {H) — >• T pf (S f ) be¬ 
tween their tangent spaces. Define a map (p: H — > S f by = exp^ 。 y / 。 exp~ 1 . 
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Since each point of H is joined to p by a unique minimal geodesic, (p is well 
denned. 

We now use polar coordinates (/>, 6) and (〆 ， O') around p and p\ respec¬ 
tively, requiring that (p maps the axis 6=0 into the axis 0 r — 0. By the results 
of Sec. 4-6, (p preserves the first fundamental form; hence, it is locally an 
isometry. By using the remark made after Hadamard’s theorem, we conclude 
that 史 is a covering map. Since S f is simply connected , 史 is a homeomorphism, 
and hence a (global) isometry. Q.E.D. 


For the rest of this section we shall assume that there exists an isometric 
immersion. (p\ S f — 3 , where S f is a geometric surface homeomorphic to a 
plane and with K = — L 

To avoid the difficulties associated with possible self-intersections of 
(p{S% we shall work with S r and use the immersion (p to induce on S f the local 
extrinsic geometry of (p{S ’、 [ R 3 . More precisely, since (p is an immersion, 
for each v e S’ there exists a neighborhood V [ S' of z? such that the 
restriction ^ ^ is a diffeomorphism. At each (p{q) e 歹 (K’)，there exist, 

for instance, two asymptotic directions. Through (p, these directions induce 
two directions aX g g S r , which will be called the asymptotic directions on 
S f at q. In this way, it makes sense to talk about asymptotic curves on S\ 
and the same procedure can be applied to any other local entity of 史 (S'). 


We now recall that the coordinate curves of a parametrization constitute 
a Tchebyshef net if the opposite sides of any quadrilateral formed by them 
have equal length (cf. Exercise 7, Sec. 2-5). If this is the case, it is possible to 
reparametrize the coordinate neighborhood in such a way that E = \, 
F = cos 0,G = 1, where 6 is the angle formed by the coordinate curves, (Sec. 
2-5, Exercise 8). Furthermore, in this situation, K — — (0 uv j sin Q) (Sec. 4-3, 
Exercise 5). 

LEMMA 2. For each p E S' there is a parametrization x: U [ R 2 — S ’， 
p G x (U )， such that the coordinate curves of x are the asymptotic curves 
of x(U ) 二 二 V’ and form a Tchebyshef net (we shall express this by saying 
that the asymptotic curves of V form a Tchebyshef net). 


Proof. Since /T < 0, a neighborhood V f S r of p can be parametrized 
by x(u f v) in such a way that the coordinate curves of x are the asymptotic 
curves of V\ Thus, if and g are the coefficients of the second fun¬ 
damental form of S f in this parametrization, we have e = g = Notice 
that we are using the above convention of referring to the second fundamental 
form of S f rather than the second fundamental form of (p(S f ) cz R 3 . 

Now in [ R 3 . we have 

IV J * 
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N u A N v = K(x u A x y ); 

Q^ffina D = . / T^d- — P 2 

篡丄 W V • / V / -， 

(N a NX ~{N h N u ) v = 2 (N u A N v ) - 2KDN. 


Furthermore, 

N /\N U = -4{(x„ A x v ) A N u } = 4r«x u , AOl — <X ， N» 

u u 

^ i(f X u - eX v)， 

and, similarly, 

N A N v = ^~(gx u — fiO. 


Since K = —1 — —(f 2 /D 2 ) and e = 耷 = 0, we obtain 


N /\N U = 士 x a ， N f\N v = ±x v ; 

hence. 

2KDN= —2DN= ±x uv ± x vu - 士 2x av . 

It follows that x uv is parallel to N; hence, E v = 2(x uv , x„) = 0 and G u = 
2(x uv , x v ) = 0. But E v ~ G u 0 implies (Sec. 2-5, Exercise 7) that the coor¬ 
dinate curves form a Tchebyshef net. Q.E.D. 

LEMMA 3. Let V " 〔 S’ be a coordinate neighborhood of S' such that 
the coordinate curves are the asymptotic curves in V'. Then the area A of any 
quadrilateral formed by the coordinate curves is smaller than In. 

Proof. Let (w, v) be the coordinates of V f . By the argument of Lemma 1, 
the coordinate curves form a Tchebyshef net. Thus, it is possible to repara¬ 
metrize V f by, say, (n, v) so that E ^ G l and F = cos 9. Let R be 
a quadrilateral that is formed by the coordinate curves with vertices 
(u u vj, (w 2) vj, (u 2) v 2 ), (u u v 2 ) and interior angles a 1? a 2 , a 3 , a 4 , respectively 
(Fig. 5-54), Since E = G ^ 1, F = cos 9, and 6 UV = sin 6, we obtain 


A = dA = sin 6 du dv = 0 UV du dv 

j R J R J R 

— ^(mi, ^i) 一 0(u 2i ^i) + 0(u 2 t ^ 2 ) — 0(u x , v 2 ) 

=+ a 3 — (7r — a 2 ) — (n — oc 4 ) = a,- — 2n < 2n, 

i= 1 


m jv 

OIX1VW \^i /t_ 


Q.E.D 
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So far the considerations have been local. We shall now define a map 
x: R 2 —> S f and show that x is a parametrization for the entire S f , 

The map x is defined as follows (Fig. 5-55). Fix a point O ^ S r and choose 
orientations on the asymptotic curves passing through O. Make a definite 
choice of one of these asymptotic curves, to be called a u and denote the 
other one by a 2 . For each (.y, t) e R 2 , lay off on a x a length equal to ^ starting 
from O. Let p r be the point thus obtained. Through p there pass two asympto¬ 
tic curves, one of which is a x . Choose the other one and give it the orientation 
obtained by the continuous extension, along a u of the orientation of a 2 . 
Over this oriented asymptotic curve lay off a length equal to t starting from 
p r . The point so obtained is x(^ ? t). 



x(^ t) is well defined for all (^, t) e R 2 . In fact, if 0) is not defined, 
there exists such that is defined for all s h but not for .y — Sy. 
Let q ™ lim^^ a^s). By completeness, q e S’, By using Lemma 2, we see 
that a^s^) is defined, which is a contradiction, and shows that x(^, 0) is defined 
for all s e R t With the same argument we show that x(^ t) is defined for all 
t G R. 
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Now we must show that x is a parametrization of S f . This will be done 
through a series of lemmas. 

LEMMA 4. For a fixed t, the curve x(s ， t), — oo < s < oo, is an asympto¬ 
tic curve with s as arc length. 

Proof, For each point x(s r ， t f ) e S\ there exists by Lemma 2 a “rectan¬ 
gular” neighborhood (that is，of the form t a < t < t b , s a < s < s b ) such that 
the asymptotic curves of this neighborhood form a Tchebyshef net. We 
first remark that if for some t 0 , t a < t 0 < t bt the curve x(s ， t 0 ), s a < s < s b , 
is an asymptotic curve, then we know the same holds for every curve x( l y J t), 
t a < t < t b . In fact，the point x^, t) is obtained by laying off a segment of 
length t from x(*y, 0) which is equivalent to laying off a segment of length 
t — t Q from x(s y t 0 ). Since the asymptotic curves form a Tchebyshef net in this 
neighborhood, the assertion foJJows, 





Figure 5-56 


Now, let x(j 1; t x ) g S r be an arbitrary point. By compactness of the 
segment ?) s 0 < r < t u it is possible to cover it by a finite number of 
rectangular neighborhoods such that the asymptotic curves of each of them 
form a Tchebyshef net (Fig. 5-56). Since x(^, 0) is an asymptotic curve, we 
iterate the previous remark and show that x(s, q) is an asymptotic curve in a 
neighborhood of s u Since (s ly t t ) was arbitrary, the assertion of the lemma 
follows. Q.E.D. 

LEMMA 5. x is a local diffeomorphism. 

Proof. This follows from the fact that on the one hand x(^ 0 , t), x(s, t Q ) 
are asymptotic curves parametrized by arc length, and on 
can be locally parametrized in such a way that the coordinate curves are the 
asymptotic curves of S' and E = G — l. Thus, x agrees locally with such a 

t**: m 条：八 ” 1? T\ 
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LEMMA 6. x is surjective. 

Proof. Let Q = x(R 2 ). Since x is a local diffeomorphism, Q is open in 
S\ We also remark that if — x(s 0 , t Q ), then the two asymptotic curves 
which pass through p f are entirely contained in 0. 

Let us assume that Q ^ S\ Since S f is connected, the boundary Bd Q 
Let e Bd 2. Since Q is open in S\ p ^ Q. Now consider a rectangular 
neighborhood R of p in which the asymptotic curves form a Tchebyshef net 
(Fig. 5-57). Let q e Q n Then one of the asymptotic curves through 
q intersects one of the asymptotic curves through p. By the above remark, 

fhic ic a r*onfraHirtinn O IT FI 



LEMMA 7. On S' there are two differentiable linearly independent vector 

ji^iu^ wniK,n u/t ： tundra iu me u^yfnpiuin, vui uj o , 

Proof, Through each point of S f there pass two distinct asymptotic 
curves. Fix a point p e S r and choose two unit vectors, v x (p) and v 1 {p) i 
tangent to the asymptotic curves through p. Let q e S' be an arbitrary point 
and let a 0 : [0, /] — 5^ be an arc such that a 0 (0) = p, cc 0 (!) = q. Define 
^ ] (o£o s £ ^0 } /] ， U.S the (unique) continuous extension of* \pj along cc g 
which is tangent to an asymptotic curve. Define similarly ^ 2 (ot 0 (^))> ^ ^ [0, /]. 
We claim that v x {q) and v 2 (q) do not depend on the choice of the arc joining 
p to q. Thus, v x and v 2 are well-defined continuous vector fields on S r which 
are tangent to the asymptotic curves. Hence, v x and v 2 are differentiable，and 
the lemma will be proved. 

To prove our claim, let us work with v u the case of v 2 being similar. Let 
oq : [0, /] — ^ S r be another arc with a^O) = p, a t (/) = q. Since S' (which is 
homeomorphic to a plane) is simply connected (cf. Sec. 5-6, Def. 3)，there 
exists a homotopy a,(^) = H(s, t), s e [0, /], t e [0, 1], between a 0 and a x 
(cf. Sec. 5-6, Def. 2); that is, oc t (s) is a continuous family of arcs joining p to 
q. From the continuity of the asymptotic directions and the compactness of 
[0, /], it follows that given e > 0 there exists t 0 e [0, 1] such that if ? < 
then IhfeC/)) — yi(a 0 (/))| < e. Thus, if t 0 is small enough, we have v t (a t (l)) — 
v x (a 0 (/)) for t < t 0 . Since [0, 1] is compact, we can extend this argument 
stepwise to all t e [0, 1]. Hence, v^a^l)) — ri(a 0 (/)). 
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This proves our claim and concludes the proof of the lemma. Q.E.D. 
LEMMA 8. x is injective. 

D ■/ > W/a 70 4 - +/■'v /^vtt j n 4- \ •wr / r* -4- \ -t t^1 -i a n 4-^ 4- f r» 4- \ 

J. / UUJ . Y¥ WCLllt L\J W tllCtt IqJ —— j 5 I iiiipillO LllCLt q, IqJ —- 

C^i ， ’l). 

We first assume that 处 0 , / 0 ) = x(s u t Q ), > s Q , and show that this 
leads to a contradiction. By Lernrna 7, an asymptotic curve cannot intersect 
itself unless the tangent lines agree at the intersection point. Since x is a local 
diffeomorphism, there exists an e > 0 such that 


X(> 0 , 0 = 咖， t), t 0 ~ € <t <t 0 + €. 

uy me aainc ica^uix ? uxc ui liic lu 丄 vc 1 J LKJl vviiicn 

X(> 0 , ？）=- X^!, t) 

form an open and closed set of this curve; hence, x(*y 0 ,，）= x(5 u t) for all t. 
Moreover, by the construction of the map x, x(s。+ a, f 0 ) = x(^j + a, t Q ), 
0 a s j j q j hence，o ~l - ci, tj == a.yS j ~f - a ,,) for 3.11 Thus，citlicr 

1. x^o, ^ 0 ) ^ x^o, 0 for all t > t 0i or 

2. There exists t = t x > such that x(^ 0 , t 0 ) = x(s Q , ^); by a similar 

argument, we shall prove that x^, t 0 + b) = x(s, t x + b) for all s, 
0 < ^ — t 0 . 


In case 1, x maps each strip of R 2 between two vertical lines at a distance 
L onto 5^ and identifies points in these lines with the same t. This implies 
that S f is homeomorphic to a cylinder, and this is a contradiction (Fig. 5-58). 

In case 2, x maps each square formed by two horizontal lines at a distance 
s, — s n and two vertical lines at a distance — t n onto S and identifies 

X v AW 



Figure 5-58 
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corresponding points on opposite sides of the boundary. This implies that 
S r is homeomorphic to a torus, and this is a contradiction (Fig. 5-59). 

By a similar argument，we show that t 0 ) = x(s 0 , tj, t t > t 0> leads 
to the same contradiction. 



Figure 5-59 


We now consider the case x(s 0 , / 0 ) = x(s : , ^), s t > s 0l t l > t 0 . By using 
the fact that x is a local diffeomorphism and the connectedness of S\ we see 
that x maps onto S f a strip of R 2 between two lines perpendicular to the vector 
(s { — s 0 , t x — t 0 ) e R 2 and at a distance ^/{s x — s 0 ) 2 + (，i — t Q ) 2 apart. 
We can now consider cases 1 and 2 as in the previous argument and show that 
S f is then homeomorohic either to a cylinder or to a torus. In anv case, this 

又 》 •，— j _- 

is a contradiction. Q.E.D. 


The proof of Hilbert’s theorem now follows easily. 

Proof of the Theorem. Assume the existence of an isometric immersion 
y/ : S R 3 , where is a complete surface with K~ —l. Let p s S and 
denote by S f the tangent plane T P (S) endowed with the metric induced by 
exp^: T P (S) ― ^ S. Then (p — ^oexp^ ，: S f — ^ R 3 is an isometric immersion and 
Lemmas 5, 6, and 8 show the existence of a parametrization x: R 1 — > S f of 
the entire S f such that the coordinate curves of x are the asymptotic curves 
of S f (Lemma 4). Thus, we can cover S f by a union of “coordinate quadrila- 

T r it + /■ — t T t-vi o 1 a i ^ n -wt r*"i\ 

L^ICLIC) WiLU ^ — , ±Jy X^^X^LllUA, J ， L 上 H \Jl V^CIUII Id 

than In. On the other hand, by Lemma 1， the area of S' is unbounded. This 
is a contradiction and concludes the proof. Q.E.D. 

Remark 2. Hilbert’s theorem was generalized by N. V. Efimov, "Appear¬ 
ance of Singularities on Surfaces of Negative Curvature，” Math. Sb. 106 

，丄 vho. liciiismuuiis. series v ui, ijh— i^u 5 wjiu pruveu ine 

following conjecture of Cohn-Vossen: Let S be a complete surface with 
curvature K satisfying K ^ ^ < 0. Then there exists no isometric immersion of 
S into R 3 . Efimov’s proof is very long, ana a shorter proof would be desirable. 



454 


Global Diffarentie! Geometry 


An excellent exposition of Efimov’s proof can be found in a paper by T. 
Klotz Milnor ， “Efimov’s Theorem About Complete Immersed Surfaces of 
Negative Curvature,” Advances in Mathematics 8 (1972) ， 474-543. This 
paper also contains another proof of Hilbert’s theorem which holds for sur¬ 
faces of class C 2 . 

For further details on immersion of the hyperbolic plane see M. L. 
Gromov and V. A. Rokhlin, “Embeddings and Immersions in Riemannian 
Geometry ，，，Russian Math, Surveys (1970), 1—57, especially p. 15. 


EXERCISES 


1. (Stoker's Remark.) Let 5 be a complete geometric surface. Assume that the 
Gaussian curvature K satisfies K<S <0. Show that there is no isometric im¬ 
mersion (p\ S ~~> R 3 such that the absolute value of the mean curvature H is 
bounded. This proves Efimov’s theorem quoted in Remark 2 with the additional 
condition on the mean curvature. The following outline mav be useful : 

a. Assume such a (p exists and consider the Gauss map N: (p{S) c= — > S 2 , 
where S 2 is the unit sphere. Since 0 everywhere, N induces a new metric 
( ， ）on 5 by requiring that N 。 (jK S — ^ 5 2 be a local isometry. Choose 
coordinates on S so that the images by (p of the coordinate curves are lines of 
curvature of g>(S). Show that the coefficients of the new metric in this coor¬ 
dinate svstem are 

〆 

= (k\) 2 E, g X2 = 0, g21 = (左 2) 2 G ， 


where E, F (= 0), and G are the coefficients of the initial metric in the same 
system. 

b. Show that there exists a constant M> 0 such that k\ < M, <, M. Use the 
fact that the initial metric is complete to conclude that the new metric is also 
complete. 

c. Use part b to show that S is compact; hence, it has points with positive curva¬ 
ture, a contradiction. 


2 . The goal of this exercise is to prove that there is no regular complete surface of 
revolution 5 in R 3 with K <^3 <0 (this proves Efimov’s theorem for surfaces 
of revolution). Assume the existence of such an 5 R 3 . 


a. Prove that the only possible forms for the generating curve of S are those in 

丄 ig. anu yuj^ tut mciiuiau uui vt ikj linuuiy m uum uncu- 

tions. Notice that in Fig, 5-60(b) the lower part of the meridian is asymptotic 
to the z axis. 


b. Parametrize the generating curve {(p(s), y/(s)) by arc length s e R so that 
y/(G) = 0. Use the relations <p f/ + K<p = 0 (cf. Example 4, Sec. 3-3, Eq. (9)) 
and K<,d < 0 to conclude that there exists a point s Q e [0, + co) such that 
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c. Show that each of the three possibilities to continue the meridian {(p{s\ y/{s)) 
of S past the point pq == - ( 史 ( 《 ◦) ， o) (described m Fig. 5 = 60(c) as I, II， and 
III) leads to a contradiction. Thus, S is not complete. 





(c) 


Figure 5-60 


3. (T. K. Milnor’s Proof of Hilbert’s Theorem!) Let 5 be a plane with a complete 
metric^! such that its curvature K 三一 1. Assume that there exists an isometric 
immersion (p' S — ^ B}, To obtain a contradiction, proceed as follows: 

a. Consider the Gauss map N: g>(S) cz R 3 S 2 and let g 2 be the metric on S 
obtained by requiring that N U ― > »S 2 be a local isometry. Choose local 
coordinates on so that the images by (p of the coordinate curves are the asym¬ 
ptotic curves of (p(S). Show that, in such a coordinate system, can be written 
as 


du 2 + 2 cos 6 dudv + do 2 


and that g% can be written as 


du 2 — 2 cos 6 du ck dv\ 

b. Prove that + g 2 ) is a metric on S with vanishing curvature. Use the 

fact that gi is a complete metric and > g\ to conclude that the metric 
is complete. 

c. Prove that the plane with the metric g 3 is globally isometric to the standard 
(Euclidean) plane R\ Thus, there is an isometry (p\ S — > R 2 . Prove further 
that (p maps the asymptotic curves of S, parametrized by arc length, into a 
rectangular system of straight lines in R 2 , parametrized by arc length. 

d. Use the global coordinate system on S given by part c, and obtain a contra¬ 
diction as in the proof of Hilbert’s theorem in the text. 
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霞 nju 人 Hoint-^et / opoiogy 
of Euclidean Spaces 


In Chap. 5 we have used more freely some elementary topological properties 
of R n . The usual properties of compact and connected subsets of R n , as they 
appear in courses of advanced calculus, are essentially all that is needed. For 
completeness, we shall make a brief presentation of this material here, with 
proofs. We shall assume the material of the appendix to Chap. 2, Part A, and 
the basic properties of real numbers. 


A. Preliminaries 

Here we shall complete in some points the material of the appendix to 
Chap. 2, Part A. 

In what follows U R n will denote an open set in R n . The index i varies 
in the ranee 1. 2 . m . and if d = (x^ . xA a = (v . vA 

x j 〆 j j x v j y y j* / y j. \ v x. j j / 

\p ~ q \ will denote the distance from p to q; that is ， 

1 D 12 — ^ ] {x i V ; ) 2 ， / — 1 ， . * • ， /7 » 

I 為 a. » v j ^ j * ， 

j 

DEFINITION 1. A sequence p 1? . . . , p b . . . G R n converges to p 0 G R n 

tj givtri t cta/jm un inutA i 0 uj mt i>ercywer^ctr jwca / mui pi t o € yp 0 j 

for all i > i 0 . In this situation, p 0 is the limit of the sequence {pj, and this is 
denoted by {pj — > p 0 . 

Convergence is related to continuity by the following proposition. 
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PROPOSITION 1. A map F; U c= R n ― ^ R m is continuous at p 0 & \J if 
and only if for each converging sequence {pj 一 p 0 U ，the sequence {F(pJ} 
converges to F(Po). 


Proof. Assume Fto be continuous at/? Q and let e > 0 be given. By con¬ 
tinuity, there exists 占 > 0 such that F(B s (p 0 )) c= 足 CR>。)). Let be a 

sequence in U, with [ 凡 .} — y p 0 ^ U. Then there exists in correspondence with 
d an index / 0 such that p t f B §{Po) for i > i Qt Thus，for i > i Q , 

HPi) ^ F(B d (p 0 )) cz B e (F(p 0 )), 
which implies that {Ff/?,)} — > F(p 0 ). 

Suppose now that F is not continuous at p 0 . Then there.exists a num¬ 
ber e > 0 such that for every ^ > 0 we can find a point p e B s (p Q )， with 
F[p ) 丰 B € (F(p Q )). Fix this e, and set 占 = 1 ， 1/2, •. • ， 1"，. . . ， thus obtaining 
a sequence { 凡 } which converges to p Q . However, since F(p3 丰 B € (F(p 0 )), 
the sequence (Ff/?,)} does not converge to F(p 0 ). Q.E.D. 

DEFINITION 2. A point p e R n is a limit point of a set A c= R n // every 
neighborhood of p in R n contains one point of A distinct from p. 

To avoid some confusion with the notion of limit of a sequence, a limit 
point is sometimes called a cluster point or an accumulation point. 

Definition 2 is equivalent to saying that every neighborhood V p 
contains infinitely many points of A. In fact, let ^ be the point of A 
given by the definition，and consider a ball BJ'p) [ F so that n , ^ BJjji), 
Then there is a point q 2 ^ P,(J 2 ^ ^ n B € (p)> By repeating this process, we 
obtain a sequence {&.} in K ， where the g A are all distinct. Since {q^\ ― ^ p, 
the argument also shows that /? is a limit point of A if and only if is the 
limit of some sequence of distinct points in A. 

Example 1. The sequence 1, 1/2, 1/3, . . . , 1//, . . . converges to 0. The 
sequence 3/2,4/3, ...，/+ 1"， ... converges to 1. The “intertwined” 
sequence 1，3/2, 1/2, 4/3, 1/3, . . . ， 1 + (1//)， 1//， … does not converge and 
has two limit points, namely 0 and 1 (Fig. A5-1). 


4 3 



Figure AS-1 


It should be observed that the limit p 0 of a converging sequence has the 
property that any neighborhood of contains all but a finite number of 


458 


Globa! Differential Geometry 


points of the sequence，whereas a limit point /? of a set has the weaker property 

m 八八分 ” ■-R 科 1 ‘ rtl t , -pm o v\ ir f j^k t 'M ^ n 广 kf* r< j^4- n 

Uiat any ui jj 丄 itaiiis jujuiiiLny mctiij puimo ui tn^ 丄 iiud ， a 

sequence which contains no constant subsequence is convergent if and only 
if, as a set，it contains only one limit point. 

An interesting example is given by the rational numbers Q. It can be 
proved that Q is countable; that is, it can be made into a sequence. Since 
arbitrarily near any real number there are rational numbers, the set of limit 
points of the sequence Q is the real line R. 


DEFINITION 3. A set F c= R n is closed if every limit point ofF belongs 
to F. The closure of A c= R n denoted by A, is the union of A with its limit 
points. 


Intuitively, F is closed if it contains the limit of all its convergent se¬ 
quences, or, in other words, it is invariant under the operation of passing to 
the limit. 

It is obvious that the closure of a set is a closed set. It is convenient to 
make the convention that the empty set 0 is both open and closed. 

There is a very simple relation between open and closed sets. 


PROPOSITION 2. F c= R n is closed if and only if the complement 
R a — F of F is onen. 

^ j.-.. 

Proof. Assume F to be closed and let p g R n — F. Since p is not a limit 
point of F, there exists a ball B e (p) which contains no points of F. Thus, 
c R n — F; hence R n ~ F is open. 

Conversely, suppose that R n — F is open and that /? is a limit point of F, 

7^ 4^ 4- « t rt 士 + « 户 — VT 入 n n 1 -a ^ 4-1a rt 'n ■**¥ r r I V% r% T^o 11 

wr t wain ^ v t tuat y ti x * jrvaauiut tut uuiil 丄 ai》.x 11^11 tiim a l/cih 

B € {p) [ R n — F. This implies that B e (p) contains no point of F and contra¬ 
dicts the fact that /? is a limit point of F. Q.E.D. 

Continuity can also be expressed in terms of closed sets, which is a con¬ 
sequence of the following fact. 


PROPOSITION 3. A map F: U [R n ― > R m is continuous if and only 
if for each open set V c R m , F'^Y) is an open set. 

Proof. Assume F to be continuous and let K c= be an open set in R m . 
If F~ l (V) = 0, there is nothing to prove, since we have set the convention 
that the empty set is open. If F~ X {V) ^ </>, let p e F^ l (V). Then F{p) e V, 
and since V is open, there exists a ball B € {F{p)) c= V. By continuity of F 9 
there exists a ball B s (p) such that 
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F(B 次 pj) c B € (F(p)) c= F. 

Thus, B 5 {p) cz F _1 (F); hence, F~ l {V) is open. 

Assume now that F~\V) is open for every open set V c= R m . Let p e U 
and 6 > 0 be given. Then A = F~ x {B € (F{p))) is open. Thus, there exists 
J 〉 0 such that B d \p) ci A. Therefore, 

F(B d (p)) cz F{A)^ B f (F(p ))； 

hence, Fis continuous in p. Q.E.D. 

(^OROT T,Al? V. P • T T t~ P n — > T? m /c rnvftiy*unii^ if nr*l\) if fnr 

■»— ■ ■* m. a v ▲ • a 在、 y %/%>• * ^t ， JT %/j J ^ a ^ ^ WI J 

closed set A cz R m , F 1 (A) is a closed set. 

FYamnl^ 7 ,. Pronniitinn 1 anH it« r*nrn11^rv <ru/p wViat ic nrnVsa^lv thp KpcT 

■ ■ i ■ —w • 愚 ■【r 為 ■ A -*- ■w W A. V ■*■ -V A ▲ wv H W ^ ^ w M. JL ▲ J A T V IT 丄丄 WV J. k_f 上 iw«r A. J KJ V 

way of describing open and closed subsets of R n , For instance, let/: R 2 一 R 
be given by f(x, y) — (x 2 ja 2 ) — (y 2 /b 2 ) — 1. Observe that / is continuous, 

v/ ci jv is a nuiscu act m jv, anu j i& au upcn &ci m i\. lnu&, me &cl 

F, = {(x, ^); /(x, j) = 0}= 尸 (0) 
is closed in R 2 , and the sets 

ij ■, — ir y. i；^ • f(x. v^\ ^ 

^ -i \^\ rw y^j'j j ^ ^ ^ ~ j y 

U 2 = {(x, y ); f(x y y) < 0} 

O 1 J? 2 ^ o »*1 + Vi ^ c^£^ 4 ~ 

\jy\^LX 丄 JLX JV ， \^IX UllL 丄 tlH L 

A = {(x, y) G R 2 , x 2 + 〆 < 1} 

U {(^, y) e R 2 ; x 2 -h y 2 = 1, x > 0 } y > 0} 

is neither open nor closed (Fig. A5-2). 

The last example suggests the following definition. 

DEFINITION 4. Let A c= R n . The boundary Bd A of A is the set of 
points p in R n such that every neighborhood of p contains points in A arid 
points in R n — A. 

Thus, if A is the set of Example 2, Bd A is the circle x 2 y 2 ~ 1. Clearly, 
A c R n is open if and only if no point of Bd A belongs to A, and B c R n is 
closed if and only if all points of Bd B belong to B. 

A final remark on these preliminary notions: Here, as in the appendix to 
Chap. 2, definitions were given under the assumption that R n was the “am- 
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Figure A5-2 

bient” space. It is often convenient, as already remarked in the appendix to 
Chap. 2, to extend such definitions to subsets of an arbitrary set A cz R n . 
To do that, we adopt the following definition. 

DEFINITION 5. Let A c= R n . We say that V c= A ^ an open set in A if 
there exists an open set U in R n such that V — U n A. ^4 neighborhood of 
p e A in A ^ an open set in A containing p. 

With this notion of “proximity” in it is a simple matter to extend the 
previous definitions to subsets of A and to check that the propositions 
already proved still hold with the new definitions. 


Now we want to recall a basic property of the real numbers. We need some 
definitions. 


DEFINITION 6. A subset A c K of the real line R is bounded above if 
there exists M e R such that M > a for all a e A. The number M is called 


an upper bound for A. When A is bounded above ^ a supremum or a least upper 
bound of A, sup A (or l.u.b. A) is an upper bound M which satisfies the follow¬ 


ing condition: Given 6 > 0, there exists a e A such that M — e - < a. By 
changing the sign of the above inequalities，we define similarly a lower bound 
for A and an infimum (or a greatest lower bound) of A, inf A (or g.Lb. A). 


A Yrrkiv/f mr ir^irivrTrcc Mir j>tt at ivti TA/min?c a 厂 t? 

义 丄▼曩 V^JL V-flTAX m/1 丄 'lUWJkJ V^JL ， 丄 1 I 丄 IX ' — XV L/C 

nonempty and bounded above {below). Then there exists sup A {inf A). 


There are several equivalent wavs of expressing the basic property of 


completeness of the real-number system. We have chosen the above ， which, 
although not the most intuitive, is probably the most effective one. 

11 I& UUI1VC111CUL IU SCI LilC lUilUWlIlg L/UliVCIIL1UI1. II /± J\ IIUL UUU1IUCU 
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above (below), we say that sup A = +°° (inf A = — oo). With this con¬ 
vention the above axiom can be stated as follows: Every nonempty set of real 
numbers has a sup and an inf. 

Example 3. The sup of the set (0, 1) is l f which does not belong to the set. 
The sup of the set 

5 = fx G i?: 0 < x < 1) U (2) 

V * vJ V J 

is 2. The point 2 is an isolated point of B; that is, it belongs to B but is not a 
limit point of B. Observe that the greatest limit point of B is 1, which is not 
sup B. However, if a bounded set has no isolated points, its sup is certainly a 
limit point of the set. 

One important consequence of the completeness of the real numbers is 
the following “intrinsic” characterization of convergence, which is actually 
equivalent to completeness (however, we shall not prove that). 

LEMMA 1. Call a sequence {xj of real numbers a Cauchy sequence if 
given e <0, there exists i 0 such that | Xi — Xj | < 6 for all i, j > i 0 . A sequence 
is convergent if and only if it is a Cauchy sequence. 

Proof. Let {xj — ^ x 0 . Then, if e > 0 is given, there exists i Q such that 
I x t - ~ x 0 1 < e/2 for i > / 0 . Thus, for /,./ > i 0i we have 

ki — a I < I a — a I + I ■ — 欠 0 1 < f ; 

hence* (x) is a Cauchv seauence. 

^ I,. *J X 

Conversely, let {xj be a Cauchy sequence. The set is clearly a bounded 
set. Let a 1 — inf^}, b x — supfx,}. Either, one of these points is a limit point 
of {xj and then (xj converges to this point, or both are isolated points of the 
set {^}. In the latter case, consider the set of points in the open interval 
(a u b x ), and let a 2 and b 2 be its inf and sup, respectively. Proceeding in this 
way, we obtain that either [xj converges or there are two bounded sequences 
a 1 < a 2 < . •. and b x > b 2 > • •.. Let a = sup{^-} and b = inf{6]. Since 
{Xi} is a Cauchy sequence, a = b, and this common value x 0 is the unique 
limit point of {x f }. Thus, {x f } ― > x 0 . Q.E.D, 

This form of completness extends naturally to Euclidean spaces. 

DEFINITION 7. A sequence {pj, p i e R n , is a Cauchy sequence if given 
6 > 0 ， there exists an index i 0 such that the distance ] pi — pj | < € for all 

i,j > i 0 * 
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PROPOSITION 4. A sequence {pj ? e R n , converges if and only if it is a 
Cauchy sequence. 


Proof. A convergent sequence is clearly a Cauchy sequence (see the 
argument in Lemma 1). Conversely, let {^.} be a Cauchy sequence, and 
consider its projection on the j axis of R n , j = This gives a sequence 

of real numbers which, since the projection decreases distances，is again 
a Cauchy sequence. By Lemma 1 ， {x 力 .} — ^ x JQ . It follows that {/? ( -} — > p G = 


{^*1 0 ，乂 20 , 




B. Connected Sets 


Q.E.D. 


DEFINITION 8. A continuous curve oc : [a, b] 一 ^ A c= R n is called an 
arn in A lninirnr ti (tn /yih^ 

DEFINITION 9. A c= R n is arcwise connected //, given two points 

i — <A 姿 v# rr \ t ^ t -m ^ + 八 /"I 

4 ci 厂 erect c un ut c tn rs. y y[_ 

Earlier in the book we have used the word connected to mean arcwise 
connected (Sec. 2-2). Since we were considering only regular surfaces, this 
can be justified, as will be done presently. For a general subset of R n , however, 
the notion of arcwise connectedness is much too restrictive, and it is more 
convenient to use the following definition. 

DEFINITION 10. A c= R n fs connected when it is not possible to write 
A = Ui U U 2 , where Ui and\J 2 are nonempty open sets in A and\J 1 n U 2 = 

0. 

Intuitively, this means that it is impossible to decompose A into disjoint 
pieces. For instance, the sets U 1 and F x in Example 2 are not connected. By 
taking the complements of U x and U 2 , we see that we can replace the word 
“ope;，by “closed” in Def. 10. " 

PRnPnSTTTON S. TPt A Ti a rrmnprted and let ^ ^ K he simulta- 
neously open and closed in A. Then either B = 0 or B = A. 

Proof. Suppose that B ^ <j> and £ ^ A and write A — B U (A — B). 
Since B is closed 'm A, A — B h open in A. Thus，^ is a union of disjoint, 
nonvoid, open sets, namely B and A — B. This contradicts the connectedness 

r* j Ti 1 

OI A. V.L.JLT. 

The next proposition shows that the continuous image of a connected set 
is connected. 
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PROPOSITION 6. Let F: A [ R n — > R m be continuous and A be con- 
nectecL Then F(A) is connected. 


Proof. Assume that F(A) is not connected. Then F(A) = U U 2 , where 
U { and are disjoint, nonvoid, open sets in FM). Since F is continuous, 
厂一彳 "!）， are also disjoint, nonvoid, open sets in A. Since A = 
u this contradicts the connectedness of A. Q.E.D. 

For the purposes of this section, it is convenient to extend the definition of 
interval as follows: 

DEFINITION 11. An interval of the real line R is any of the sets a < x < b 
a < x < b, a < x < b, a < x < b, x e R. The cases a = b，a = — x 
b = +oo are not excluded, so that an interval may be a point, a half-line, oi 
R itself, 

PROPOSITION 7. A cr R is connected if and only if A is an interval. 


Proof. Let ^4 7? be an interval and assume that A is not connected. We 

shall arrive at a contradiction. 

Since A is not connected, A = KJ U 2 , where U l and U 2 are nonvoid, 
disjoint, and open in A. Let a : g U li b l e U 2 and assume that a x < b x . By 
dividing the closed interval [a l5 b A ] = I x by the midpoint {a x + b^jl, we 
obtain two intervals, one of which, to be denoted by I 2 , has one of its end 
points in U : and the other end point in U 2 . Considering the midpoint of / 2 
and proceeding as before, we obtain an interval / 3 [ / 2 [ Thus, we 
obtain a family of closed intervals A 3 / 2 ] … • whose lengths 
approach zero. Let us rewrite /， = fc,-. d}. Then c, < c, < ... < < ..., 

and ~> d 2 ~> • •' > d n > ■ • •. Let c = sup^j} and d = Since 

— c t is arbitrarily small, c = d. Furthermore, any neighborhood of c 

cnmo J for i cnflRnVntlv larcrp TVinc z 1 ic limit nr^rit nf hntVi 71, 

V -a. 麗 ▲ A U ^0 1 i JL 2 Jr X ^ V*i X A m X x ^ 上 4 ^ l A LJ •&矗 i i i i w H ^ ■為 

and U 2 . Since U x and U 2 are closed, c g t/j n U 2 , and that contradicts the 
disjointness of U 1 and U 2 . 

Conversely, assume that A is connected. If A has a single element, A is 
trivially an interval. Suppose that A has at least two elements, and let a = 
inf A，b = sup A, a ^ b. Clearly, 3 c [a ， 力 ]. We shall show that (a, b) c A, 
and that implies that A is an interval. Assume the contrary; that is, there 
exists t ， a < t < b, such that t 朱 A. The sets A n (—oo, z 1 ) = F 1} 
n (z 1 , +°°) = V 2 are open in A = V 1 U V 2 . Since A is connected, one of 
these sets, say, V 2 , is empty. Since b e (/, +°°)，this implies both that b 丰 A 
and b is not a limit point of A. This contradicts the fact that b = sup A. In 
the same way, if V x = 0, we obtain a contradiction with the fact that 
a. — inf A. Q.E.D. 
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PROPOSITION 8. Let f: A c R n ― > R be continuous and A be con¬ 
nected. Assume that f(q) ^ Q for all q E A. Then f does not change sign in A. 


Proof, By Prop. 5, f(A) c i? is connected. By Prop. 7, f(A) is an interval. 
By hypothesis, f(A) does not contain zero. Thus, the points in f(A) all have 
the same sign. Q.E.D. 

PROPOSITION 9. Let A c R n 如 arcwise connected. Then A is con¬ 
nected. 


Proof. Assume that A is not connected. Then A = U 1 U U 2 , where 
U'、lh are nonvoid, disioint, ooen sets in A. Let v e U,. a e Since A 

j ■-編 tJ f A Ji A r ^ Ad 

is arcwise connected, there is an arc a : [a, b] — > A joining p to q. Since a is 
continuous, B = a([a, b}) cz 3 is connected. Set V x =-B n t/j, V % = B C) 
U 2 , Then B = V x \J V 2 , where V 1 and V 2 are nonvoid, disjoint, open sets in 
JB, and that is a contradiction. Q.E.D. 

The converse is, in general, not true. However, there is an important 
special case where the converse holds. 


DEFINITION 12. A set A R n is locally arcwise connected if for each 
p E A and each neighborhood V of p in A there exists an arcwise connected 
neighborhood U ci V o/ p f/? A. 


Intuitively, this means that each point of A has arbitrarily small arcwise 
connected neighborhoods. A simple example of a locally arcwise connected 
set in R 3 is a regular surface. In fact, for each p ^ S and each neighborhood 
W of pin R 3 , there exists a neighborhood V cz W of pin R 3 such that K n 
is homeomorphic to an open disk in R 2 ; since open disks are arcwise con¬ 
nected, each neighborhood ^ n ^ of p e S contains an arcwise connected 
neighborhood. 


The next proposition shows that our usage of the word connected for 
arcwise connected surfaces was entirely justified. 


PROPOSITION 10. Ld A c= R n be a locally arcwise connected set. Then 
A is connected if and only if it is arcwise connected. 


Proof. Half of the statement has already been proved in Prop. 9. Now 
assume that A is connected. Let p e A and let A x be the set of points in A 
that can be joined to p by some arc in A. We claim that A t is open in A. 

In fact, let g e A 1l and let oc: [a ， 方 ] — 3 be the arc joining p to q. Since 
A is locally arcwise connected, there is a neighborhood K of ^ in A such that 
q can be joined to any point r e V by an arc B: [b, c] V (Fig. A5-3). 




Figure A5-3 


It follows that the arc in A, 


on o P 


a {»， 


e [ a ， 办]， 

e lb, c], 


joins q to r, and this proves our claim. 

By a similar argument, we prove that the complement of A x is also open 
in A. Thus, A l is both open and closed in A, Since A is locally arewise con¬ 
nected, Aj is not empty. Since A is connected, A x — A. Q.E.D. 


Example 4. A set may be arewise connected and yet fail to be locally 
arewise connected. For instance, let J [ i? 2 be the set made up of vertical 
lines passing through (1//? ， 0), n — 1， • . • ， plus the x and y axis. A is clearly 
arewise connected, but a small neighborhood of (0, y), 少式 0, is not arewise 
connected. This comes from the fact that although there is a “long” arc joining 
any two points p，q e A, there may be no short arc joining these points 
(Fig. A5-4). 
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DEFINITION 13 . A set A c R n is bounded if it is contained in some ball 
ofR n . A set K <= R n is compact if it is closed and bounded. 

We have already met compact sets in Sec. 2-7. For completness, we shall 
prove here properties 1 and 2 of compact sets，which were assumed in Sec. 
2-7. 

DEFINITION 14 . An open cover of a set A cz R n is a family of open sets 
{U a }， a e such that U a U a = A. When there are only finitely many U a in 
the family, we say that the cover is finite. If the subfamily {U ^}, 於 e CB c G ， 
still covers A ? that is, = A, we say that {U^} is a subcover of {U a }, 

PROPOSITION 11 . For a set K R n the following assertions are 
equivalent: 

1. K is compact, 

2. (Heine-Borel). Every open cover ofK has a finite subcover. 

3. (Bolzano-Weierstrass). Every infinite subset of K has a limit point 

in K. 

Proof. We shali prove 1 2 3 1. 

1 => 2: Let {U^}, a e Ct, be an open cover of the compact K, and assume 
that {C/ a } has no finite subcover. We shall show that this leads to a contra¬ 
diction. 

Since K is compact, it is contained in a closed rectangular region 

^ {(x” * . • ? x n ) G cij <；. Xj bj, j = 1, 

Let us divide B by the hyperplanes x } = {a^ + bj)/2 (for instance, if 尤 c R 1 , 
^ is a rectangle, and we are dividing B into 2 2 = 4 rectangles). We thus 
obtain 2 n smaller closed rectangular regions. By hypothesis, at least one of 
these regions, to be denoted by B u is such that B 1 n K is not covered by a 
finite number of open sets of {U a \. We now divide in a similar way, and, 
by repeating the process, we obtain a sequence of closed rectangular regions 
(Fig. A5-5) 

二 ] ... ] ] 

which is such that no n 火 is covered by a finite number of open sets of 
{C/ a } and the length of the largest side of B f converges to zero. 

We claim that there exists e n B t . In fact, by projecting each B i on the 
j axis of R n , j = 1 ， ...，《， we obtain a sequence of closed intervals 
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B 3 方 4 



l^ju 卜 J ] [a; 2 , bj 2 ] ] ... 〕 [a n , b ；l ] 〕 .. 

Since {b yi — a") is arbitrarily small, we see that 

a j = sup{i2 y t -j = inf^y,*} — b j\ 

hence, 

"c n r" h i 

i 

Thus, p ^ {a u . * . , fit„) e B h as we claimed. 

Now, any neighborhood of p contains some B t for i sufficiently large; 
hence, it contains infinitely many points of K. Thus, is a limit point of K, 
and since K is closed, p e K. Let U Q be an element of the family {C/ a } which 
contains p. Since U Q is open, there exists a ball B € (p) ^ U 0 . On the other 
hand, for i sufficiently large, B t c B 人 p ) 〔 U Q . This contradicts the fact 
that no B t n K can be covered by a finite number of C/ a ’s and proves that 
1 => 2. 

2 => 3. Assume that 」 c 火 is an infinite subset of K and that no 
point of K is a limit point of A. Then it is possible, for each p e K，p 韦 A, 
to choose a neighborhood V p of p such that V p n A — <j) and for each q e A 
to choose a neighborhood W q of q such that W q C\ A ~ q. Thus, the family 
f 1/ U/ 1 r> cz fC — A n A i<5 an r»npn rovpr of K Since A is infinite and 

Y ， , Y J , Jf J A Jk. A, 、 A A . ， ■ ^ ^ V T 斗 V — ■■， ， •— 一 — — 

the omission of any W q of the family leaves the point q uncovered, the family 
{V pi W g } has no finite subcover. This contradicts assertion 2. 

3 1: We have to show that K is dosed and bounded. K is closed, be¬ 
cause if /? is a limit point of K, by considering concentric,balls B in {p) = 5-, we 
obtain a sequence p x e. B x — B z , p 2 e B 2 — B 3 ,. . . , p t e — B i+U ... 
which has /? as a limit point. By assertion 3, p ^ K. 

K is bounded. Otherwise, by considering concentric balls B^p), of radius 
1 ， 2, •，.， /， . . . ， we will obtain a sequence p x e B u /? 2 e 5 2 — 5 l5 ..., 
Pi e —万卜 l ， * • .with no limit point. This proves that 3 => 1. Q.E.D. 
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The next proposition shows that a continuous image of a compact set is 
compact. 

PROPOSITION 12. Let F: K c R n —^ R m be continuous and let K be 
compact. Then F(K) is compact. 

Proof. If F(K) is finite，it is trivially compact. Assume that F(K) is not 
finite and consider an infinite subset {/ r (/? a )} ^ e K. Clearly the set 

{p x } [ Kis infinite and has, by compactness, a limit point q b K, Thus, there 
exists a sequence …， p i7 ... ， —> q, p ( e {/? a }. By the continuity of F, 
the sequence F(p t ) —~> F{q) e F(K) (Prop. 1). Thus, has a limit point 

F(q) e F(K); hence, F(K) is compact. Q.E.D. 

The following is probably the most important property of compact sets. 

PROPOSITION 13. Let f: K c R n > R be a continuous function defined 
on a compact set K. Then there exists p u p 2 e K such that 

f(p 2 ) < f(P) < f(Pi) for all p g K; 
that is，f reaches a maximum at p! and a minimum at p 2 . 

Proof. We shall prove the existence of p x ; the case of minimum can be 
treated similarly. 

By Prop. 12, f(K) is compact, and hence closed and bounded. Thus, 
there exists sup f(K) — x x . Since f(K) is closed, e f{K), It follows that 
there exists p l ^ K with x : = f(Pi). Clearly, f(p) < f(p t ) = for all 

p b K. Q.E.D. 

Although we shall make no use of it, the notion of uniform continuity 
fits so naturally in the present context that we should say a few words about 
it. 

A map F: A 〔 R n — ^ R m is uniformly continuous in ^ if given 6 > 0, 
there exists ^ > 0 such that F(B s (p)) cz B £ (F(p)) for allp e A. 

Formally, the difference between this definition and that of (simple) 
continuity is the fact that here, given e, the number S is the same for all 
p e B, whereas in simple continuity, given 6, the number S may vary with p. 
Thus, uniform continuity is a global, rather than a local, notion. 

It is an important fact that on compact sets the two notions agree. More 
precisely, /d F: K c R” 一 >R m be continuous and K be compact. Then F is 
uniformly continuous in K. 

The proof of this fact is simple if we recall the notion of the Lebesgue 
number of an open cover, introduced in Sec. 2-7. In fact, given 6 > 0, there 
exists for Cticii. p a. K s. number S(pj 0 such that F\py) [ 2 yp ^)* 
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The family {B s[p) {p\p e K] is an open cover of K. Let ^ > 0 be the Lebesgue 
number of this family (Sec. 2-7, property 3). Ifq e B s (p), p b K, then 《 and/? 
belong to some element of the open cover. Thus, | F(p) — F(q) \ < 6. Since q 
is arbitrary, F(B s (p)) cz B e (F(p)). This shows that 3 satisfies the definition of 
uniform continuity, as we wished. 

D. Connected Components 


When a set is not connected, it may be split into its connected compo¬ 
nents. To make this idea precise, we shall first prove the following proposition. 


PROPOSITION 14. Let C a [ R n be a family of connected sets such that 

pi c a ^ 0. 


Then C a = C is a connected set. 

a 

Proof. Assume that C ~ 1/ { \J U 2 , where U 1 and U 2 are nonvoid, dis¬ 
joint, open sets in C, and that some point q e f] a C a belongs to U u Let q e U 2 . 
Since C = \J a C a and p e there exists some C x such that p，q e C a . 

Then C a n U 1 and C a n U 2 are nonvoid, disjoint, open sets in C a . This 
contradicts the connectedness of C a and shows that Cis connected. Q.E.D. 


DEFINITION 15. Let A a R n and p e A. The union of all connected 
subsets of A which contain p is called the connected component of A containing 

P. 


By Prop. 14, a connected component is a connected set. Intuitively the 
connected component of A containing p e A is the largest connected subset 
of A (that is, it is contained in no other connected subset of A that contains p). 
A connected component of a set A is always closed in A. This is a con- 

1 J-m A rti fV'X 11 八， T •八♦^八 J-1 * + , 八 

WI Lilt IWllUWlll^ \Jl UpWMLlUll. 


PROPOSITION 15. Let C c A K n be a connected set. Then the closure 
Q of Q in A is connected. 


Proof. Let us suppose that C = Ui U U 2 , where U u U 2 are nonvoid, 
disjoint, open sets in C. Since C ^ C, the sets C n U t — V u C n U 2 = V 2 
are open in C, disjoint, and U V 2 = C. We shall show that V x and V 2 
are nonvoid, thus reaching a contradiction with the connectedness of C. 

i^CL /； t= U i* Olll^C L/1 丄匕 UpCII Ill L1IC1 C CA1SLS> a IlClgllLMJl 11UWU YV KJl p 111 

A such that W n C U 1 . Since /> is a limit of C, there exists q e W C\ C 
Wn c a JJ 2 . Thus，^ G C7 O U i == V and is not empty* In a similar 
way，it can be shown that V 2 is not empty. Q.E.D. 
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COROLLARY. A connected component C c k of a set k is closed 
in A. 


In fact, if C ^ C, there exists a connected subset of A, namely C, which 
contains C properly. This contradicts the maximality of the connected com¬ 
ponent C. 

In some special cases, a connected component of set A is also an open set 
in A. 

PROPOSITION 16. Let C cz A ci R n be u connected covyiponcfit of a 
locally arewise connected set A. Then C is open in A. 

Proof. Let p e C cz A. Since A is locally arewise connected, there exists 
an arewise connected neighborhood V of pin A. By Prop. 9, V is connected. 
Since Cis maximal, C ^ V; hence, Cis open in A. Q.E.D. 



Diuuu^rdipny unu 

C^r\ nn nn mo +o 
\^\^i / / / / / 17 / / to 


The basic work of differential geometry of surfaces is Gauss’ paper “Disqui- 
sitiones generales circa superficies curvas，’’ Comm. Soc. Gottingen Bd 6, 
1823-1827. There are translations into several languages, for instance, 

1 o n r> n 1 ^" TVii, iO rr 一 : yvv^* 一 n i 111 f iA-f*n i lA'VS ^ 3 **^ n n 

x •, yjcficr in yc^n^uitun^y yj uf ¥ kch kjufj Jivct v wx 丄 

New York, 1965. 

We believe that the reader of this book is now in a position to try to 
understand that paper. Patience and open-mindedness will be required, but 
the experience is most rewarding. 

The classical source of differential geometry of surfaces is the four-volume 
treatise of Darboux ： 

2. Darboux ， G., Theorie des Surfaces, Gauthier-Villars ， Paris ， 1887 ， 1889, 

1894 ， 1896. There exists a reprint published by Chelsea Publishing Co” 

Inc., New York. 

^i.s is reading for beginners. However, beyond the wealth of 

information, there are still many unexplored ideas in this book that make it 
worthwhile to come to it from time to time. 

The most influential classical text in the English language was probably 

3. Eisenhart, L. P., A Treatise on the Differential Geometry of Curves and 

Surfaces, Ginn and Company, Boston, 1909, reprinted by Dover, New 

York, 1960. 

An excellent presentation of some intuitive ideas of classical differential 
geometry can be found in Chap. 4 of 


今 // 
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mni^ c^ria Mn^wer^ 


SECTION 1-3 


2. a. a(0 = (/ — sin /， 1 — cos t ); see Fig. 1-7. Singular points: / = htn, where n 
is any integer. 


7. b. Apply the mean value theorem to each of the functions x, y, zto prove that the 

vector (a (/ + A) — a (/ + k))j(h — k) converges to the vector a'(0 as h, k 
― > 0. Since oc\t) ^ 0, the line determined by a(t + h), cc(t + k) converges to 
the line determined by a'(r). 

8. By the definition of integral，given € > 0, there exists a S' > 0 such that if 
I 尸 I < 6\ then 


I d\b)\dt^j — 2 (^' — ^-i) I a X^')i 


< 


€ 

~2 


On the other hand，since (X' is uniformly continuous in [a, b], given 6 > 0, there 
exists b f, > 0 such that if .y e [a t b] with [r — .s) < 5'\ then 

j £X’(/) — 丨 < € 12,(b — a). 

ri = minM' A 〃、 TVipn if I PI /S wp nhtnin hv ncincr tVip valiip 

W W * V ▲ n ▲ 垂 《 3 • A A X V A-M. 具 A I a I ^ ^ T V "V V Wfr 息 J *r»*rf* A. k XX ^ A. A f ^ 

theorem for vector functions. 


ISi a(/M) — a(01 - S ft-1 - A-)] a^)li 

<IS(^--i - ^supla^OI - S (? £ --i - ^)1^)11 

<1S(^--1 - Osup|aXO — ||<-|- J 

Si ^ 

where / t --i < Together with the above, this gives the required inequality. 
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Hints and Answers 


SECTION 1-4 

2. Let the points p 0 = (x 0i y 0 , z Q ) and p = (x, y, z) belong to the plane P. Then 

ax 0 + by 0 + d = 0 = ax + 6 少 + c d Thus, a(x — x 0 ) + b(y — 少 0 ) 

+ c(z — z 0 ) = 0. Since the vector (x — x 0 , y — 少 。， z — z 0 ) is parallel to r t the 
vector (a, b, c) is normal to P, Given a point p = (x, y, z) e P, the distance p 
from the plane P to the origin O is given by p = |/>| cos 9 = (p m v)j\ v |, where 6 
is the angle of Op with the normal vector v. Since p - v = —d, 

p - v d 

t 

3. This is the angle of their norttml vectors. 

4. Two planes are parallel if and only if their normal vectors are parallel. 

6. Vi and v 2 are both perpendicular to the line of intersection. Thus, q 八幻 2 is par¬ 
allel to this line. 

7. A plane and a line are parallel when a normal vector to the plane is perpendicular 
to the direction of the line. 

8. The direction of the common perpendicular to the given lines is the direction of 
u f\ v. The distance between these lines is obtained by projecting the vector 
r — (x 0 — Xi, y 0 — 少 i, 2 0 — z{) onto the common perpendicular. Such a projec¬ 
tion is clearly the inner product of r with the unit vector (w A v )l\^ A v[- 


SECTION 1-5 

2. Use the fact that a' = t, d fr = kn, a r// = kn f + k f n = —k 2 t + Wn — kxb. 

4. Differentiate a(>) + = const., obtaining 

(1 — Xk)t + K f n — kxb = 0. 

It follows that t = 0 (the curve is contained in a plane) and that X = const. 
— ljk. 

7. a. Parametrize a by arc length. 

fo. Parametrize a by arc length s. The normal lines at 〜and s 2 are 


+ tnis^), = a(^ 2 ) + rn(s 2 l t e e 

respectively. Their point of intersection will be given by values of t and x 
such that 


a(> 2 ) — a(^i) = tn(si) rn(s 2 ) 

^2 — *^1 & — A 

Use Taylor’s formula n(s 2 ) = n(s t ) + {s % — + ^ and let s 2 — > h 

to conclude that a’h) = —tn\si\ where i is the limiting common value of 

^ J-k rt it 4 - f 11 W-rrt J-k 4- ♦ 1 l 1 r 

i anu t ^ ^2 — ， J1, luiiuwa uiai t — i//v. 
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13. To prove that the condition is necessary, differentiate three times (a^)] 2 = 
const.，obtaining a(>) = ~Rn + R’Tb. For the sufficiency, differentiate 
P(s) — d(s) + — R’Tb ， obtaining 

PXs) = t + R{-kt - rb) + R r n - {TRJb - R f n - -{Rx + {TRJ)b. 


On the other hand, by differentiating R 1 + (77?') 2 = const.，one obtains 


0 = 2RK + 2{TR f ){TRy 


r%/ 


(财 + ( my )， 


since k f 法 Q and r ^ 0. Hence. ffCv) is a constant on. and 

▼ - ~ ^ M~ v" y ~ ~ - .c" w 7 ■ • 

— Pq\ 2 — R 2 {TR’) 1 = const. 


15. Since b r = xn is known ， |r| =\b f \. Then，up to a sign, n is determined. Since 
t n f\ b and the curvature is positive and given by 〆 = kn ， the curvature can 
also be determined. 

16. First show that 


n J\ n r ' n f> 

^ W \ 2 ~~ 


¥ 





Thus, J a{s) ds = arc tan (A:/t) ; hence, kfr can be determined; since k is posi¬ 
tive, this also gives the sign of r. Furthermore, \ n f \ 2 = \ —kt — rb | 2 = k 1 + z 2 
is also known. Together with kjx ，this suffices to determine k 2 and r 2 . 

17. a. Let a be the unit vector of the fixed direction and let B be the constant angle. 

Then t • a = cos 0 — const., which differentiated gives n • a = 0. Thus, 
a ~ t cos 0 + 6 sin 0, which differentiated gives k cos 0 + T sin 0 = 0, 
or kjr — —tan 9 = const. Conversely, if 左 /t = const. = —tan 0 = 
—(sin 9/cos 9) t we can retrace our steps, obtaining that t cos 0 + 6 sin 0 is a 
constant vector a. Thus, t • a = cos 6 = const, 

b. From the argument of part a, it follows immediately that t • a = const, 
implies that n * a — 0; the last condition means that n is parallel to a plane 
normal to a. Conversely, if « • 0 = 0， then {dtjds) • a = 0; hence, t • a = 
const. 

c. From the argument of part a, it follows that t • a = const, implies that 
b , a = const. Conversely, if b • a = const.，by differentiation we find that 
n • a = 0. 

18. a. Parametrize a by arc length s and differentiate a = a + with respect to 

obtaining 


da 

ds 


=(1 — rk)t + 〆 《 — rib. 


Since ddjds is tangent to a, {d^jds)-n = 0; hence, r' = 0. 
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b. Parametrize a by arc length and denote by s and t the arc length and the 
unit tangent vector of a. Since dtjds — {dtjds){dsjds), we obtain that 


d 


d-s {t ' !) = t 


dt . dt 
Ts^Ts 


0； 


hence, t , t 二 const. = cos B. Thus, by using that a = a + rw, we have 


n t , do, ds ^ ds m ,、 

cqs 6 = t • t = n; • t = ^(1 - rk\ 

[sin 6\ \t 八 ’ I = 会 ((’ + ⑻八 r 


From these two relations, it follows that 


\ — rk 
rx 


const. 


r 


Thus, setting r ~ A,\^c finally obtain that Ak ^ Bx — 

Conversely, let this last relation hold, set A = r, and define a = a + r«. 
Then, by again using the relation, we obtain 


M 

ds 


=(1 — rk)t — rxb = T(Bt — rb). 


T!in<! a unit vprtnr t nf (fit — rh\L / R 2 4_ / Tt thiit At lAv 

■n. A.M. WW ， W ^ Vi — V 、 » t V ^ f f f * 1 A ^ 1 W l VI * 羞 \ZVU 

= ((Bk — rc)l\/ B 1 r 2 )n. Therefore, h(s) = 土 "($)，and the normal lines of a 

and a at 5 agree. Thus, a is a Bertrand curve. 

c. Assume the existence of two distinct Bertrand mates a — a -f fw, a = 
a + fn. By part b there exist constants c x and c 2 so that 1 一 f/c = c x (rr), 
\ ~ fk = c 2 {fx). Clearly, c x ^ c 2 . Differentiating these expressions, we 
obtain k f = t’c u k’ = x'c^ respectively. This implies that k f =x r = 0. 
Using the uniqueness part of the fundamental theorem of the local theory of 
curves, it is easy to see that the circular helix is the only such curve. 


SECTION U6 

1. Assume that s = 0, and consider the canonical form around 5 = 0. By condition 
l s P must be of the form z = cy, or 少 = 0. The plane 7 — 0 is the rectifying 
plane, which does not satisfy condition 2. Observe now that if ] ^ | is sufficiently 
small, > 0, and z(^) has the same sign as s. By condition 2 } c — zjy is simul¬ 
taneously positive and negative. Thus, P is the plane z = 0. 

2. m. ( Consider the canonical form of (//(js 、 =： 少 ’( 次 )， in <1 ncigliborlioovi of 

= 0. Let ax + 6 } + cz = 0 be the plane that passes through a(0), a(0 + h t ), 
a(0 + h 2 ). Define a function F(s) = ax{s) + 办 0) + cz(s) and notice that 
尸 (0) = Fih^ = F(h 2 ) = 0 . Use the canonical form to show that /'"(O) = a. 
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F f/ (0) — bk. Use the mean value theorem to show that as h u h 2 ― > 0, then 
a — ^ 0 and b — 0. Thus, as h u h 2 一 Q the plane ax + by ^ cz ^ 0 
approaches the plane z = 0, that is, the osculating plane. 


SECTION U7 

1. No. Use the iso perimetric inequality. 

2. Let 5 1 be a circle such that AB is a chord of S 1 and one of the two arcs a and 
determined by A and B on S l } say CC, has length l. Consider the piecewise C 1 
closed curve (see Remark 2 after Theorem 1) formed by P and C. Let P be fixed 
and C vary in the family of all curves joining AXo B with length l. By the isoperi- 
metric inequality for piecewise C 1 curves, the curve of the family that bounds 
the largest area is 5 1 . Since P is fixed, the arc of circle a is the solution to 
our problem. 

4. Choose coordinates such that the center O is at and the x and y axes are 
directed along the tangent and normal vectors at /?, respectively. Parametrize C 
by arc length, oc(s) = (x(s), y( s ))> and assume that a(0) = p. Consider the (fi¬ 
nite) Taylor’s expansion 

a(X) = a ⑼ + a\0)s -h a " ⑼专 + 足 

where lim^ 0 Rjs z = Q. Let k be the curvature of a at 5 = 0, and obtain 

2 

xO) = s + R x ， y(s) = ± 


where R = (R x , R y ) and the sign depends on the orientation of a. Thus, 


^ v \ J. 

v l yi^| ” 土 n 

Inn ― = lim ^ 


5, Let O be the center of the disk Shrink the boundary of D through a family of 
concentric circles until it meets the curve Cat a point p. Use Exercise 4 to show 
that the curvature k of Cddp satisfies \ k\>\jr. 

8 . Since a is simple, we have, by the theorem of turning tangents, 



- 0(0) = 2?r. 


Since k{s) < c, we obtain 

n n 

2% = k(s) ds <,c \ ds — cL 
Jo Jo 


9. By the Jordan curve theorem, a simple closed curve C bounds a set K. If K is 
not convex，there are points p,q ^ K such that the segment pq contains points 
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that do not belong to K, and 巧 meets Cat a point r,r^p f q. Use the argument 
given in the middle of the proof of the four-vertex theorem to show that the line 
L determined by p and q is tangent to C at the points p, q, r and that the segment 
pq is contained inC ci K. This is a contradiction. 

11. Observe that the area bounded by His greater than or equal to the area bounded 

\jy anu iiiai mu ±x 15 dinaii^x mail ui &\^uai ikj mt iviigiii kji iJApanu 

丑 through a family of curves parallel to H (Exercise 6) until its length reaches the 
length of C. Since the area either remains the same or has been further in¬ 
creased in this process, we obtain a convex curve with the same length as C 
but bounding an area greater than or equal to the area of C, 


12 


(See Fig. 1-40.) 


Mi 


/ ri/3 . \ 

Jo Uo ， 


dU = 


Af2 = 



d9 = 271. 


SECTION 2-2 


5. No. x is not one-to-one. 

^ - a ^ 1 崖 ~4~ Jf*. ■mm* ’ wm ^ ‘ a I m m -« V% 

j.x* u* 丄 &cc Uicit a ia uiic-iu-uiic 3 uuaci vt mat n uui ^ unc uuiciiii& 

cosh v > 0, the sign of u is the same as the sign of x. Thus, sinh v (and hence 
v) is determined. 

13. x(//, v) = (sinh u cos v, sinh u sin v, cosh v), 

15. Eliminate t in the equations x\a — yjt = — {z — t)jt of the line joining 
p(t) — (0, 0, t) to q{t) = (^, /, 0). 

17. c. Extend Prop. 3 for plane curves and apply the argument of Example 5. 

18. For the first part, use the inverse function theorem. To determine F, set u = p 2 , 
v ~Aan (p,w tan 2 6. Write x = / (/?, 0) cos <p, y ^ f(p, 0) sin (p, where / is 
t6 be determined. Then 

v 2, I -ti 2, I rr 2 -—- -f* 5, I _ ”2 — - 5, ■/ ^ + n n 2 

人 丁， ~r ^ — j - -r ^ — //-, ^2 — LClil 


It follows that f = p cos 6, z = p sin 6. Therefore, 


、 《 \/ U VaJ u s/uw 

取 v ，卜 W(1 + w)d + ⑷ XI + 7T 


Wj 


19. No. For C, observe that no neighborhood in R 1 of a point in the vertical arc can 
be written as the graph of a differentiable function. The same argument applies 
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SECTION 2-3 


1. Since A 2 = identity, A = A' 1 . 

5. d is the restriction to *S of a function d: R 2 


R: 


d(x, y, z) = {(x - x 0 ) 2 + 0 — ^o) 2 + 0 — 2 0 ) 2 } l/2 t 


(x, y, z) ^ (x 0) y 0 , z 0 ). 


8 . If ^ = (x, y, z), F(p) lies in the intersection with H of the line 
r > 0 - Thus, 


{tx, ty, z\ 


F{p)= 


\/l -h z 2 :: s/\ + z : 

x 2 + y 2 ? a/^ 2 + y 2 


少 ， z . 


Let U be R 3 minus the z axis. Then F: U cz R 3 
differentiable. 


R 3 as defined above is 


13. If/is such a restriction, / is differentiable (Example 1). To prove the converse, 

Y * TT - > /?3 hp ^ nf in n A q in Prnn 1 pvt^nrl v to 

墨一 — aa ■ - «. —■ w w 本 w 矗 ▲ ▲ v K 1 A. ■ ■ ■'十 V X u i ▲轟 m A. A. ky a X A J. vj * J. m t *. ^ 'W u v 

F:U x R ― > R 3 . Let W be a neighborhood of /? in i? 3 on which i 7 一 1 is a 
difFeomorphism. Define 《： W 一 R by g(g) = / 。 x 。 tt 。 F~ 1 {q) i g e W, where 
7t: U X R ― > U is the natural projection. Then g is differentiable, and the 
restriction g\W C\ S = f. 

16. F is differentiable in 5 2 — {N} as a composition of differentiable maps. To 

n ^ Ij' Jfl 1 + f 1^1 ^ f\ 4- A T rr ■§ #* « y-» t 

yL\j y\^ mett ±- id \axnvi viiiiaui^ ai j y 5 cuiidiuui tuv diviwugiapmv \jl uj v^tiv^n 丄 hjiii 

the south pole S = (0, 0, —1) and set Q = n s o F 。 7C 云 1 : (C — > C (of course, we 
are identifying the plane 2 — 1 with C). Show that 丌〜。 tt^ 1 : C — {0} — > C is 
given by 冗。 71^(0 = 


G(0 




a + ac + … + 


hence, Q is differentiable at ( = 0. Thus ，F = n~ s l 0 Q 。 7^ is differentiable at 
N. 


SECTION 2-4 


1. Let a(0 = {x{t), y(t), z(t)) be a curve on the surface passing through p 0 ~ 
(x 0 ,y 0y z 0 ) for t = 0. Thus, /(x(/), y{t), z{t)) = 0; hence, //(O) +/y(0) + 

■/"* f Ok\ _ C\ 電 oil / "I ^^'§*•1 \，o f 》 Tr>n i-h ***"• ' ■ 薈 0+ r% r I 'l-i ^ r» -rs r* o ■#■ oil + o 4 - 

j\\j) 一 v/j wi 丄 m tin vcitx cm • x 1113 mwcuu tucii. ctn tangv^iit 

vectors at p Q are perpendicular to the vector (f x , f y , f z ), and hence the desired 
equation. 

4. Denote by /** the derivative of fiyjx) with respect to f = yjx. Then z x — 
f — {ylx)f\ z y = /’. Thus, the equation of the tangent plane at (x 0 , ^ 0 ) is 
2 = x Q f + (/— (^o/^o)/')^ — ^o) +/Xv — 少。)， where the functions are com¬ 
puted at (x 0 , 少 0 ). It follows that if x = 0, 少 = 0, then z = 0. 
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12. For the orthogonality, consider, for instance, the first two surfaces. Their 
normals are parallel to the vectors (2x — a, 2y, 2z), (2x, 2y — b, 2z). In the 
intersection of these surfaces, ax = by] introduce this relation in the inner pro¬ 
duct of the above vectors to show that this inner product is zero. 

13. a. Let a(0 be a curve on S with «(0) = p, a 7 (0) = w. Then 

df p iw) = — po, a(/) — i? 0 ) 1 / 2 )lr=o = 〈丫 

It follows that is a critical point of / if and only if (w,p — p 0 y = 0 for all 

El T p(*S). 

14. a. f{t) is continuous in the interval (—co, c), and = 0, lirn ( ^ Cjr<c /(/) 

= +oo. Thus，for some t x e ( —oo, c),f{t x ) = 1. By similar arguments, we 
find real roots t 2 g (c, b), t 3 e {b ， a). 
b. The condition for the surfaces/GO 二 l,/(? 2 ) = 1 to be orthogonal is 

A(^l)/t(^2) + fjj l)/v(^2) + /:(^ 1 )/# 2 ) = 0. 


This reduces to 


__ 

(a — ,1)(0 — :2) 


y 2 

(b — t,)(b 



z 2 

(f 一 ?i)(c — t 2 ) 


which follows from the fact that ^ t 2 and f{t x ) —/(/ 2 ) = 0. 

17. Since every surface is locally the graph of a differentiable function, S x is given 
by f{x, y, z) = 0 and S 2 by g(x, 少， z) = 0 in a neighborhood of p\ here 0 is a 
regular value of the differentiable functions / and g. In this neighborhood of /?, 
Si n S 2 is given as the inverse image of (0, 0) of the map F: R 3 ^^ R 2 : F{q)= 
(f(q\ g{q)). Since and S 2 intersect transversally, the normal vectors 
(fxify^fz) and (g x , g y , g z ) are linearly independent. Thus ，（ 0,0) is a regular value 
of .Fand 5i n S 2 is a regular curve (cf. Exercise 17, Sec. 2-2). 

20. The equation of the tangent plane at (x 0 , y 0i z Q ) is 


: yyo , _ 1 

x iiw iim i • 丄 anu. punux^uiax i,\j tnw lang^iit id gi wn uy 

xa 2 yb 2 zc 2 
- : —=■ 

yo 


From the last expression, we obtain 

x z a z — y 2 b 2 — z 2 c 2 _ a 2 x 2 + b 2 y 2 + c z z z 
xx 0 ~ yy Q ~ zz 0 ~ xx Q + yy Q + 


From the same expression, and taking into account the equation of the ellips- 
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oid，we obtain 


yy 0 _ H- yyo + 

Again from the same expression and using the equation of the tangent plane, we 
obtain 

X 2 v 2 Z 1 一 X 2 + v 2 + z 2 

{xox)/a 2 (y 0 y)/b 2 (z 0 zjfc ~ 2 一 I 

The right-hand sides of the three last equations are therefore equal, and hence 
the asserted equation. 

21. Imitate the proof of Prop. 9 of the appendix to Chap. 2. 

22. Let r be the fixed line which is met by the normals of S and let p & S. The plane 
Pi, which contains p and r, contains all the normals to S at the points of Pi n S. 
Consider a plane P 2 passing through p and perpendicular to r. Since the normal 
through p meets 尸 2 is transversal to T P (S ); hence, P 2 D S is a, regular plane 
curve Cin a neighborhood of p (cf. Exercise 17, Sec. 2-4). Furthermore Pi n P 2 
is perpendicular to T P (S) n P 2 ； hence, P\ n P 2 is normal to C. It follows that 
the normals of C all pass through a fixed point q = r n P 2 ' } hence, C is con¬ 
tained in a circle (cf. Exercise 4, Sec. 1-5). Thus, every p e S has a neighborhood 
contained in some surface of revolution with axis r. By connectedness, S is con¬ 
tained in a fixed one of these surfaces. 


SECTION 2-5 

8 . Since dEjdv = 0, £* = E(u) is a function of u alone. Set u ~ j a/ E du. Similarly, 
G — G(v) is a function of v alone, and we can set v = J V G ^ - Thus, u and v 
measure arc lengths along the coordinate curves, whence E = G — 1, F = cos 6. 

9. Parametrize the generating curve by arc length. 


SECTION 3-2 

13. Since the osculating plane is normal to N, N r = Xn and, therefore, T 2 = 

I ^| 2 = k\ cos 2 0 + /:! sin 2 0, where 9 is the angle of e t with the tangent to the 
curve. Since the direction is asymptotic, we obtain cos 2 6 and sin 2 0 as functions 
of ki and k 2 , which substituted in the expression above yields r 2 = —k l k 2 , 

14. By setting — and X 2 = we have that 

l>-i -y. 2 \ = k\(n, - {n, N 2 yN { \ 

= aJ k\ + At — 2 A x A 2 cos 9. 
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|sin0| = A N 2 \ = \n A(N, A N 2 )\ 

=\ (n, N^N, -<«, N,}N 2 l 

16. Intersect the torus by a plane containing its axis and use Exercise 15. 

18. Use the fact that if 0 — 2n/m, then 

o{0) = 1 + cos 2 0 + … + cos 2 (m — 1)9 = 
which may be proved by observing that 

- 1 / v=m-l \ 

(7(0) = ± ( 2 e 2we + 2w+l 

4 \v= - (m — l) f 

and that the expression under the summation sign is the sum of a geometric 
progression, which yields 

sin(2/n0 — 6 ) — . 

sin 9 * 

19. a. Express t and h in the basis {e li e 2 ] given by the principal directions, and 

compute (dN(t), E). 

b. Differentiate cos 6 = «), use that dN{i) = —k n t H- r g h, and observe 

that (iV, by = (h, TV) — sin 0, where b is the binormal vector. 

20. Let S u S 2 , and S 3 be the surfaces that pass through p. Show that the geodesic 
torsions of Ci = *S 2 n S 3 relative to S 2 and *S 3 are equal; it will be denoted by 
Tj. Similarly，denotes the geodesic torsion of C 2 = /Si n S 3 and r 3 that of 
Si n S 2 . Use the definition of to show that，since C u C 2 , C 3 are pairwise 
orthogonal, H- t 2 = 0, t 2 + r 3 = 0, r 3 + Ti = 0. It follows that = r 2 
== 0 . 

SECTION 3-3 

2. Asymptotic curves: u = const., v ~ const. Lines of curvature : 

log (w + v^ 2 + c 2 ) 士 《 = const. 

3. u ^ v — const, u — v — const. 

6 . a. By taking the line r as thez axis and a normal to r as the x axis, we have that 

, a/\ — x 2 

Z = ■' ■ • 


X 
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By setting x = sin 0, we obtain 

z(9) = cW = log tan -j- + cos 0 + C. 

If z(7iJ2) - 0, then C = 0. 

8. a. The assertion is clearly true if x — Xi and i; = are parametrizations that 
satisfy the definition of contact. If x and x are arbitrary, observe that x = 

， f 

Xi o h, where h is the change of coordinates. It follows that the partial deriva¬ 
tives of/o x = /o X! oh are linear combinations of the partial derivatives 
of/ 。 x!. Therefore, they become zero with the latter ones, 
b. Introduce parametrizations x(x, y) = (x, y, f (x, y)) and x(x, y) = 
(x ， y ， /(x ， y))，and define a function h(x, y, z) = f (x, y) — z. Observe that 
h o % = 0 and A ° x = / — /. It follows from part a, applied the function h, 
that / — / has partial derivatives of order < 2 equal to zero at (0,0), 
d. Since contact of order > 2 implies contact of order ^ 1, the paraboloid 
passes through p and is tangent to the surface at p t By taking the plane 
T P (S) as the xy plane, the equation of the paraboloid becomes 


/ (x, y) — ax 2 + 2bxy + cy 2 + 办 + ey. 

Let z = /(x } y) be the representation of the surface in the plane T P (S). By using 
part b, we obtain that d = c = 0, a 二 \f xx ， b= f xyi c = ^f yy . 

15. If there exists such an example, it may locally be written in the form z = /(x, y), 
with / (0, 0) = 0, f x (0 t 0) = f y (0 t 0) = 0. The given conditions require that 
fix +fly ^ 0 at (0, 0) and ihoif xx f yy —; 0 if and only if (x, y) = (0 S 0). 

By setting, tentatively, / (x, y) = 0C(x) + fi(y) 4 - xy, where a(x) is a func¬ 
tion of x alone and p{y) is a function of y alone, we verify that cc xx = cos x ， 
p yy = cos y satisfy the conditions above. It follows that 

/ (-^j y) — cos x + cos y xy — 2 


is such an example. 

16. Take a sphere containing the surface and decrease its radius continuously. Study 
the normal sections at the point (or points) where the sphere meets the surface 
for the first time. 

19. Show that the hyperboloid contains two one-parameter families of lines which 
are necessarily the asymptotic lines. To find such families of lines, write the 
equation of the hyperboloid as 


(x + z)(x - z) = (1 ~ ^)(1 + y) 


and show that, for each k =p^ 0, the line x H- z = /:(1 + y), x — z = 
(!//:)(! — y) belongs to the surface. 
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20. Observe that (xja 2 , y/b 2 , z/c 2 ) = fN for some function / and that an umbilical 
point satisfies the equation 


f d(/N) A da 


dt 


A 


dt ， 


N 




0 


for every curve <X(t) = (x{t\ y(t), z(t)) on the surface. Assume that z =^0, multi¬ 
ply this equation by z/c 2 , and eliminate z and dzjdt (observe that the equation 
holds for everv tan sent vector on the surface). Four umbilical Doints are found. 

- _ • — ^ — ^ • - - - / i f 

namely ， 


y = 0, 


x 2 


— a 2 


a 1 — b 1 

— 广2 , 

w v 


z 2 


44 ^ 

W "V 


The hypothesis z = 0 does not yield any further umbilical points. 

21. a* Let dN{v{) = av x + bv 2 , dN{v 2 ) = cv t + dv 2 , A direct computation yields 

(d(fN)( Vl ) A d(fN)(v 2 )JNy = P det(JTV). 
b. Show that fN = (x/a 2 , y/b 1 , z/c 2 ) = W, and observe that 

— ^ 吾 )’ where v ( = (oc,-, y,-), 

i = 1, 2. By choosing so that 八 = N, conclude that 

<d{fN){v x ) A df{N)(v 1 )jN') 

where X = {x, y, z), and therefore (W, Xy = 1. 

24. d. Choose a coordinate system in R 3 so that the origin (9 is at e *S, the xy 
plane agrees with T p (S) t and the positive direction of the z axis agrees with 
the orientation of S at p. Furthermore, choose the x and y axes in T P (S) 
along the principal directions at p. If V is sufficiently small, it can then be 
represented as the graph of a differentiable function 

z ^ f(x, y), (x, y) ^ D <=. R 1 , 

where D is an open disk in R 1 and 

0 )= 众 0 , 0 ) = / 抑 ( 0 , 0 ) = 0 ， f xx (0, 0 ) = ki, f yy (0, 0 ) = k 2 . 

We can assume, without loss of generality, that /：i > 0 and k 1 '>0 on 
D, and we want to prove that f{x ， y) > 0 on D. 

Assume that, for some (x, y) g D, f(x, y) < 0. Consider the function 
h 0 (t) = f(tx, ty), 0 < ^ < 1. Since /z’ 0 ⑼ = 0, there exists a 0 < ^ < 1, 
such that /?o(^i) < 0, Let p x = (t^x, t t y)) e S, and consider the 

height function hi of V relative to the tangent plane T Pl (S) at pi. Restricted to 
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the curve a(t)={tx, ty,f(tx, ty)), this height function is 

where N x is the unit normal vector at p^. Thus, h![{t) = 〈 a’’(r) ， 7V \〉， and, at 

^ ~ ^ u 

h%t,) - <(o, o, K(t x )\ (-f x ( P ,i -f y (p l ), i)> - K(t,) < o. 

But = (Oi'Xti), Ni} is ， up to a positive factor, the normal curvature at p 

in the direction of a'^i)- This is a contradiction. 


SECTION 3-4 


10. c. Reduce the problem to the fact that if X is an irrational number and m and n 

run through the integers, the set {km + n] is dense in the real line. To prove 
uic liisi asscxuuii, u auiiiues iu snuw umi liic set [a/ti ~f n\ naa cuunicini.y 
small positive elements. Assume the contrary, show that the greatest lower 
bound of the positive elements of [Xm + n] still belongs to that set, and 
obtain a contradiction. 

11. Consider the set {a t - : I t — > 1} of trajectories of w，、with a,*(0) = p, and set 
I = U ( - By uniqueness，the maximal trajectory a: I ― ► V may be defined by 
setting a(t) = tX^O) where t e 

12. For every q e S t there exist a neighborhood U of q and an interval (—6,6), 
6 > 0, such that the trajectory a(r), with a(0) = q, is defined in (—6,6). By com¬ 
pactness, it is possible to cover S with a finite number of such neighborhoods. 
Let 6 0 = minimum of the corresponding f’s. If CC(t) is defined for t <t Q and is 
not defined for t 0 , take t\ 6 (0, / 0 ), with 1 1 0 — ^ | < 6 0 /2. Consider the trajec¬ 
tory p(t) of w, with p(t x ) = and obtain a contradiction. 

€> CJ^Tg^\ At A n 
0£'^//l> r /V 

3. The “only if” part is immediate. To prove the “if” part, let p e S and v e T P (S), 
0. CTonsidsr sl curve CC i ( f ， 6) — ^ S, with OC (0) — '^r’s claim that 

⑼ ）1 = |a’(0)|. Otherwise ， say, | ^^(a^O)) | > |OC’(0)1，and in a neigh¬ 
borhood / of 0 in (—e, 6), we have | d(p p {0i\t)) \ > | d\t) [. This implies that the 
length of (X{J) is greater than the length oi(p o a(J), a contradiction. 

6. Parametrize CC by arc length s in a neighborhood of t 0 . Construct in the plane a 
curve with curvature k = k{s) and apply Exercise 5. 

8. Set 0 = (0, 0, 0), G(0) = p 0 , and G(p) - p 0 = F(p). Then F: A 3 — i? 3 is a map 
such that RO) 二 0 and | F{p) \ = \ G{p) — G(0)| = \p\. This implies that F pre¬ 
serves the inner product of R 3 . Thus, it maps the basis 

{( 1 , 0 , 0)=/ l5 ( 0 , 1 , 0 ) =/ 2 , （ 0 , 0 , 1 ) =/ 3 } 


onto an orthonormal basis，and if^ = S 〜/•，/ = 1 ， 2, 3, then F(p) = 
Therefore, F is linear. 
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11. a. Since Fis distance-preserving and the arc length of a differentiable curve is 

the limit of the lengths of inscribed polygons, the restriction i 7 ] >S preserves 
the arc length of a curve in S. 

c. Consider the isometry of an open strip of the plane onto a cylinder minus a 
generator. 

12. The restriction of F{x, y } z) — (x, —y t —z) to C is an isometry of C (cf. Exercise 
1IX the fixed points of which are (1 ， 0, 0) and ( — 1 ， 0, 0). 

17. The loxodromes make a constant angle with the meridians of the sphere. Under 
Mercator’s projection (see Exercise 16) the meridians go into parallel straight 
lines in the plane. Since Mercator’s projection is conformal, the loxodromes 
also go into straight lines. Thus, the sum of the interior angles of the triangle in 
the sphere is the same as the sum of the interior angles of a rectilinear plane 
triangle. 

SECTION 4-4 

6. Use the fact that the absolute value of the geodesic curvature is the absolute 
value of the projection onto the tangent plane of the usual curvature. 

8. Use Exercise 1, part b, and Prop. 5 of Sec. 3-2. 

9. Use the fact that the meridians are geodesics and that the parallel transport 
preserves angles. 

上 u. i^iauun /v^ 十 rv n —— /v _ anu ixi& acting 

cylinder. 

12. Parametrize a neighborhood of 6 5* in such a way that the two families of 
geodesics are coordinate curves (Corollary i, Sec, 3-4). Show that this implies 
that F=0,E v = 0 G u ‘ Make a change of parameters to obtain that F — 0, 
E = G — 1. 

13. Fix two orthogonal unit vectors v(p) and vv(/?) in T P (S) and parallel transport 
them to each point of V. Two differentiable, orthogonal, unit vector fields are 
thus obtained. Parametrize V in such a way that the directions of these vectors 
are tangent to the coordinate curves, which are then geodesics. Appiy Exercise 
12 . 

16. Parametrize a neighborhood of p g S in such a way that the lines of curvature 
are the coordinate curves and that v = const, are the asymptotic curves. It 
follows that e 0 = 0, and from the Mainardi-Codazzi equations, we conclude 
that E v = 0. This implies that the geodesic curvature of v = const, is zero. For 
the example, look at the upper parallel of the torus. 

18. Use Clairaufs relation (cf. Example 5). 

19. Substitute in Ea. ⑷ the Christoffel symbols bv their values as functions of E. F. 
and G and differentiate the expression of the first fundamental form: 

1 = E(uy + 2FuV + G<y) 2 . 

20. Use Clairaut’s relation. 
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SECTION 4-5 

4. b. Observe that the map x = x, y = (y) 2 , z = (z) 3 gives a homeomorphism of 
the sphere x 2 + y 2 + z 2 = 1 onto the surface (x) 2 + (i 5 ) 4 + (z) 6 = 1. 

6. a. Restrict v to the curve a (，） = (cos t, sin t), t e [0, 2n], The angle that v{t) 
forms with the x axis is i. Thus, 2nl = 2n; hence, / = 1. 
d. By restricting v to the curve CL{t) = (cos t, sinr), t g [0, In], we obtain 
v(t) = (cos 2 1 — sin 2 t, —2 cos t sin /) = (cos 2/ ， 一 sin 2/). Thus, I = —2. 


SECTION 4-6 


8. Let (p 9 9) be a system of geodesic polar coordinates such that its pole is one of 
the vertices of A and one of the sides of A corresponds to 0 = 0. Let the two 
other sides be given by 沒 =and p = h(6). Since the vertex that corresponds 
to the pole does not belong to the coordinate neighborhood, take a small circle 
of radius € around the pole. Then 


Ka/G dp d6 = d6\ lim K\JG dp\- 


A 


h{9) 


Observing that K^/ G — —(a/ G) pp and that lim = 1， we have that the 

€ —^0 

limit enclosed in parentheses is given by 


§W_G) 


(h(9\ By 


By using Exercise 7, we obtain 


rr k^g dpde = f° de - \ 9 o d(p 

J J A 』 0 


OC 3 — (71 — 0^2 — (Xj) — 2 CCf 一 71. 

l 


12. c. For K = 0, the problem is trivial. For K > 0, use part b. For 尤 < 0, con¬ 
sider a coordinate neighborhood V of the pseudosphere (cf. Exercise 6, part 
b. Sec. 3-3), parametrized by polar coordinates (p ， 0); that is, £ = 1,^ = 0, 
G = sinh 2 p. Compute the geodesics of V; it is convenient to use the change 
of coordinates tanh p = 1/w ， p ^ 0, 6 = 9, so that 


p = x _ 

^ ~ (w 2 - l) 2 . 



2w 

w 2 - r 



f = 0 , 



w 

w z - P 


r! 2 = 汐， 


and the other Christoffel symbols are zero. It follows that the nonradial 
geodesics satisfy the equation (d 2 wjd0 2 ) + w = 0， where w = w{8). Thus, 
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A tanh p cos 6 + B tanh /? sin 0 = 1. 

Therefore, the map of V into R 2 given by 

《 =tanh p cos 6, tj 二 tanh p sin 9, 
tj) G R\ is a geodesic mapping. 

13. b. Define x^^ 1 : ^((7) c= R 2 — > S. Let v = v(u) be a geodesic in U. Since (p 
is a geodesic mapping and the geodesics of R 1 are lines, then d 2 v/du 2 = 0. By 
bringing this condition into part a, the required result is obtained. 

c. Equation (a) is obtained from Eq. (5) of Sec. 4-3 using part b. From Eq. 
(5a) of Sec. 4-3 together with part b we have 

kf = (ri a — 2 (r\i) v + n 2 n 2 . 

By interchanging u and v in the expression above and subtracting the results, 
we obtain (ri 2 )« = (ThX，whence Eq. (b). Finally, Eqs. (c) and (d) are 
obtained from Eqs. (a) and (b), respectively, by interchanging u and v. 

d. By differentiating Eq. (a) with respect to v t Eq. (b) with respect to w, and sub¬ 
tracting the results, we obtain 

EK V — FK U = —K(E V — F u ) + K(-FTh + 五 H 2 ). 

By taking into account the values of the expression above yields 

EK V FK U = K(E V F u ) f K(E V - F u ) = 0. 

Similarly, from Eqs. (c) and (d) we obtain FK V — GK U = 0 } whence 
K v — K u = 0. 

SECTION 4-7 

1. Consider an orthonormal basis {ei,e 2 } at 7^ (0) ( 汐 ） and take the parallel transport 
of e\ and e 2 along a, obtaining an orthonormal basis e 2 (>)} at each T a(t) (S), 
Set v^(0C(/)) = H- w 2 (t)e 2 (t). Then D y w — ^(0)^! + ^(0)^2 and the 

second member is the velocity of the curve w i {t)e l + w 2 {t)e 2 in T P (S) at ， = 0. 

1 h SIhn\x; (— 7 ic Qrrmll nnd rlrfcpc nnt rnntnin V nnintQ nf ff, ^ tfipn 

W fcr ■ JL. A T T V a a ， m. A. V Jj J - ▲ ▲ LJ UAA Jt u v ■H-f' *- A1 i ▲ v 尤 〆 »A w, , w a a ▼麇 

the tangent vector field of CL{{t u t 2 )) can be extended to a vector field y in a 
neighborhood of £X((^ 1 , t 2 )). Thus, by restricting v and w to £X, property 3 
becomes 

!◊(，)，_)> = 〈孕， 4 5)， 

which implies that parallel transport in (X | (h，？ 2 ) is an isometry. By compactness, 
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this can be extended to the entire I. Conversely，assume that parallel transport is 
an isometry. Let a be the trajectory of y through a point p e S. Restrict v and w 
to a. Choose orthonormal basis e 2 {t)} as in the solution of Exercise 1， and 
set v(t) = H- v 2 e 2 , ^(0 = Wie x + w 2 e 2 - Then property 3 becomes the "pro¬ 
duct rule” ： 

差 (? —‘) = i = l,2. 

c. Let D be given and choose an orthogonal parametrization x(u, v). Let y = 
yix u H- y 2 x v , w — WiX u + From properties 1, 2, and 3, it follows that 
D y w is determined by the knowledge of Z> Xu x„, Set D Xu x u = 

Ahx u 4 - A'Ux Vi D Xu x v = A\ 2 x u + A 2 12 x Vi D Xv x v = A\ 2 x u + A^ 2 x v . From 
property 3 it follows that the Afj satisfy the same equations as the r 方 (cf. Eq. 
(2) ， Sec. 4-3). Thus, Afj -= 1%, which proves that D y v agrees with the opera¬ 
tion “Take the usual derivative and project it onto the tangent plane.” 

3. a. Observe that 

dX i0t[) (l,0)= ( 齡。 = 基冲，⑽ ) ， 〆’) ） 广。 = 刪， 

^ (0lfJ (o } l) = (%) sq = 晰 

b. Use the fact that x is a local diffeomorphism to cover the compact set I with 
a family of open intervals in which x is one-to-one. Use the Heine-Borel 
theorem and the Lebesgue number of the covering (cf. Sec. 2-7) to globalize 
the result. 

c. To show that F = 0, we compute (cf. property 4 of Exercise 2) 

d ^ _ d fdx dx\ /D dx dx\ fdx D dx\ __ /dx D dx\ 

ts f= T t/^WsTs 1 Tt) + w rsdi/^wjtrsr 

because the vector field dx/ds is parallel along t = const. Since 

0 = ±1 ^： d -^\ = 2 /-^ 

dt \ds^ ds) \dt ds’ ds) 

F does not denend on .v. Since F(0. t) = 0. we have F = 0. 

— - j- - - ^ - — •- - - - — — — _ - \ j j — • • 

d. This is a consequence of the fact that F = 0. 

4. a. Use Schwarz's inequality ， 

([ b fgdt) 2 < f/2 冶 fV 成 

\J a / J a J a 


with / = 1 and g = | ddjdt |. 

a. By noticing that E{t) = f {(dujdv) 1 + G(y(v } t), v)} dv, we obtain (we write 

J 0 

y{v b t) = u(v, t), for convenience) 
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Since, for t = 
Furthermore, 


ri 


E\t) = I 

Jo 

0 ， dujdv = 


,du d 2 u 
dv dv dt 


dG A , 

Tu u ! dv 


0 and dGjdu = 0, we have proved the first part. 




E f \t)= 


w 


d 2 u ' 
dv dt 


2 


du d 3 u 


dv dvd 2 t 


~d^ {u) + d^ U 


Hence, by using G uu = —1K"G and noting that a/ G = 1 for ^ — 0, we obtain 

五 "(0) = 2 

Jo 



6, b. Choose 6 > 0 and coordinates in i? 3 ] 5 so that (p{p, 6) = q. Consider the 
points (/?, 6) = r 0 , (/?, € + 271 sin = ri, 6 4 - 2nk sin fi) — r k . 

Taking 6 sufficiently small, we see that the line segments r 0 r u . . . ， r 0 r k belong 
to Kif Ink sin p < % (Fig. 4-49). Since 史 is a local isometry，the images of 
these segments will be geodesics joining q to which are clearly broken at q 
(Fig. 4-49). 

c. It must be proved that each geodesic y\ [0, /] —> S with y(0) = y{l) =q '\s the 
image by (p of one of the line segments r^, . . ., r Q r k referred to in part b. 
For some neighborhood t/ c= Kof r 0 , the restriction (p\ [/ = ^ is an isometry, 
nius, (f/ " ^ / is a, segment ui a nmi-Jine sicuuug m r 0 . omue <pyj^) is a gcuue- 
sic which agrees with y([0, /]) in an open interval, it agrees with y where y is 
defined. Since y{l) = q y L passes through one of the points r i: i = \ ， … ， k ， 
say r h and so y is the image of r u r Jm 


cprr/nA/ 

mm a a g w v 如 

3. a. Use the relation (p f, = —K(p to obtain {(p rl + K(p 2 y = K f (p\ Integrate both 
sides of the last relation and use the boundary conditions of the statement. 


SECTION 

冊 ■ 


5. Assume that every Cauchy sequence in d converges and let y ⑻ be a geodesic 
parametrized by arc length. Suppose, by contradiction, that y(>y) is defined for 
s < s Q but not for s = 5 0 . Choose a sequence {s n } — > *y 0 - Thus, given 6 > 0, 
there exists n 0 such that if «， w > « 0 , | 〜一 | < €. Therefore, 

d(y(s m ) t y(s„)) < I < f 

and {7(0} is a Cauchy sequence in d. Let [yCsJ} — > p 0 g S and let PF be a 
neighborhood of p Q as given by Prop. 1 of Sec ， 4-7. If m, n are sufficiently large. 
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the small geodesic joining to y(*s n ) clearly agrees with y. Thus, y can be 
extended through p 0 , a contradiction. 

Conversely, assume that ^ is complete and let {/?„} be a Cauchy sequence in 
d of points on S. Since d is greater than or equal to the Euclidean distance J, 
is a Cauchy sequence in d. Thus ， [p n ] converges to p 0 e 及 3 * Assume, by 
contradiction, that p Q 丰 S. Since a Cauchy sequence is bounded, given e > 0 
there exists an index n 0 such that, for all n > n Q ，the distance d(p noy p n ) < €. 
By the Hopf-Rinow theorem, there is a minimal geodesic y„ joining p» 0 to p n with 
length < e. As w —> oo, y n tends to a minimal geodesic y with length < €. Para¬ 
metrize y by arc length Then, since Po ^ S, y is not defined for s = €. This 
contradicts the completeness of S, 

6. Let {p n } be a sequence of points on S such that d(p y p n ) — > oo. Since <Sis com¬ 
plete, there is a minimal geodesic 7„(^) (parametrized by arc length)joining p to 
p n with 7„(0) = p. The unit vectors 7^(0) have a limit point v on the (compact) 
unit sphere of T P (S). Let 7(^) = exp^ sv, s>0. Then y(j) is a ray issuing from p. 
To see this, notice that, for a fixed s 0 and n sufficiently large, y„(j 0 )= 

y(*y 0 ). This follows from the continuous dependence of geodesics from the initial 
conditions. Furthermore, since d is continuous, 

lim d(p, y n (s 0 )) - d(p, yO 0 )). 

/I— 

But if n is large enough, d(p, y n (s Q )) = s 0 - Thus, d(p ， y(*y 0 ))= 知 ， and y is a ray. 

8. First show that if d and d denote the intrinsic distances of S and S, respectively, 
then d(p,q) > cd((p(p), (p{q)) for all p，q 三 S. Now let {/?„} be a Cauchy sequence 
in d of points on S. By the initial remark, {(p(Pr)} is a Cauchy sequence in d. 
Since S is complete, {$?(/>„)} — > g>(po). Since (p~ l is continuous，{/?„} ― > p 0 . Thus, 
every Cauchy sequence in d converges; hence S is complete (cf. Exercise 5). 

9. q> is one-to-one: Assume, by contradiction, that Pi ^ p 2 e are such that 

= = q. Since S x is complete, there is a minimal geodesic y joining 

Pi Xop 2 . Since 炉 is a local isometry, 炉 。 y is a geodesic joining q to itself with the 
same length as y. Any point distinct from q on (p o y can be joined to q by two 
geodesics, a contradiction. 

(p is onto: Since 史 is a local diffeomorphism, <p{S{) cz ^2 is an open set in S%. 
We shall prove that is also closed in S 2 ； since is connected, this will 
imply that (p{S{) — S 2 . If 供 (5^) is not closed in 5* 2 ， there exists a sequence 

r r \ 1 — r\ _1^ 丄 L _ a r y __ \ 'i J. / n \ nni^ r / __ \i * _ _ „ _ _ 

WKPnM，Pn ^ Liicti \sp\p„n —Po 牛 inus ， {(pKP„)i is a noncon¬ 

verging Cauchy sequence in Since 炉 is a one-to-one local isometry, {p„} is 
a nonconverging Cauchy sequence in a contradiction to the completeness of 

10. a. Since 

^(hog>(t))= 基⑽ 》 <〆(，》<grad h, v} 

and 

^{ho(p{t)) = dh{(p r (t}) = ^(grad h) ^ <grad h, grad h}. 



494 


Hints and Answers 


we conclude, by equating the last members of the above relations, that 
[grad/?j < 1. 

D, /\ssume in r di ^\t ) ucimcu iui t 、 iq uui nut iui / = / 0 , men liicic caim^ a 

sequence {?"} > t 0 such that the sequence {(pit^)} does not converge. If m and 

n are sufficiently large, we use part a to obtain 

d{(p(t m \ (p{t m )) < I grad h{(p(t)) \dt<\t m - t n \, 

J 

where d is the intrinsic distance of S. This implies that {^(/„)} is a noncon¬ 
verging Cauchy sequence in d, a contradiction to the completeness of S. 

SECTION 5-4 

2. Assume that 

lim( inf K(x, y)) - 2c > 0. 

r-^-oo ；C 2 十少 2 之 T 

Then there exists 7? > 0 such that if (x, y) ^ D, where 

D = {(x, .y) e R 2 \x 2 -h 7 2 < R 1 }, 

then K(x, y) > c. Thus, by taking points outside the disk D, we can obtain arbi¬ 
trarily large disks where K(x y y) ^ c > 0. This is easily seen to contradict Bon- 
net’s theorem. 


SECTION 5-5 

3. b. Assume that a> b and set ^ ^ in relation (*)• Use the initial conditions and 

the facts v(b) < 0, u(b) > 0, ww > 0 in [0, b] to obtain a contradiction, 
c. From [uv — vu% > 0, one obtains vjv > u'/u; that is, (log v) r > (log u)'. 
Now, let 0 < s 0 < s < a, and integrate the last inequality between and s 
to obtain 


log ”0) — log v(s 0 ) 之 log u(s) - log u(s 0 ); 


that is, v(s)iu(s) v(s 0 )!u(s 0 ). Next, observe that 


Thus, > u(s) for all s e [0, a). 

6. Suppose, by contradiction, that u(s) ^ 0 for all s e (0, ^ 0 ]. By using Eq. (*) of 
Exercise 3, part b (with K — L and s = ^ 0 )> we obtain 


* JO 

(K — Duv ds + uisaWiscCi — u(0W(0) = 0, 

Jo' ' ' 
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Assume, for instance, that w(^) > 0 and v(s) < 0 on (0, *y 0 ]. Then 〆(()）< 0 and 
^'(^ 0 ) > 0- Thus, the first term of the above sum is > 0 and the two remaining 
terms are > 0, a contradiction. All the other cases can be treated similarly. 


8. Let V be the vector space of Jacobi fields J along y with the property that /(/) =0. 
杉 is a two-dimensional vector space. Since y(I) is not conjugate to y( 0 ), the linear 
map 6: V ― 、 7 ^( 0 )(^) given by 6{J) ~/(0) is injective, and hence, for dimen¬ 
sional reasons, an isomorphism. Thus, there exists / e V with J(0) = vv 0 . By the 
same token，there exists a Jacobi field J along 7 with J(0) = 0, •/(/) = Wx ， The 
required Jacobi field is given by / + / 


SECTION 5 嫌 6 


10. Let y : [0, /] — ^ 5 be a simple closed geodesic on S and let v(0) e T y(0) (S) be 
such that |v(0)| = 1, <^(0), 〆(())〉=(X Take the parallel transport 〆•?）of ^(0) 
along y. Since S is orientable, v(I) = v(0) and v defines a differentiable vector 
field alone y. Notice that v is orthoeonal to v and that Dvlds = 0. e 「 0. /I. 
Define a variation (with free end points) h : [0, /] x (—€, e) — > S by 

h(s, t) = exp y ⑴ tv(s). 

Check that, for t small, the curves of the variation h t (s) = h{s, t) are closed. 
Extend the formula for the second variation of arc length to the present case, 
and show that 

W(0) = - f Kds < 0. 
j J 0 

Thus, yO) is longer than all curves h t (s) for t small, say, 1 1 1 < S <e.By chang¬ 
ing the parameter t into tjd ，we obtain the required homotopy. 


SECTION 5-7 


9. Use the notion of geodesic torsion x g of a curve on a surface (cf. Exercise 19, Sec. 
3-2). Since 


d0 

ds 


x — x 


8 ^ 


where cos 0 = n) and the curve is closed and smooth, we obtain 


I! 


T ds — 


x g ds = 2ku, 


where n is an integer. But on the sphere, all curves are lines of curvature. Since 
the lines of curvature are characterized by having vanishing geodesic torsion (cf. 
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Exercise 19, Sec. 3-2)，we have 

•i 

X ds Tjtn. 

Jo 

Since every closed curve on a sphere is homotopic to zero, the integer n is easily 
seen to be zero. 


SECTION 5-10 


7. We have only to show that the geodesics parametrized by arc length which 
approach tlic boundary of are defined for 3.11 v3.1uss of the parameter s• If tlic 
contrary were true, such a geodesic would have a finite length /, say，from a 
fixed point p Q . But for the circles of R\ that are geodesics, we have 



e 0 >n ,'2 


dO 
sin t 


> 



cos 6 dd 


eg>n/2 


sin 


― OO, 


and the same holds for the vertical lines of^R\. 

10. c. To prove that the metric is complete, notice first that it dominates the 
Euclidean metric on R 2 . Thus, if a sequence is a Cauchy sequence in the 
given metric, it is also a Cauchy sequence in the Euclidean metric. Since 
the Euclidean metric is complete, such a sequence converges. It follows that 
the given metric is complete (cf. Exercise 1, Sec. 5-3). 
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Acceleration vector, 345 
Accumulation point，457 
Angle: 

between two surfaces, 87 
external, 266 
interior, 274 
Antipodal map, 80 
Arc, 462 
regular, 266 
Arc length, 6 

in polar coordinates, 25 (Ex. 11) 
reparametrization by, 22 / 

Area, 98 

geometric definition of, 115 
of a graph, 100 (Ex. 5) 
oriented, 15 (Ex. 10)，166 
of surface of revolution, 101 (Ex. 11) 
Area-preserving diffeomorphisms, 230 (Ex. 

18)，231 (Ex. 20) 

Asymptotic curve, 148 
Asymptotic direction, 148 

Ball, 118 

Beltrami-Enncper, theorem of, 152 (Ex. 13) 
Beltrami's theorem on geodesic mappings, 
296 (Ex. 13) 

Bertrand curve, 26 
Bertrand mate f 26 
Binormal line, 19 
Binormal vector, 18 

Bolzano-Weierstrass theorem, 112, 124, 466 

Bonnet ， O.，535 

Bonnet’s theorem, 352， 424 

Boundary of a set, 459 

Braunmuhl, A,, 363 

Buck, R. C., 43, 97, 132 


Calabi, E，，354 
Catenary, 23 (Ex. 8) 
uaienoia, zzi 

asymptotic curves of，168 (Ex. 3) 
local isometry of, with a helicoid, 213 
(Ex. 14), 223 
as a minima] surface, 202 
Cauchy-Crofton formula, 41 
Cauchy sequence, 461 
in the intrinsic distance, 336 (Ex. 5) 
Chain rule，91 (Ex. 24), 126, 129 
Chern, S. S., 318 
and Lashof, R., 387 
Christoffel symbols, 232 

in normal coordinates, 295 (Ex. 4) 
for a surface of revolution, 232 
Cissoid of Diodes’ 7 (Ex. 3) 

Clairaut’s relation, 257 
Closed plane curve, 30 
Closed set, 458 
Closure of a set, 458 
Compact set, 112, 465 
Comparison theorems, 369 (Ex. 3) 
Compatibility equations, 235 
Complete surface, 325 
Cone, 64, 65 (Ex. 3), 327 
geodesics of, 307 (Ex. 6) 
local isometry of. with plane, 223 
as a ruled surface, 189 
Conformal map, 226 
linear，229 (Ex. 13) 
local 226, 229 (Ex. 14) 
of planes, 229 (Ex. 15) 
of spheres into planes, 230 (Ex. 16) 
Conjugate directions, 150 
Conjugate locus, 363 
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Conjugate minimal surfaces, 213 (Ex. 14) 
Conjugate points, 362 

Kneser criterion for, 370 (Ex. 7) 
Connected, 462 
arc wise, 462 
locally, 464 
component, 469 
simply, 382 
locally, 383 

Connection, 306 (Ex. 2), 442 
Conoid, 210 (Ex. 5) 

Contact of curves, 171 (Ex. 9) 

u 丄 Luivcs miKi auiicHJC!>, i /1 ^Jix* iu ) 

Contact of surfaces, 91 (Ex. 27), 170 (Ex. 

8 ) 

Continuous map, 120 
uniformly. 468 
Convergence, 456 

in the intrinsic distance, 336 (Ex. 4) 
Convex curve, 37 
Convex hull, 48 (Ex. 11) 

Convex neighborhood, 303 
existence of, 305 
Convex set, 48 (Ex. 9) 

Convexity and curvature, 40, 174 (Ex. 24), 
387, 397 

Coordinate curves, 53 
Coordinate neighborhood, 53 
Coordinate system, 52 

_ i Ti ^ A C 

i^ourant, iv., 丄丄 j 

Covariant derivative, 238 
algebraic value of, 248 
along a curve, 240 
expression of, 239 
properties of, 306 (Ex. 2) 
in terms of parallel transport, 305 (Ex. 1) 
Covering space, 371 

number of sheets of. 377 
orientable double, 443 (Exs. 3, 4) 

Critical point, 58, 89 (Ex. 13) 
nondegenerate, 173 (Ex. 23) 

Critical value, 58 
Cross product, 12 
Curvature ： 

Gaussian, 146, 155 {see also Gaussian 
curvature) 
geodesic, 248, 253 
lines of, 145 

differential equations of, 161 
mean, 146, 156, 163 
vector, 201 
normal, 141 
of a plane curve, 21 
principal, 144 
radius of, 19 
sectional, 442 
of a space curve, 16 
in arbitrary parameters, 25 (Ex. 12) 
Curve: 

asymptotic, 148 

differential equations for, 160 
maximal, 410 
of class O，10 (Ex. 7) 

J 1 A 
^ 1 VJ 5 >CU, 


Curve (Cont.) 

closed (Cont.) 
continuous, 392 
piecewise regular, 266 
simple, 30 
coordinate, 53 
divergent, 336 (Ex. 7) 
knotted, 402 
level, 102 (Ex. 14) 
parametrized, 3 
piecewise differentiable, 329 
piecewise regular, 244 

mm 、 1 V* 

ICgrtliai , u 

piecewise C 1 , 35 
simple, 10 (Ex. 7) 

Cut locus, 420 
Cycloid, 7 

Cylinder, 65 (Ex. 1) 
first fundamental form of, 93 
isometries of, 229 (Ex. 12) 
local isometry of, with plane, 219 
normal sections of, 144 
as a ruled surface, 188 

Darboux triheciron, 261 (Ex. 14) 

Degree of a map, 390 
Developable surface, 194, 210 (Ex. 3) 
classification of, 194 

as the envelope of a family of tangent 

1 A n. r-i 1 C 

piaiica, lyj 

tangent plane of a, 210 (Ex. 6) 
Diffeomorphism, 74 

area-preserving, 230 (Exs. 18 ， 19) 
local, 86 

orientation-preserving, 165 
orientation-reversing, 166 
Differentiable function, 72, 80 (Ex, 9) 82 

(Ex. 13)，125 ’ 

Differentiable manifold, 438 
Differentiable map, 73, 126, 426 
Differentiable structure, 425, 439 
Differential of a map, 86, 127, 430 
Direction: 

asymptotic, 148 
principal, 144 
Directions: 

conjugate, 150 
field of, 178 

Directrix of a ruled surface, 188 
Distance on a surface, 329 
Distribution parameter, 192 
do Carmo, M. and E. Lima, 387 
Domain, 97 
Dot product, 4 
Dupin indicatrix, 148 

geometric interpretation of, 164 
Dupin's theorem on triply orthogonal sys¬ 
tems, 153 

Edges of a triangulation, 271 
Efimov, N. V.，453 
Eigenvalue，216 
Eigenvector, 216 

Ellipsoid, 61, 80 (Ex. 4)，90 (Ex. 20) 
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Ellipsoid (Cont,) 

conjugate locus of, 263 

^ -Pi 1 « y-T r\ *V\ Art + rt 1 ^ 4^ OO / !_. "I \ 

丄 U3L iujj 、 iix±miiLai 丄 uijlu vji, yy \ j_:a. x / 

Gaussian curvature of, 173 (Ex. 21) 
parametrization of, 66 (Ex. 12) 
umbilical points of, 172 (Ex. 20) 
Embedding, 435 

of the Klein bottle into R 4 , 436 
of the projective plane into R4, 437 
of the torus into R4 ) 435 
Energy of a curve，307 (Ex. 4 ) 

Enneper's surface, 168 (Ex. 5) 
as a minimal surface，205 
Envelope of a family of tangent planes, 195, 
210 (Ex. 8 )，212 (Ex. 10) ， 244, 308 
(Ex. 7) 

Euclid’s fifth axiom, 279 ， 431, 432 
Euler formula, 145 
Euler-Lagrange equation, 365 
Euler-Poincare characteristic, 272 
Evolute, 23 (Ex. 7) 

Exponential map, 284 
differentiability of, 285 

Faces of a triangulation, 271 
Fary-Milnor Theorem, 402 
Fenchel’s theorem, 399 
Fermi coordinates, 306 (Ex. 3) 

Field of directions, 178 

differential equation of, 179 
integral curves of, 178 
Field of unit normal vectors, 104 
First fundamental form，92 
Flat torus, 435 
Focal surfaces, 210 (Ex. 9) 

Folium of Descartes, 8 (Ex. 5) 

Frenet formulas, 19 
Frenet trihedron, 19 
Function: 
analytic, 207 
component, 120 
continuous, 119 
differentiable, 72, 125 
harmonic, 201 
height, 72 

Morse, 173 (Ex. 23) 

Fundamental theorem for the local theory 
of curves, 19, 309 

Fundamental theorem for the local theory 
of surfaces, 236. 311 

Gauss-Bonnet theorem (global), 274 
application of, 276 
Gauss-Bonnet theorem (local), 268 
Gauss formula, 234 
in orthogonal coordinates, 237 (Ex. 1) 
Gauss lemma, 288 
Gauss map, 136 
Gauss theorem egregium，234 
Gaussian curvature, 146, 155 
geometric interpretation of, 167 
for graphs of differentiable functions, 163 
in terms of Darallel transDOrt. 270. 271 

▲ A. ~ J 1 

Genus of a surface, 273 


Geodesic: 
circles, 287 

coordinates, 306 (Ex. 3 / 
curvature, 248, 253 
flow, 440 

mapping, 296 (Ex. 12) 
paraUeJs. 306 (Ex. 3) 
polar coordinates, 286 

first fundamental form in, 287 
Gaussian curvature in, 288 
geodesics in, 295 (Ex. 7) 
torsion, 153 (Ex. 19)，261 (Ex. U) 
Geodesics, 307 

of a cone, 306 (Ex. 6 ) 
of a cylinder, 246, 247 

jiH 1 TT& n ♦■*+ • 八 1 1 1 rt + i 八 （ Z A 

vij ■ 丄 mciit-iai cy[Uia.Livjii3 u 丄 ？ ui 

existence of, 255 
minimal, 303， 332 
minimizing properties of, 292 
of a paraboloid of revolution^ 258-260 
of the Poincare half-plane, 431 ， 432, 444 
(Ex. 8 ) 
radial, 287 

as solutions to a variational problem, 345 
of a sphere， ‘ 246 

of surfaces of revolution, 255-258, 356 
(Ex. 5) 

Geppert, H., 407 
Gluck, H,, 41 

Gradient on surfaces, 101 (Ex. 14) 

Graph of a differentiable function, 58 
area of, 100 (Ex. 5) 

Gaussian curvature of, 163 
mean curvature of, 163 
second fundamental form of, 163, 164 
tangent plane of, 88 (Ex. 3) 

Green, L., 363 

Gromov, M. L., and V. A. Rokhlin，454 
Group of isometries, 229 (Ex. 9) 

Hadamard’s theorem on complete surfaces 
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Hadamard’s theorem on ovaloids，387 
Hartman, P, and L. Nirenberg, 408 
Heine-Borel theorem, 112, 124 
Helicoid, 94 

asymptotic curves of, 168 (Ex. 2) 
distribution parameter of, 209 (Ex. 1) 
generalized, 101 (Ex. 13)，186 (Ex. 6 ) 
line of striction of, 209 (Ex. 1) 
lines of curvature of，168 (Ex. 2) 
local isometry of, with a catenoid, 213 
(Ex. 14), 223 
as a minimal surface, 204 
as the only minimal ruled surface, 204 
tangent plane of, 89 (Ex. 9) 

Helix, 3, 22 (Ex. 1) 
generalized, 26 (Ex. 17) 

Hessian, 164, 173 (Ex. 22) 

Hilbert, D., 318, 446 
Hilbert's theorem, 446 
Holmgren. E., 446 
Holonomy group. 297 (Ex. 14) 
Homeomorphism, 123 
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Homotopic arcs, 378 
Homotopy of arcs, 378 
free, 390 (Ex. 10) 
lifting of, 379 

Hopf, H. and W. Rinow, 326, 354 
Hopf-Rinow’s theorem, 333 
Hopf’s theorem on surfaces with H = const” 
234 (Ex. 4) 

Hurewicz, W,，177 

Hyperbolic paraboloid (saddle surface), 66 
(Ex. 11), Fig. 3-7 
asymptotic curves of, 184 
first fundamental form of, 99 (Ex. 1) 
Gauss map of, 139 
parametrization of, 66 (Ex. 11) 
as a ruled surface, 193 
Hyperbolic plane, 43 i 

Hyperboloid of one sheet, 88 (Ex. 2) Fig. 
3-34 ’ 

Gauss map of, 151 (Ex. 8) 
as a ruled surface, 189, 209 (Ex. 2) 
Hyperboloid of two sheets, 61 

first fundamental form of, 99 (Ex. 1) 
parametrization of, 67 (Ex. 13)，99 (Ex. 1) 

Iramersiofl, 433 
isometric, 433 

Index form of a geodesic, 422 
Index of a vector field, 280 
Infimum (g.l.b.), 460 
Integral curve, 178 
Intermediate value theorem, 124 
Intrinsic distance, 225, 329 
Intrinsic geometry, 217, 235, 238 
Inverse function theorem, 131 
Inversion, 121 
Isometry, 218 
linear, 228 (Ex. 7) 
local, 219 

in local coordinates, 220, 228 (Ex. 2) 
of tangent surfaces to planes, 228 (Ex. 
6 ) 

Isoperimetric inequality, 33 
for geodesic circles, 295 (Ex. 9) 

Isothermal coordinates, 201, 227 
for rainirnal surfaces, 213 (Ex. 13(b)) 

Jacobi equation, 357 
Jacobi field, 357 
on a sphere, 362 
Jacobian determinant, 128 
Jacobian matrix, 128 

Jacobi’s theorem on the normal indicatrix, 
278 

Jacobi’s theorems on conjugate points ， 419, 
423 

Joachimstahl, theorem of, 152 (Ex. 15) 
Jordan curve theorem, 393 

Kazdan, J. and F. Warner, 446 
Klein bottle, 427 

embedding of, into R4 ， 436， 437 
non-orientability of, 436 
Klingenberg’s lemma, 388 (Ex. 8) 


Kneser criterion for conjugate points, 370 
(Ex. 7) 

Knotted curve, 402 

Lashof, R. and S. S. Chern, 387 
Lebesgue number of a family, 113 
Levi-Civita connection, 442 
Lifting: 
of an arc, 376 
of a homotopy, 379 
property of, arcs, 380 
Lima, E. and M. do Carmo, 387 
Limit point, 457 
Limit Oi a sequence, 456 
Line of curvature, 145 
Liouville: 

formula of, 253 
surfaces of, 263 

Local canonical form of a curve, 27 
Locally convex, 174 (Ex. 24), 387 
strictly, 174 (Ex. 24) 

Logarithmic spiral, 9 
Loxodromes of a sphere, 96, 230 

Mainardi-Codazzi equations, 235 

Mangoldt, H., 363 

Map ： 

antipodal, 80 {Ex. 1) 
conformal, 226 

linear, 229 (Ex. 13) 
continuous, 120 
covering, 371 

differentiable; 73, 126, 426 
distance-preserving, 228 (Ex. 8) 
exponential, 284 
Gauss, 136 

geodesic, 296 (Ex. 12) 
self-adjoint linear, 214 
Massey ， W.，408 
Mean curvature, 146, 156， 163 
Mean curvature vector, 201 
Mercator projection, 230 (Ex. 16)，231 (Ex. 
20 ) 

Meridian, 76 
Meusnier theorem, 142 
Milnor, T. Klotz, 454 
Minding’s theorem, 288 
Minimal surfaces, 197 
conjugate, 213 (Ex. 14) 

Gauss map of, 212 (Ex. 13) 
isothermal parameters on, 202, 213 (Ex. 
13(b)) 

of revolution, 202 
ruled, 204 

as solutions to a variational problem, 
199 

Mobius strip, 106 

Gaussian curvature of, 172 (Ex. 18) 
infinite, 443 (Ex. 2) 

no nor ient ability of, 107, 109 (Exs. 1 ， 7) 
parametrization of, 106 
Monkey saddle, 159， 171 (Ex. 11) 

Morse index theorem, 422 
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Neighborhood, 119, 123 
convex，303 
coordinate, 53 
distinguished, 371 
normal, 285 

Nirenberg, L. and P. Hartman, 408 

Norm of a vector, 4 

Normal: 

coordinates, 286 
curvature, 141 
indicatrix, 278 
line, 87 

plane to a curve，19 
principal, 19 
section, 342 
vector to a curve, 11 
vector to a surface, 87 


Olinde Rodrigues, theorem of，145 

Open set, 118 

Orientation: 

change of, for curves, 6 
for curves. 109 (Ex. 6) 
positive, of Rn, 12 
for surfaces, 103， 136 
of a vector space, 12 
Oriented: 

area in R^, 15 (Ex. 10) 
positively, boundary of a simple region, 
267 

positively, simple dosed plane curve ， 
31 

surface, 103, 106 
volume in R3，16 (Ex. 11) 

Orthogonal: 

families of curves, 102 (Ex. 15) ， 181， 186 
(Ex. 6) 

fields of directions, 181, 185 (Ex. 4), 186 
(Ex. 5) 

parametrization, 95, 183 
projection, 80 (Ex. 2), 121 
transformation, 23 (Ex. 6)，228 (Ex. 7) 
Osculating: 

circle to a curve, 30 (Ex. 2(b)) 
paraboloid to a surface, 170 (Ex. B(c)) 
plane to a curve, 17, 29, 29 (Ex. 1)，30 
(Ex. 2) 

sphere to a curve, 171 (Ex. 10(c)) 
Osserman’s theorem, 208， 337 (Ex. 11) 
Ovaloid, 322, 387 


Paraboloid of revolution, 80 (Ex. 3) 
conjugate points on, 368 (Ex. 2) 

Gauss map of, 140 
geodesics of, 258 
Parallel: 

curves, 47 (Ex. 6) 
surfaces, 212 (Ex. 11) 
transport, 242 

existence and uniqueness of, 242， 253 
geometric construction of, 244 
vector field, 241 


Parallels: 

geodesic, 306 (Ex. 3(d)) 
of a surface of revolution, 76 
Parameter: 
of a curve, 3 
distribution, 192 
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change of, for curves, 82 (Ex. 15) 
change of，for surfaces, 70 
isothermal, 227 
existence of, 227 

existence of, for minimal surfaces, 213 
(Ex. 13(b)) 

Parametrization of a surface, 52 
by asymptotic curves, 184 
by lines of curvature, 185 
orthogonal, 95 
existence of, 183 
Partition, 10 (Ex. 8), 114 
Plane: 

hyperbolic, 431 
normal，19 

osculating, 17, 29, 29 (Ex. 1), 30 (Ex. 2) 
real projective, 427 
rectifying, 19 
tangent, 84 

Planes, one-pararaeter family of tangent, 212 
(Ex. 10)，308 (Ex. 7) 

Plateau’s problem, 200 
Poincare half-plane, 431 

completeness of, 444 (Ex. 7) 
geodesics of ， 432， 444 (Ex. 8) 

Poincare's theorem on indices of a vector 
field, 282 

Point: 

accumulation, 457 
central, 191 
conjugate, 362 
critical, 58, 89 (Ex. 13)，364 
elliptic, 146 
hyperbolic, 146 
isolated, 461 
limit, 457 
parabolic, 146 
umbilical, 147 
Pole, 390 (Ex. 11) 

Principal: 

curvature, 144 
direction, 144 
normal, 19 
Product: 
cross, 12 
dot, 4 
inner, 4 
vector, 12 

Projection, 80 (Ex. 2), 121 
Mercator, 230 (Ex. 16), 231 (Ex, 20) 
stereographic, 67 (Ex. 16), 228 (Ex^4) 
Projective plane, 427 

embedding of, into R4, 437 

nonorientability of, 436 

orientab】e double covering of, 443 (Ex. 

Pseudo-sphere, 168 (Ex. 6) 
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Radius of curvature, 19 
Ray, 336 (Ex. 6) 

Rectifying plane, 19 

envelope of, 308 (Ex. 7(b)) 

Region, 97 
bounded, 97 
regular, 271 
simple, 267 
Regular: 

curve, 68 (Ex. 17), 75 
parametrized curve, 6 
parametrized surface, 78 
surface, 52 

value, 58, 92 (Ex. 28) 

inverse image of, 59, 92 (Ex. 28) 

R.ep a ram etrizati on by arc length, 22 
Riemannian: 
manifold, 441 

covariant derivative on, 442 
metric, 441 

on abstract surfaces,' 430 
structure, 442 

Rigid motion, 23 (Ex. 6)，42 
Rigidity of the sphere, 317 
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Kinow, w. ana h. Hopt, J34 
Rokhlin, V. A. and M. L. Gromov, 454 
Rotation, 74, 86 
Rotation axis, 76 

Rotation index of a curve, 37, 393 
Ruled surface, 188 
central points of, 191 
directrix of, 188 
distribution parameter of, 192 
Gaussian curvature of, 192 
line of striction of, 191 
noncylindrical, 190 
rulings of, 188 
Ruling, 188 

Samelson, H., 114 
Santalo, L., 45 
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Schneider, R., 54 

Schur’s theorem for plane curves, 406 (Ex. 

8 ) 

Second fundamental form, 141 
Segre ， B.，408 
Set:' 

arcwise connected, 462 

bounded, 112 

closed, 458 

compact, 112， 466 

connected, 462 

convex, 48 (Ex.9) 

locally simply connected, 383 

open, 118 

simply connected, 382 
Similarity, 296 (Ex. 12) 

Similitude, 187 (Ex. 9), 229 (Ex. 13) 

Simple region, 267 
Singular point: 

of a parametrized curve, 6 
of a parametrized surface, 78 
of a vector field, 279 


Smooth function, 2 
Soap films, 199 
Sphere, 55 

conjugate locus on, 362-363 
as double covering of projective plane, 
443 (Ex. 2) 、 

first fundamental form &f, 95 
Gauss map of, 137 
geodesics of, 246 

isometries of ? 229 (Ex. 11), 264 (Ex. 23) 
isothermal parameters on, 228 (Ex. 4) 
Jacobi field on, 362 
orientability of, 104 

parametrizations of, 55-58, 67 (Ex. 16) 
rigidity of, 317 

stereographic projection of, 67 (Ex. 16) 
Spherical image, 152 (Ex. 9), 279 
Stereographic projection, 67 (Ex. 16), 228 
(Ex. 4) 

Stoker, J. J., 387, 408 

Stoker’s remark on Efimov’s theorem, 454 
(Ex, 1) 

Stoker’s theorem for plane curves, 406 (Ex. 

8 ) 
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striction, line oi, 丄 y 丄 

Sturm’s oscillation theorem, 370 (Ex. 6) 

Supremum (l.u.b.), 460 

Surface: 

abstract, 425 
complete, 325 
connected, 61 

developable, 194, 210 (Ex. 3) 
focal, 210 (Ex. 9) 
geometric, 430 
of Liouville, 263 
minimal, 197 
parametrized, 78 
regular, 78 
regular, 52 

of revolution (see Surfaces of revolution) 
rigid, 317 
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tangent, 78 

Surfaces of revolution, 76 
area of，101 (Ex. 11) 
area-preserving maps of，231 (Ex. 20) 
Christoffel symbols, 232 
conformal maps of, 231 (Ex. 20) 
with constant curvature, 169 (Ex. 7), 320 
extervdeH, 78 

Gaussian curvature of, 162 
geodesics of, 255-258 
isometries of, 229 (Ex. 10) 
mean curvature of, 162 
minimal, 202-203 
parametrization of, 76 
principal curvatures of, 162 
Symmetry, 74, 121 
Synge’s lemma, 390 (Ex. 10) 

Tangent : 
bundle, 439 

indicatrix, 23 (Ex. 3), 36 
line to a curve, 5 
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Tangent (Cont.) 

map of a curve, 393 
plane, 84, 8B (Exs. 1, 3) 
of abstract surfaces, 429 
strong, 10 (Ex. 7) 
surface, 78 

vector to an abstract surface, 428 
vector to a curve, 2 
vector to a regular surface, 83 
weak, 10 (Ex. 7) 

Tangents, theorem of turning, 267, 396 
Tchebyshef net, 100 (Exs. 3, 4)，237 (Ex. 5 )， 
447 

Tissot’s theorem, 187 (Ex. 9) 

Topological properties of surfaces, 271-273 
Torsion; 

in an arbitrary parametrization, 25 (Ex. 

12 ) 

geodesic, 153 (Ex. 19), 261 (Ex. 14) 
in a parametrization by arc length, 22 
(Ex. 12) 
sign of，28 
Torus, 61 
abstract, 434 
area of, 98 
flat, 435 

Gaussian curvature of, 157 
implicit equation of, 62 
as orientable double covering of Klein 
bottle, 443 (Ex. 3) 
parametrization of, 65 
Total curvature, 399 
Trace of a parametrized curve. 2 
Trace of a parametrized surface, 78 
Tractrix, 7 (Ex. 4) 

Translation, 23 (Ex. 6) 

Transversal intersection, 90 (Ex. 17) 
Triangle on a surface, 271 
geodesic, 264， 278 
free mobility of small, 295 (Ex. 8) 
Triangulation, 271 
Trihedron: 

Darboux, 261 (Ex. 14) 

Frenet, 19 
Tubular: 

neighborhood, lit), 400 
surfaces, 89 (Ex. 10). 399 


Umbilical point, 147 
Uniformly continuous map, 468 
Unit normal vector, 87 

Variation: 

first, of arc length, 345 
second, of arc length, 351 
second, of energy for simple geodesics, 
307 (Ex. 5) 

Variations: 
broken, 420 

calculus of, 354-356 (Exs. 4, 5) 
of curves, 339 
orthogonal, 346 
proper, 339 

of simple geodesics, 307 
of surfaces，197 
Vector ： 

acceleration, 345 
length of, 4 
norm of, 4 

tangent (see Tangent, vector) 
velocity, 2 

Vector field along a curve, 240 
covariant derivative of, 240 
parallel, 241 
variational, 340 

Vector field along a map, 343 
Vector field on a plane, 175 
local first integral of, 178 
local flow of，177 
trajectories of, 175 
Vector field on a surface, 1.79，238 
covariant derivative of, 238 
derivative of a function relative to, 186 
(Ex. 7) 

maximal trajectory of, 187 (Ex. 11) 
singular point of, 279 
Vertex: 

the four, theorem, 37 
of a plane curve, 37 

Vertices of a piecewise regular curve，266 
Vertices of a triangulation, 271 

Warner, F. and J. Kazdan, 446 
Weingarten, equations of, 155 
Winding number, 392 



